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Let P be a semigroup* We mean by a
right translation of 3 a mapping <y of
£> into 3 such that

for every -x. , M, € 5 .

.Analogously we define a left translation
as

for every *., M $ £.

The set of all right translations of
forms a semigroup by usual product de-
fined as C%̂ *Xx)=̂ Ofc(*0) 1
and the set is denoted by $ which is
called a right translation semigroup
of £> o Similarly a left translation
semigroup 3r of £ is defined

β
 If 3

is a commutative semigroup, the dis-
tinction between "right" and "left" is

not required o

In this paper we shall arrange
fundamental properties of a translation
semigroup and shall mention that some
special types of semigroups are charac-
terized by their translation semi-
groups, Vie may omit dual proof for
simplicity, namely, prove propositions
only in the "right" case and do not in
the "left "case.

Now we denote by M- the set of all
mappings of £ into ?>

 β
 Naturally M

is a semigroup and ίcH , ί̂ cM..

Lemma l
β
 5 and Uf are semigroups

with two-sided unite

Proof . If
holds that

I then it

for every TL, y e £ . Hence ?, 1γ € $
Whatever ̂  is, an identical mapping
% of $ to £ is included in §f , and
γ* is obviously a two-sided unit of

since

for every «a> e J

Let TO^ be a mapping of >5 into 3
which is given as

and let α ̂ be a mapping defined as
ΉM»wί

 0
 This V is called an

inner right translation, and *U is
called an inner left translation*
Denote by R- the set of all ί̂  where
CL flows throughout β , and by L* the
set of all <l , α.t >̂ o Obviously

As well-known, & is homomorphic to
L , and dually homomorphic to R->

 &

Lemma 2« R. is a right ideal of
> and U is a left ideal of 3 *

Proof . For every <J> e and

so that we get R-
 0

Corollary. H. and L̂  are sub-
semigroups of ?. and ί respectively.

We have easily

Theorem 1* A mapping is a right
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translation if and only if ϊϊe^Jβtf
for all left inner translation J^
and ̂  is a left translation if and
only if <t$

 fc
 « ̂  for all ̂  .

Proof. If <y is a right translation
of £ , then, by the definition,

and the converse is clear »

Theorem 2
0
 A right translation j

of β maps a right ideal
1
 ' to a right

ideal. If <̂ £0 is an imaεe of $ by

<j and (L is a right ideal of ̂ CS) ,
then the inverse image I of K. by
is a right ideal of β .

Proof, Let I be a right ideal of

ί> * Take any ̂ «=J= jd), then
for some 'x: e J. * For every
since

Hence J is a right ideal of 3
 β
 Next,

we shall prove the latter half of the
theorem* Let I be the inverse image
of a right ideal K. of <j>C£), For
*.€ I and % €. $ ,

<fθ8wO - *<jfcO e fc K- c K*

proving that xxe I and I is a right
ideal. Thus the proof of the theorem
has been completed „

Theorem 2
1
, A left translation ip

of £ maps a left ideal to a left
ideal . If f (£) is an image of $ by
f and K. is a left ideal of ftS) ,
then the inverse image I of ίC by \jχ
is a left ideal of £>

 β

Remark. A subsemigroup of 3 is
not necessarily mapped to a subsemi-
group of & * Really a following
simple example shows this fact*

A semigroup f> is composed of three
elements and the product is defined as
following table*

(X,

Let <j be a mapping
γtO*^, cj(t)~

c>
 cfCO^ b.

Though <y j_s clearly a translation,
the image ^o-/<^ of a subsemigroup
\

Λ
 /bJ is not a subsemigroup

0

There are two mutually isomorphic
semigroups £ with a right trans-
lation semigroup 3> , and £>' with a
right translation semigroup 5' «>

Theorem 3* Let £ be an isomorphism
of j5 to y o

(1). If y tf , then fyj" 1 € §'
if Y^-Jr , then

(2) if <y'* ί', then
for some ^ e § ,
if *γ'e £', then
for some -ψ e $",

(3) i is isomorphic to $ , and
Φ is isomorphic to ίr *

Proof* (1) Since J and ί"f are
isomorphisms,

, letting(2) For

(3) Since HΓ'= f ί̂ Γ' Implies
<^,= <

t̂
, the correspondence J -> ff-J "'

is one to one. Now if <f, -> Ôf,ί~
l
 and

«y
t
-* ̂ vΓ' ,

then

It has been proved that the corre-
spondence co ~* Ĵ '

1
 is an isomorphism

β

Theprem 4« The three conditions
are all equivalent,,

(1) $ is homomorphic to fl- ,
(2) £> contains a right unit,

(3) &- ̂  -

Proof, (!)-» (2) Since § con-
tains a two-sided unit, an identical
mapping, F- also contains it, i.ee,
there is efe $ such that

$e<jτθ = xe.

This e is a right unit of $ *
(2) -> (3) Let e be a right unit

of £ ,
Then

whence {
f «

With , we get
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(3) -* (1) 2 trivial*

Theorem 4
1
* The three conditions

are all equivalent *
(1) 3f is homomorphic to L

 9

(2) £ contains a left unit,

(3) t-U

Theorem 5« § (or ̂  ) is iso-
morphic to £> if and only if $ has a
twc— sided unit.

Proof, Suppose that P has a two-
sided unit* By Theorem 4$ we have
5= £~ on the other hand, we can see
that oc <=-> fjc. is one-to-one and ζ> is
isomorphic to &- * Thus $ and $ are
proved to be mutually isomorphic each
other* Conversely if $ is isomorphic
to 3 , $ has a two-sided unit, be-
cause $ has a two-sided unit*

Lemma 3o A right (left) translation
maps a right (left) zero, if exists,
to a right (left) zero*

Proof *
get
right zero*

From sco* 0 for all
<j>(p> whence <j

we
is a

Lemma 4* A right (left) translation
maps a left (right) zero, if exists, to
itself.

Proof , Let 0 be a left zero*"
Prom ox~0 , we have

«^to* )~oycχ>« 0.

Lemma $
α
 An element mapped to

itself by all right (left) translations
is, if exists, a left (right) zero*

Proof » Let α_ be a fixed point by
all <$ β § o Let us, especially, take
<?~ J ΛΛ &- * then ^ * ίx^O - flLX ^or

all -?c e 2> « Hence OL is a left zero of

Thus we have

Theorem 6
0
 A left (right) zero, if

exists, of 3 is only one element which
is invariant by all right (left)
translations of $

 9

Corollary* If & has a two-sided
zero 0

 9
 0 is a fixed element under

every translation Φ and Λp <,

Definitiono A semigroup ji is
called a right singular semigroup, if

the product
fined as^
semigroup is

of -X- and *L is de-
A left singular

efined as -x, » ?c
 β

We shall discuss how a right (left)
singular semigroup is characterized
by the right (left) translation semi-
group

Theorem 7. 5- H if and only if
$ is a right singular semigroup .

* if and only if
singular semigroup^

is a left

Proof. At first, we shall prove
that 3 is right singular if § = M <>
Suppose that there are *-*
such that

We can choose a mapping <p(eH) of
into β such that

and

on the other hand, since <J is at the
same time a right translation because
ξ - H , we get

1e = ? ̂  γo) - X* <? C^O« X-e^o ,

contradicting with the assumption that
^ + ̂^o o Hence -3C^= ̂  for all %

7
 u

Conversely, if ̂  is right singular,
from <j Ĉ  ) - <y C'J ) and x«p ̂ )
it follows that ^ Ĉ  0 ̂  ̂ y C/̂  ) for
every 9 ̂ M « This shows h C ξ hence

$=κ
Theorem δ

0
 p is a right singular

semigroup if and only if

where is an iαentical mapping^

Proof o If & is right singular,
all elements of £ are left units

 0

We can prove the theorem easily by
Theorem 4

!
o

Corollary
 0
 ? consists of one

element if and only if $ is a left
singular semigroup

 0

Lastly we shall relate to charac
terization of another special semi-
group by its translation semigroup

 0
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Theorem 9* If S is a semigroup
with multiplication

*Λ - 0 for every -£ and -u e ΐ> ,

then f-ίf and 5 is composed of map-
pings Φ of £? into β satisfying
^(.0)^0 o
Furthermore the converse is true*

Proof* In the semigroup with
multiplication *H - ° , the mapping

<} , which fulfils <J(O~ o , is proved
to be a right translation* In fact,

hence

Next, we shall prove the converse*
Suppose that there are %

0
 and ̂

0
 e £

such that x.&̂ o = Slot ° * Take a
mapping Φ with the conditions:

= and <l*O«o,

70 H =

then, since
lation,

is also a right trans-

arriving at contradict ion
 β
 The proof

of the theorem has been completed
 0

Finally, by the way, we shall
define a substituted semigroup of a
semigroup. Given a semigroup 5 and
a right translation <y of it, a new
multiplicative system ̂  with multi-
plication ?C M. ,

Theorem 10. P<y is a semigroup
 β

Proof
 β
 Since OP is a right trans-

lation,
 J

On the other hand,

Hence we have (*"#) 5C« λ C ^^
Analogously if we define 5̂ , as the
system with x* =̂  *-

Λ
'
 we

Theorem 10 '
 β

is a semigroup
 β

<y and ̂  are called substituted
semigroups of $ by a right trans-
lation f and a left translation 'f
respect ively

0

1) If
of

, we call A a right ideal
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