A REMARK ON RENGEL'S THEOREM CONCERNING

SZEGO'S CONJECTURE

By Masatsugu TSUJI

Let w=7Fw (f(or=0, tr=1)
be regular and schlicht in |z|<1l and
D be the image of |zI<1l on the
w -plane and T be its boundary.

We draw m equi-angular half-lines
through w=0 and let wW;, «ove, Wy
be the points of intersection of these
lines with [ , such that the segment

ow; (i=t,2,, m) , except w; lies
in D and put
d= Max (Iwl, -, Iwal) .

Then Rengell) proved the following
Szego'!s conjecture,

dz /4,

the equality holds, only when f(z)
zeiGE*(q‘“’z), where
z

I ——————2

A

When m is odd, Rengel assumed that
any half-line through w=0 meets T
at a finite distance, but by consider-
ing ¢ §(z/¢) (¢>1) , and making
¢—1 , we see that the theorem holds
in general, In the following lines,
we shall simplify somewhat Rengel's
original proof., We use the following
Rengel's lemma,

Theorem,
et s

Let A: 0sxsb, osysa
be a rectangle on the 2z =x+iy- plane
and 6; : o<X sxax{gbh s
4= (0<p<a)(i=ta,,m) be
segments in A parallel to the X-
axis and A, be the complement of
o; with respect to A .
(3]

Let w=f(z) be regular in 4,
and J be the area of the image of
A, on the w~plane by w =t() .

L%mma?) It
_[U"(my)ldx 2L, yep (e,
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then

2
b

L
the equality holds, only when
‘f“(l) = oZt @ .

In case the inequality holds, let
be an interval on the Y -axis,
such that if Yyel ,

fblf'(’f**)'))&x 2 LL+e, oo,

then
a . J 2 alc
b = Lﬂ. L L_,

Proof of the theorem,

A

We supose that one of n equi-
angular half-lines through w=o0
coincides with the positive real axis

and
& s V"/ /4 . (1),
Then we shall prove that f_('rz)
=, (z), so that a=3/1/4 .
Let |z|= %% ($>0) be the greatest

circle, which is contained in the
image of lzlt 8 by E(f()
then Zu'wn 1'. = 1 °

$-o

By a branch of & = §+19 :L}z ,
we map @s|z)s| on a rectangle
:(’.,yggao y 027 32W
and put = 3.(3)= by &, (f(e%).
Then A may contain branch points of
§(5) . Through these branch points,
we draw parallel lines to the 7, -axis,
which we call exceptional parallels,
Then A is divided into a finite
number of rectangles [4;} . In each
a; , (%) 1is one-valued and regu-
lar. As is easily seen, the sum J
of areas of the images of these
rectangles on the &, -plane by &,
=3(%)is

J s

am by 2L



In virtue of (1), as Rengel proved,
the length of the image of a non-
exceptional parallel on the S -plane
is 2 2® . Hence putting a
"%i‘ y b=2w , =2t in the
Lemma,” we have

by v/s  2ax by /s

AL

T D) . (2

If the equality in (2) does not hold,
then

Loy /8 < an b Y98

21T (Zur) 2

_2 a'c
(2%)?

(a'l >0, ¢ >o))

which is impossible, since Lee =1 -
$-ro

Hence the equality in (2) holds, so
that .
- 5y L

b B (f1eh)= o5+ f,
From this we have easily, f(z)
=f.(2), so that d= VY4 ., If one
of m equi-angular half-lines through
W=0 is argw=0 , and 4dS./V/4 ,
then f(2) = e’ (%) and d- V4

Hience our theorem is proved,
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