ON HARMONIC DIMENSION, II

By Mitsuru OZAWA

One of the most elegant systematic
investigations for structure of a
family of positive harmonic functions
was made by R.S.Martin. He introduced
the so-called Martin topology to the
ideal boundary in the spatial case.
M.Heins established many deep results
concerning the ideal boundary of
Riemann surfaces, though his subjects
are very special,

In the present paper we shall ex-
plain a notion of harmonic dimension
introduced in our previous paper in a
somewhat clearer form,

1. First exposition.

Basic domain in the sequel is sup~
posed to be a C-end or an extended C-
end defined in our previous paper.

Let F € O¢ and L be a subsurface
with analytic curves [© as its re-
la.t:.ve boundary which are not caompact.
Let [) denote the doubled surface of
€ , symmetric with regard to T,
then £) belongs to Og - (See 2,
Kuramochi [1])

Moreover we see easily the follow-
ing fact: Let ()L be the same as
above. Let ¥ be a compact part of
" . Let {) denote the doubled
surface of {1 , symmetric with regard
to " -7 , then 0) can be imbedded
in a Riemann surface belonging to Og

In our case (1 is a C-end or an
extended C-end, therefore (L 1is an
end in the sense of Heins whose
boundary consists of ¥+7%¥% , T
being the symmetric image of ¥ with
respect to " ~v% .

Now we assume that {). has finite
harmonic dimension in the sense of
Heins. Let Py be a family of positive
harmonic functions vanishing on ¥+% .
Then all the minimal positive harmonic
functions introduced by R.S.Martin can

be obtained from the Green function of
o) by a limiting process along a
suitably selected non-compact point-
sequence cons:.sting of the logarithmic

pﬁles PX of the Green function of

O, that is,
/Lm, G'/\(z fm) = Vi(x) ,
n—>roo
Among these limit functions there
are _all the generators (v;,---, U;n)
of

Let ' be a symmetric point of 2
with respect to " ~¥ ., Then we can
select a set of generators ( Vv, ,...,

V.,) of P such that, for any i ,
either

v (z) = v, (7)

or . .
vy (z) = V(2 , t¥¢

hold for a suitable 4 and this corre-
spondence {i} — { i is one~to-one
and onto manner as a whole. Here we

define ,'D;:(Z) - EﬁmG_(zIf\-':é)) .

To see this, we proceed as follows,
If ( U(Z),..., v,(z)) is a set of
generators of Pp , then ( V(2),000,

U, (%)) is also so. In fact, _from
the symmetry character Vi(Z)=v () ,
we have that

o

2. R =0
L=l

implies
21t ilz) = 0.

1=t
Hence all the c¢; vanish, and

Viz) = v(®) = Z Vv (2)

i=)
holds by the assumption whence we see
that - -

T =) W %E) =) &V

(] i=1

remains valid also. This shows that
( V(2 )yeeey U,(%)) is also a set
of generators of Pn. .



According to a result of R.S.Martin,
— that is, if ( W, yeee, U,) and

( v, ,..s, V) are two sets of gener-
ators of Pg , then wu; =Cy Vi, N
g >0, £=1,...,n-—

Vi (z)__ L) V™, %, >0

holds for any { and a suitable #t1)
and this correspondence {i} — {4} is
one-to-one and onto in total,

If i= ) , then
Vi(z) = Ry U2

leads to a relation

fv‘f\‘(z) = ki vy (%)
and hence
‘kl =1,
Since \ 3
’53“ av ‘(7‘)&‘6 =1
4 AT
an ~
] 2 -
= S N‘a&“’@‘z"“ =1
T
hold, ‘Fe}m =1 remains valid even
S 05 o

Therefore we can reorder a set of
generators by change of indices such
that

~ ~~
( v, , 0 U Vners Unn 7" U;,,,P) unp)
satisfies the relations
Vi) = V(%) , 124 s ™,

and m=7n+2p,

To be proved is that the harmonic
dimension of (). in our sense is equal
to ¢

Len V) be an arbitrary function

on & . de pub
Ve .‘(.;(V\Z) +/\7(z)‘) N
V(z)=V(Z),
a, i <
Vi = L (v -Vm)
. o k-3 a
Thay (Ul s Vn.,vm:,mﬂ, ] vvw?: U—'\’P)

is alsc a sev of linearly independent
functions and any function of Pa can
be obtained by a uniquely determined
linear combination of these functions,
provided that ( S Un s Vs, Vet o0
Varp Vmp ) is a set. of generators of
This leads to the linear

o~

Ko} .
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independency of

(Vi) | 1sjsp,

Next we prove a fact that (zrm;w),
15454 is a set of generators, that is,
any limit function Lm G (z.4,) (3 0)
can be represented as ‘a linear combi-
nation of the above set., Here G, (z.p)
is the Green function of £ with pole
at € 0 °

‘In fact by the symmetry character
of 1 we have

Qﬂ(z' Pn) = Gﬁ (z_ Pn) - Gﬁ,(z; ’F'n) B

Extracting a suitable subsequence (f’q,l )
of ( Pn ), we have that

Lm GA(Z Pﬂ )= L"‘ G’A (=, Pn {;:”Gﬁ(z'rﬁ’nt)
is positive on () . Moreover each
member of the right-hand side in the
last relation belongs to P& and hence

PM&G("‘?")~L\-G (210"
")

n->a
= (Z eyt S
,;al
Ze n+3.)

—(; ¢ V(=) +;/:I_,d3?r;

P
= ZZ(d}—e}) "”J»
&‘

Next every V":fr (z) 1is a limit
function of the Green function
Gol= $P)along a suitable non-compact
po:mt-sequence (P# ) on Q . There-
fore we have the desired result which
leads to a fact that

dimﬁ 2dim O +

M being a non-negative integer, for
an extended C-end or a C~end Q .,

(=),

This gives an exposition of har-
monic dimension in our sense, An
integer n shows a sort of degree of
symmetry of a.

Bounded harmonic functions on
an end,

2.

In this section we shall prove a
property of an H-end £ to have har-
monic dimension one or two., Here L)
means a doubled surface of a C-end or
an extended C-end £ with respect to



T'-% asin §1 . Let Sa denote
a family of harmonic bounded functions
on £l satisfying S5 4(%) = on
[-% . Let Qp be a family of non-
trivial positive harmonic functions on
£ which have the identically
vanishing normal derivative along
{"-¥ and vanish continuously on

T and moreover satisfy a normali-
zation

Ve =t

Let N (=. p) denote a function har-
ronic on £} except only at a point
P e€{) where N(z.%) has a logarithmic
pole with local expansion

Ny = dog 1o

+ (bounded harmonic function
around ¢ ),

A being a local parameter at P ; and
further N(z.$)= 0 on ¥ and
GN(zPl=0 on "-¥ . Evidently we
see

N(z,p) = Gﬁ(z.p) +Gﬁ(z,'F),

G being the Green function of ﬁ .
From the Green's formula and the OGr
property of Q s we see that

wep,) = —ES weq) N(g, pa) da
T

for any ues,n, . Since ¥ _lies in a
compact part of Q. (or & ),

L ucr) exists provided that {P.} is
a non-compact point-sequence such
that fu N(q.Pn)  exists. Evidently

2§ SN b =y
Rx g f‘“" '\/(‘L Pn)d'b =1 hold,
¥ o
Moreover ;g:m NG pn) = X»:” N,(\‘L, Pn)
=k N(,$) > 0 holds on O .

N-Hoo
Therefore we have

Fayd ic Vi gy "i i "'&'

Lo N, p,) =
n
th‘. *:L; ‘*'} =

and hence

=1
where wr, , U’m& are defined in §1 ,

Let v belong to Q. , then v can
be expressed by a linear combination

V= LCV*Ldv

V\ia_
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ZCL "‘Zd = ?

i=t

The set of limiting values of ue Sn.
at the ideal boundary is M (@) s
where

v

(o = %u—da , veQy

This fact can be similarly deduced
as a lemma 11.1 in Heins' paper [(1].
From this we see immediately the
following fact:

If ). is a C-end or an extended C-
end on which Q o, consists of only one
member, then any ue S possesses a
limit at the ideal boundary.

Let w(z) be a harmonic bounded
function on {1 having the boundary
value & (V,-Va); VY, VaeQpq
If any ue Sq has a limit at the
ideal boundary, then there holds

Y IV,
g“—‘-a»' “=%“:r“
T

T
and hence
S u’" do = 0.
T

This implies that U= 0 on o
which leads to V;= Vz on .

Thus we have a result:

Let {1 be a C-end or an extended
C-end on which any function We Sa
possesses a limit at the ideal
boundary, then Qg consists of only
one member,

If @p, consists of only one
member, then O is either of harmonic
dimension one or two. Moreover in the
former case (. 1is of harmonic di-
mension zero and in the latter case
£ is of harmonic dimension ons.

This fact is seen in the following
manner. Since

d;mﬁ =2d.im«Q.+“,

M being a non-negative integer, we
Ay

have dim{Q = 1 or 2 provided that
dim{l+n =1 remains valid, a fact
which is equivalent to the assumption.



Theorem. Let ). be a C-end or an
extended C-end on which any function
e So possesses a limit at the
ideal boundary, then dim{l = 1 or 2
and hence dim (L. = 0 or 1,

3.

In this section we shall give
another exposition of our harmonic
dimension in relation to a notion
"harmonically simple or multiple"
due to B.Kjellberg. Kjellberg's
notion is also a local invariant,
We can give another "harmonic di-
mension" more extensive than his,
In our domain, we can distinguish
two sorts of minimal functions,
Every minimal function can be
obtained by a limiting process

Lim Gz 2
e TS Tw. o = Gi(z),
Gq ., b))
z, a fixed point in (), ,

Second exposition,

for a suitable non-compact point-
sequence ( P." ) tending to the ideal
boundary. According to either

Lo G, (%, P4) +0 for a suitable sub-
sequence ( P, ) or not, we call that
G {z) belongs to either G-class or
X~class,

If G (z) e X-class, then
Ln Go(zp)=0 on £ . Therefore,
ue Pn 4 then

if
£~ %+
Uu(z) = 2 “’iGi(Z) + Z LéX; (=) »
<= =1 '

where Gy (x) € G-class and X (2)€
X-class. The set of all the G's and
X's constitutes, as a whole, the set
of generators of P,. Py means a
class of positive harmonic functions
with vanishing boundary values on . .
Here p is equal to dim £ in our
sense and ¢ 1is also a local invari-
ant of the ideal boundary. p + ¢, is
the harmon‘c dimension in the sense
of B.Kjellberg. If we introduce a
metric induced by the inner product in
Pq.  as in the ordinary vector space,
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then P £l can be decomposed into two
mutually orthogonal and complementary
subspaces which are spanned by G-class
and X-class, respectively,
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