OPERATOR ALGEBRAS OF TYPE I

Yosineo MISONOU

Recently J.Dixmier (1), I.Kaplansky
2] and I.E.Segal (4] heve studied of
operator algebras oun & Hilbert space in
the large. In this paper we shall con=-
sider operztor elgebras of type I. Let
Ol be a such algebra, then Ol can be
directly decomposed into subalgebras di,
indexed by cardinel numbers « such that
each My is of type I4(1]. On the other
hend, if & is of type I then A can be
directly decomposed into subalgebras O,
indexed by cardinel numbers p such that
each is of uniform multiplicity p
[} The one of purposes of this paper is
to give the relation of above two decoum=
positions (Theorem 2,3). Another purpose
is to study the unitary equivalency of
two operator elgebras of type I (Theorem
).

1. Definitions and some lemmas. By
a-W* -algebre we meen a weakly closed self-
adjoint algebra of bounded lineer operators
on a Hilbert spece, In this paper, we shall
consider W* - algebras which contain the
identity operator I, According to J.Dixmier
[1] end I.Keplaunsky [2] , we shall give follow-
ing definitions : A non-zero projection P in
a W* - algebra Ol {s abelian if POLP is
comutative, A W* - algebra.is of type I
if every direct summend has an abelian pro-
jection, Let P be any abelian projection
in a W* -algebra of type I, then by Zorn's
lemma there exists a meximal abelian pro-
jection which contains P [2].

Leume 1, Let P be an abelien pro-
jection in & W* -slgebra OL, then Pis
maximel if and only if PE + 0 for eny
non-zero central projection E in Q.

Proof, Let P be tny meximel abelian
projection and ¥ & non-zero central pro-
jection such that EP= 0, From the defi-
nition of type I, there exists am abelian
projection Q such that B 2 Q. Our assump-
tion implies that PQ= 0, If we put P; =
P +Q, then P1 is an abelian projection and
P1> P, This is a contradiction.

Couversely, let P be an abelian pro-
jection such that PE ¥ O for any non-zero
central projection E, Let P; be an abelian
projection such that P § Pl, then there
exists a central projection F such that P=
¥P, [2), Obviously (1 - F)P =0, This
implies that I « F =0, that is, I = F,
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Thus we heve P = IP=P;, that is, P is
meximal. This proves the lemma.

We say that two projection P &nd Q of
& W* -algebre are equivalent, written P~g,
if there exists V€ (Ol with VV* = P and V*V
=Qs Ve write PX Q if there exists & proe
jection P'2 P with P' ~ Q.

Lemme 2, Let P be an abelian projection
of & W*-algetra Ol and let P~ Q, Then Q is
ebelian projection and Q is maximel if end
only if P is maximel,

Proof, Since P~ Q there exists an
element V € 0L such thet VV*= P and V*V = q,
Then, for eny A, B e(0l, we have

QAQQBQ = VWV VAV SVVHTV4VBY VY =
VSPVAVSPPVBV*PV = V4PVBV*PPVAV*FY =
QBRRAR,

that is, Q is abelian, Let E be any
central projection satisfying Q€ =0, then

PE = VVSYV*E = VQEV* =0,

Therefore if P is meximsl abelian then =0,
that is, Q is maximel abelian by Lemma 1.

Lemma 3. 4ll meximal abelian projections
of & W* -algebre are equivalent each other,

Proof, Let P and Q be any maximal
abelian projections of a W* -algebra,
According to I.Kaplansky [2], there
exists a central projection B such that

EP 2 BQ &nd (I-EPL(I-ER,

that is, there exists a projection Q; such
thet P 2 Q; ~ BQ. Obviously EP is abelian
too, then there exists a central projection
F such that Q) =FEP (21, We may essume

that ¥ & E without loss of generality.
E~-F % 0, then Q(E - F) = 0, Put

Ir

Q= Ql + (I-E)Q,

then Q' ~ Q and Q' is maximel by the pre-
ceding lemma., On the other hand Q'(E - F)
=0, This qontradicts to meximelity of
Q's Thus we have E = F, It follows that
EQ ~ Q3= EP. By an enalogous way, we can
show that (I - E)P~ (I - B) Q. This
implies that P~ Q. This proves the lemma.



Let OL be a W* -algebra of .type I.
If there exists a family {Pu.lof mutually
orthogonal maximal abelian projections of
Ol whose power is o and satisfying VP, =1I,
then the power of another such family is «
{11, We say that the algebra @l is of type
I. . Notice that a power of any femily of
mutually orthogonal maximal ebeliasn pro-
jections in a W* -algebra of type I, is
not greater than o,

2, A characterization of W* -algebras
of type I . In this section, we shall
consider W* -algebras of type I, &and the
relations of direct decompositions of W* -
algebras of type I stated in [3] and [4),
According I,E.Segal [4], we shall give
following definitions : An operator
algebra OL on a Hilbert space fy is called
an o =fold copy of an operator algebrason
a Hilbert spaceX , « being & cardinel number
greater than 0, if

(1) there is a set S of power « such
thet by consists of all functions f on 8 to
X for which the series J xeSIf(x)I2 44
convergent, with (f,g) defined as I xes(f(x),
g(x)), and

(2) O. consists of all operators A of
the form (Af) (x) = Bf(x) for some B in @3,

In the following, by OU we mean the
commutor of an operator algebra L. A We.
algebra on an Hilbert space is said to be of
minimal multiplicity o if o 1is the least
upper hound of the cardinal numbers g such
that there exist @ mutually orthogonal pro-
Jjections Py in o such that the operation of
contracting @ to P.f is an algebraic
isomorphism. It is said to be of uniform
multiplicity o« if for every nou-zero central
projection E of the contraction of O to
Ef, hes minimal multiplicity ol . Spe-
cially, @ W* -algebra is called hyper-recud-
ible if it is of uniform multiplicity 1.

A W* -algebra A is hyper-reducible if and
only if & is commutative, In the following
of this section, we shall consider operator
elgebras ouly on e fixed Hilbert space 4 .
We shall prove the following theorem :

THREOREM 1, Let Ol be a W* -algebra of
type Iy ,» then (L' is of uniform multiplicity
o .

Proof. Let Ol be a W* -z2lgebra of type
Iy » then there exist « mutually orthogonal
maximal abelian pro jections Pun . By a lemma
due to I.E.Sagal (4], the contraction of U
to each P,.fw is isomorphic to O. Thus OV is
of minimael multiplicity p with gSw« .

Let AQ‘,J be a family of projgctions in
O\ which are mutually orthogonal and the
contraction on each Qu% is isomrphig to
a’ ., Obviously = 0 for any non-zero
central projection E of OL and for each Q,
Let P be eny maximel abelian projection,
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thea for every p there exists a central
projection E) such thet

E)P2EQ and (I - E)P% (I - E)Q.

By Lemme 2, there exist abelian projections
P end P, such that P 2 B, Po4 (I - E)Q
and P; ~ E;P and P2~(I - E;)P. Since there
exists an element V€0l such that Pj=V*E
PV, we heve EPy = P;, that is, P £ E;.
Since P; is abelian, there exists & central
projection Ep satisfying E1Qu~ EéPl and
furthermore, we can assume thet E; 2 Eo
without loss of generality. If E; - Ep#0,
then

EIQ'A, (El - Eg) =E2P1(El - EE) =0,

that is, Q,.(El - E5)=0, This is a con-
tradiction since ' is isomorphic to the
contraction of @' to Ql"l . Thus we have
Ey=- Ez. It follows that

Obviously we have Pu~P by putting Pu.=P+
Pp. By Lemme 2 Py 1is e maximel abdelian
projection and Qu2 Px. It is clear that

P. P,=0 if p+)y, Then the power of iPy!isg«
It follows thet 0U is of minimal multiplicity
g withes«., This proves that a’is of
minimal multiplicity o .

Let E be any central projection of &'
and let Olc be the contraction of & to Bh.
Then ( 0y) is identically with the com-
traction of A to B#, therefore ( (@) 1is |
of type I [3]. Above proof shows that ( OUg)
is of minimal multiplicity of o . In other
words, & is of uniform multiplicity o¢ .
This proves the theorem.

THEOREM 2. A W* -algebra of type I«
if and only if the commutor is unitary
equivalence to an o ~fold copy of a hyper-
reducible algesbra.

Proof, ' Let & be a W* -algebra of type
I« 4 then there exists a femily {Pp}! of
power x such that P, are mutually orthogonal
maximel ebelian projections in ¢ and V P',,-
I. Let a, end a, be the contractions of
Ol and OV to P,fy respectively. Then we
have (OUu)= Olu, Since Pu are abelian
is commutative. This implies the hyper-
reducibility of u‘.,. By Lemme 3, all P\*
are equivalent each other and for fixed
any Py , Pythere exists an (necessary
partially }sometric) operator Ve®such
that VV*=P,, and V¥V=R. Let Ay &nd 4y
Je contractions of any Ae® to PP{J and
?,5respectively. then

A=P, A= VOVVOVA = VB AV = V*AV,
Therefore by sorresponding Aw to Ay , is

unitery equivalent to a,. Since {= 208,
it is clear that ov is unitery eguivalent



to an ot ~fold copy of eny fixed U\i. This
proves the necessity. °

Conversely, let®be unitary equivalent
to an ® =fold copy of a hyper-reducible
algebra ®y.on a Hilbert space f-”..

Then we may assume without loss of generality
that f= Z.@f where the power of indices is

o and each ¥, reduces® and the contraction
of OV to each §,is unitary equivelent to

&%, . Thus we may assume thet the countrac-
tion of O to %, is hyper-reducible.

Now let P. be the projection on %,
then P commuts with every element of a’,
that is, Poe¢ ( O )’ = O, Obviously the
commtor of &)y is Po® P.. Since | is
hyper-reducible, Pp & P,is commutative., In
other words, P, is an abelian projection.
For any non-zero central projection E, PE #
0 by the fact that the contraction of oV to
P, %= §.is isomorphic to 0U, Therefore P,
is a maximal abelien projection by Lemma 1,
All P. are mutually orthogonal and the
power of them is « and Vv P,=1., This
proves that oL is of type I,, that is, the
sufficiency was proved.

According to J.Dixmier (1], for any W* -
algetra @ of type I we can decompose it into
subalgebras of type I« ¢ we have

A=500,= J ®EL0

where E, ere central projection and E,0
are of type I, respectively. Since the
family {Riis a femily mutuelly orthogonal
central projections, we cen decompose ®' by
{By} s we heve

0{_’: ):OE.LQ.' = 20511'«.

It is clear that the commtor of 0\ on E,
is @, » therefore by Theorem 2 each Auis
an o =fold copy of hyper-reducible algebra,
Thus the above decomposition of @ is
jdentical with the one due to I.E.Segall}).
The converse statement is obviously true.
Thus we have & following theorem 1

THEOREM 3, Let 0L be of a W* -ulgebra

of type I, Let
0= i‘ E¢M'EGE¢0\.

be a decomposition of A such thut %Ay ere
of type I, respectively, then

=300 =75 0O
is a decomposition of @' such that each

&y is an o« -fold copy of & hyper-reducible
algebra and conversely.
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3. An applicetion., In this section we
shall.prove the following theorem which is
well known in the case of fectors in the
sence of F.J,Murrey &and J. von Noumenn([3].

THEOREM 4, Let (t, and O, be W* -algebras
of type I on Hilbvert spaces % and £, re-
spectively, Moreover we assume that O, and
0 are *-isomorphic to 0, and 0L}
respectively, then 0,is unitary eguivalent
to a,.

) Proof. Denote elements of Oy &nd by
A B(1),..., an? gorresponding elements of
o, end ayby 412),5(2)

Since @, is of type I, there exists a
family {E&of mutually orthogonel central
pro jecti ns such that each countrac Bn og,

! to E(1)g is of type I andVE{, = I
The W* -glgebra &' is of type ?y t4) end
then there exists ? ga?i {Fhl)} such as
EMror . 1r BUr{1)g 0, then this is
a non-zero cenyral proeecti n of 0, and we
shall denote E}g = E}) (1) in such case.
Then the contractions of @&, and A to E
are of type I, and Iy respectively. Since
the notion of type is purely algebraicsl,
E(d% have same properties. Let @ pbe the
contrections of ®; to E(.% 4. (1=1,2), then
a, is unitary equivalent to a,if &, ere
unitery equivulent to a,,.’ for all such pairs
(u,P)- Thus we mey assume that @, &nd a,
are of type I, and &/&nd @, ere of type Ip.

In the case of above, there exists a
femily {P.Yof mutually orthogonel maximel
abelisn projections satisfying VP{L)=1(1),
Let Qi apd Mybe the contractions of &,and @,
to  Bil)g, reap?etively. then we have (o)
= Ou. Since P'.l) is maximel abelian
projection, & is commutative and Ol is
isomorphic ®;. Therefore Qj.is of type I,
too. By theorem 1, Ol,xis a commutative W* -
W* -algetra of uniform multiplicity p .

We can define M,rby en anclogous way and
we cau prove that Ogy is & commutative W* -
elgebra of uniform multiplicity p . It is
clear that O4,1s isomorphic to O, By a
theorem due to I.E.Segalfl]l, it follows
that 0, ere unitary equivelent to OL.for
all p . Therefore q,, ere unitary equivalent
to Ay for all ¢ . This proves that o is
ug;pary,e%qivalent to o, by the fact that
v p»(i)_l i)(1 = 1,2). In other words, a,is
unitary equivalent to @&,.
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