ON THE APPROXIMATION TO SOME
LIMITING DISTRIBUTIONS

By HajiME MAKABE AND HIDENORI MORIMURA

It is well known that

a) binomlal distribution with mean np, variance npq approaches to Pois-
son distribution with A = #p as mean and variance when # — oo,

b) let X.(Z=1, 2,---, n) obey the uniform distribution :

PX.<x) =1 xz%,
1 1
— il < —
X+ 3 1xl= 5
1
=0 xé—"’z—y

thenS %, X;/a~/n/12 —+ N (0, 1) as n— oo,

With respect to these facts, we shall deduce the approximation formulas
for the above two distributions, and also evaluate the absolute error.

Concerning these problems,

a) the relative error in the Poisson approximation to binomial distribu-
tion was estimated by W. Feller [3, p. 114] and J. Uspensky [4, p. 137],

b) the distribution of the sum of uniformly distributed random vari-
ables was discussed by Uno [5] and Uspensky [4]. In [5] the different
method to compute the exact value of this distribution and the table (for
n=10) are given.

Our approximation formula is an improvement of Uspensky’s. Same
methods as in [1], [2] can also be used for our purposes, so we omit the
detail of them here.

§ 1. Poisson approximatior to the binomial distribution.
Let X, be as follows:

P(X.=1) =p,

P(Xi = 0) =4q,

then 3¥.. X, is a random variable which obeys the binomial distribution
with mean =np, variance npqg and has a c. f.:

(1) fa@®) = (g +pe™)" ={1 + p (e 1)}",

and corresponding Poisson distribution with mean, variance A = np has

Received March 19, 1956.

31



32 HAJIME MAKABE AND HIDENORI MORIMURA

ac.f.:
exp {A(ef—1)}.
1° Taylor expansion of fn(). Taking logarithm of the both side in (1),

we have, remembering that p is small, the following:

log fn(t) = nlog{l + p(e—1)}

(2) = np (e~ 1) — " (et~ 1) 1 n6,
where
it _ 2
_ \S\P(e n z dz’
0 1+2z
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l@lzlﬁ?iil}q—}_peu: P le ]-I_—<=q__p 3 lti

From (2), it follows easily that

_A%(git—1y?
an

Fu(t) = €o87n(® = gAeli=D, en®
it A2 , 1/ A2\ .
= ge¥ 1>{1 ~ on (" —1)* + & <—2n lef* —"1|
_LZ Jeit—1)2 1
PET 0}{1 + 16| g0l }
2
(3) = gA(e¥—D) _.-;‘7 {e)\(e“—l)ﬂn — 2 gACelt=>tit 4 e’\(““—l)}
2 \a A2 pit—12
A2 9
A L1 it
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+ 1nBlen8i e
where ¢! unspecified complex-valued quantitie‘s such that |&| < 1.
2° THEOREM 1 (non-cumulative case).
Let
. —_ %' k gn—k
b(k,”ﬁ)—k!(n_k)!pq ’

AN g—A
plk; ) = 240,

then we have
bl m, ) = p(k; \) — o 42 p(k; A) + Ry
where
2 p(ks N) = otk — 27 — p(k — 1; W)} — {6k — 1; 1) — p(k; M)}]
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(that is 42 p(k; \) denotes the difference of second order) and

pE;N) =0 for k<0,
__a )
‘ 1 L\ Li(\) ewa-2um \ A2
R (U T T mam )
and
“ .ot
I, ) = goe_‘l)\sm z 17 di.
Proof. Since

(4) b(k; np) = AZ%T, : Sﬂ Fn (£) =%t dt,

replacing f,(¢) by the right hand side of (3), we have the following equa-
lity:

b(k; n, p) = ZL” Xjﬂe)\(e“—l) ekt

(5) _ ;_z [_21_ gﬂ {(e)\(eit—-l)+:7.it___ e}\(e”—l)-}-iz)
n 7T —x

— (eA(git_1)+i£ _ e}\(eiﬂ_l))} gkt dt] + ZL”S‘::Reﬁim dt,

where R is the sum of 3rd and 4th terms in (3). Hence

A ;
1, P) = H 5, 4 > 1
(6) blk; n, p) = p(k; N) + o £2D(R;N) + R
and
, A (7 o
i121 __<__ Tﬁﬂ—nl S__ﬂ t4 eA(cost—-l) dt ce®
z 2 ]
M T
N
% N 1 ey 2a?
??"”3 ﬁ So e—z)\sin‘—;— 3 dt.eqip 222] e 2 .

Remark 1. In § 1, (2) putting

_ 2D 1N g _ fptett-n 23
0="72"(¢"~1)*—2n0  and @/_SO T dz,

we have the following

THEOREM 1'.

1) See REmark 3.
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2
blk; m, 8) = pUes W) — o 42 (ks N)
®" L (AN A p ()
o (R + GER) 4 Ry
where
8 p(k; Ny = £ p(k — 1;0) — 42 plk; V),
44 p(k; N) = 4 p(k — 1; 1) — £ p(k; M)
and
222
—en [1 1 1 T
RS g [ g ot 3 Bt g gy e O]
1 227, 818
+ Tguiz Boe”

(6") gives a good approximation for comparably small .
3° THEOREM 2 (cumulative case).
14 14 2

(7) S bk, p) = 31 plks N) — o [4PW; \)—42P(; )1+,

k=l+1 k=l+1 n
whevre

1
P(;A) = kg p(k; N)

and

£PUN) =[PUGN) —PU—-1L,M]-CLPU—-1;0) — PU—2; 0],

2
en

88
A LA | L(A) ednra-2m
IS = nz( ) + 3 = 2n >

Proof. Summing up (4) from /+ 1 to I/, we have

é bik; n, p) = 1 Sﬂ Fu @) { ﬁ e—-mtl dt
k=l+1 > 27 J—z BTl )
1 e p—iCuLYE

® LT e

~ L et sin (5t dt.

|

N|N~

sin
Substituting (3) into (8)

4 144 z
R N

k=l+ =1+1

Mry 1« it it it .
- o\ {ere a2 paCe ki paePDY ikt gy
2n Wil 2m —n{
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14041, sm( l)t

+ **Lg_ Re 2 1
" Sln*z—

= S p ) g (PN — £PEA) + S,

Furthermore, S; can be estimated as follows:

52 ““ .[_ﬂ 2 ( -1 “eZn[““l' & eree =D
(-
g4r+1, Sin lzl t
Y. !
sin o
.o U—1
v sin t
] r nOein §mane D gacotiony g Syt T2 dt
| 2m J- sin L
2
Now
sini>~t~ for O<t<m
2 T ’
hence
Lr Mg ry 1
= ey en ex(cos D ’/ dt
LS BN Y Neost-ny 1
TV a=p e e Tt!/—n‘”
T 1 8a3 2712
é%lz_ [%4 SO e—‘z)‘Slnz;A Bdt + ? ﬁg e"*"sm” 2 dt - ea-b 322] e’nﬁ.
Q.E.D.

ReMARK 2. We can take a slight modification of THroREM 2 as follows

THEOREM 2'.
v 14 A2 ,
1 b(kym, p) = 31 plk; N) — oy LEPWN) — £ P \)]
k=l+1 k=l+ n
1 A3
+ [T (8 P(I's \) — 4 P 0)

X4
+ 5 PN — 4P m] +S,

where
Yy A2 88
Ia 3n2+n3(1 28 [n) ] + Ise" 3n2
— 2\/n) 18 ’

JSzf_



36 HAJIME MAKABE AND HIDENORI MORIMURA

RemArk 3. For the sake of nume- A'f co
rical computation of R;| and [S;) A
we shall give the numerical con- 5 2%
stants A4, B,C,D in the next TABLE ¢
1, where 4 A 20

A=I\)/8r, B=I;(\)/3x, 3 "
C =L/, D=ILM\)/3 Z

We shall plot these values on the 2 4
Fig. 1.

I M

ReMARK 4. In order to see the

degree of approximation roughly, T 4 56 T 8 g
we shall denote some numerical
values in the following TABLE 2~5.
In the TABLE 2~4, ‘“‘1st appr.” denote the estimating values due to the
ToHEREM 1 and ‘““2nd appr.” denote the ones due to the THEOREM 1. In
the TABLE 5 ‘“1st appr.”” denotes the estimating values due to the THEOREM
2. And the velues of b(k; n, p), p(k;N), Pp(k) and Pr(k) were taken
from [3, p.112] and [6, p. 688].

Fig. 1

TaBLE 1

A 1 A B | c D

1 .4584 .5270 .6208 8087

2 1.469 1.008 2.375 2.004

3 1.889 1.134 4.008 3.027
4 2.192 1.236 5.822 4.143

5 2.543 1.337 7.874 5.464

6 3.026 1.562 11.044 6.939

7 3.572 1.756 14.476 8.576

8 4.195 1.956 18.432 10.327

9 4,916 2.158 22.884 12.191
10 5.575 2.362 27.827 14.326

TABLE 2 (n =100, A =1)
! b(k; n, p) (ks A) 1st appr. 2nd appr.
0 .366032 .367879 .366040 .366032
1 .369730 .367879 .369718 .369729
2 .184865 .183940 .184860 .184865
4 .014942 .015328 .014945 .014941
7 .000063 .000073 .000062 * .000063
TaBLE 3 (=10, A =1)
1 b(k; n, p) p(k; A) 1st appr. 2nd appr.

0 .3487 .3679 .3495 .3487
1 .3874 .3679 .3863 .3874
2 | .1937 .1839 .1931 .1936
4 .0112 .0153 .0115 .0112
7 | .0000 | .0001 | .0000 .0000
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TABLE 4 (=5 A=1)

| b(k; n, p) p(k; A) 1st appr. 2 nd appr.
0 .3277 .3679 .3311 .3284
1 .4096 .3679 .4047 .4090
2 .2048 .1839 .2030 .2044
4| .0064 . .0153 .0076 .0063
TABLE 5 (=10, A =1)

k l Py (k) Pp (k) 1 1st appr.

o .3487 .3679 .3495

1 w .7361 .7358 .7358

2 | .9298 .9197 .9289

3 ! .9872 .9810 .9871

4 ! .9984 .9963 .9986

5 .9999 .9994 1.0000

6 1.0000 .9999 1.0000

K x
Notation: Pg(k) :;{}J b(i; n, p), Pp (k) :Eb P (43 7).

§ 2. Normal approximation to the distribution of sum of uniformly
distributed romdom variables.
Our normalized summand (X; + X, + --- + X,,) /~/%/12 has the c. f.:

. 3 \"
sin ¢ 7*

,V/W§_
n

1° Taylor expansion of fn.(t). Now put for simplicity

z:t’/i,
n

sin z
2

(9) fo(t) =

we have

(10) log fu(t) = nlog

~Sig(1-F7) for  0=e=a

i=1 z*

Then expand log(l — z%/k*z?), we have the following absolutely con-
vergent series

sinz _ z“__l(z2 2_l<z2 3 3‘22/1# £
log——=—"73"7 ) 3 7z2>_o T 9
2

_222_;;2_%(22;2>2_%<222;Z>3_S:‘Z/z‘lﬂz_l—f—tdt
1 1 :
() 5 (

PR

....................................
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Hence, we can put

51nz___z_4_i_z_ﬁ__
an log— = =—"% — g — 283 %
And since (11) and (10) give
smt‘/
_ —")2 100 (t ")4"@6
t/—
or
= %(‘V ) 130(“/ )4 2835( 1/%)6'"93’
we have
ey T\
SIEY __fzf_t*+{t8_tﬁ_tu L
ks e 207 T 180072 ~ 105#%F 4800077 © E
(12) e
tlo . —‘fl’— 0 846 — 4 tez
+ 205 10578 e” 20n 100n o4 2 X (105)2 e 105n }"“1’!@3@ 20n 105n]
where
0<g<1,
o (2222
Z;S Cya
and
1 1 28/2 1 1 8
= 2 F )= _
@szl_gﬁ 4 =® (lcgl 3) | _ @ 1400%°
7 T2
where
z2=a or t= ,?’? a.

2° From Levy’s inverse formula

XaXot o4 Xe oyl
]/ ”n
12

w0 sin ¢ ‘/
_ 21 S 1 — g—itn it
T J=eo it / 3

P{x<

dt

. 3 \"
S“ sint ]/n sin [ (x + k)] — sin tx dt

\ /= ‘
n
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Ny o
=5 .f/+lS v =T+ Iy
0 T ) S
where, using the equality (12)

Il=-l “sin [t (x + A)] — sin tx ¢ zdt—i e
7 Jo l 2

1 (=« o 4 _t2 1 (=

_;50 sin [£ (x +th>] Sin {x chn e zdt+;;sm 7 + R,
(x+h)2

— [{8(x+h)— (x+h)}e 2

Ox + h) — Ox) —

Il

201/2
—{3x —x%}te 2]+ Ry + R,.

(i) Evaluation of R,.

2 (= 1, 2 (~ # B _,,[ 0.383]
'Rlé?L + Sar+ 2 5/,,20ne 2dt=e"[0.064 + ~= .
(ii) Evaluation of R,.
2 Vin I I
Rl = i So 800 ~ 105 | ¢ - dt
Van L 2 Vin i2
1 - 9 5,7
+ n37r [48000 5 e a 2100 5 ez di
3 Vin t7 _ 2 1 SVZTL 11 -2
+ 1400 & L8 ¢ P\t i 22080 ), tMe ?adt.
nr®

Now letting V' 2n — oo, we get

172 (ps(@)  m(a) | pr—pla) w5 — wus(a)
|R25—£—”‘[“{ 105 — &0 T 80  — 105 }]

172 M1 Mg 3y 1 ] l[ M1 2]
+ n3[7r {48000 T 2100 T 1400 38 } i | 22050 =)’

1 3
n?
where
80 276, A=VEw
and
Mo () = SO t"e” 2 di, Hn = Hn(0).

(iiiy Evaluation of I;.
Since our integrand can be variable in V' 2z < ¢ < co, we have
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i~ |?
sint‘/%
fl/%

sin [#(x + &)] — sin tx ‘<2<§) gt iy,
t = n

hence

. 3 i
1 j sin{ ‘/7 sin [t (¥ + B)] —sintx !
2 M t
T )van t,/i t ]‘

n 1

Summing up the above discussions we get the following
THEOREM 3. With the same notations as in the above, we have
F(x+ h) — F(x)

=0(x+h) — 0x) —

3 —v+h;)2
v o |36+ ) — e+ WY

x2
— {3x — 3x%} e‘?] + R

where
IR|= 0. 0217 4 0.2335 + 0.71#11 Y
o 0. 383 _1.8n (0.64
5= (0064+ 038 1. ”(——n ).
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