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The concept of centering has been
introduced by I E. So gal into L

1
 -

group algebra on the product group
of locally compact abelian group and
compact group C63 in which he has
proved that such a group algebra is
strongly serai -simple in the senβe of
I.Kaplansky. While R.ίroderaent has
applied such a method for his central
group, and he had many interesting
results. Recently J.Dixrαier [21 has
introduced by his original method
an operation ^ into w * -algebra
as a characterization of finite class,
and ίJakamura-Mίsonou [53 has discussed
in a central C*-algebra and called
it centering. W* -algebra is self-
adjoint weakly closed operator alge-
bra with unit on a Hubert space and
C* -algebra is uniformly closod with
or without unit, in the terminology
of Segal

o

1. Centering and trace in D*-
algebra. Let OL be a D* -algebra,
i.e a t -normed*-algebra over the
complex number field and with appro-
ximate identity {e^} where the norm
« « is not always satisfying nχ χn» ixn

1

(cf Γ103 }. Assume that Λ has
center 2 We call a mapping k
in CX being weak centering, if *i
ia,~llnear transformation from 01 onto
Z sucn that for all x, y e σι and

and

iixn

Moreover the weak centering t\ is
called centering if

t X* X ) * - 0 - * X « O .

Let T be a semi-trace of 01
(cf. Uθ3 ) , i e. positive l inear
functional defined on olβ ( set
self-adjoint subalgebra of £&, gene-
rated by (*7 I xyy € &) ) such that
for any x, y c Λ τ(xy)«u/χ),τ(x*)*τ(χ),
*r(C*y)**y) £ ixft̂ TC y*y ) and there exists
a subsequence { c«Λ \ c { e«, j depen-
dently on x such that -τUeβ^x)*^*)
—y τ u * χ ) as n-> ^ . Moreover if

the -c i s bounded, i .e IT cχ>| 4 M U X u
for some const. M, then cal l i t t ra-
£&. The domain of any trace is t,.-

tensible for a l l x e αi , ana if 01
has unit element then any aeni-traoe
is t race . For any semi-trace r of
tft there corresponds a two-siααd-

representation <χ~, xk, j ,fy\ sucn
that iv*' - Wh and ŵ  « wb' wnere
wA and wk are w* -algebras ge-

nerated by \ X*'\Λ a n d ^3cb^jι
repectively (cf. [10], ϊ h . 2,.
Here we recal l the construction of
the two-siueu representation
^*.^.J ,%i . Let X « 1 xί oil τ ^ » ) * o \
and fll * 01/K (quotient space; and xβ

be the class containing x . More-
over x* , xk and j are defined
by xfcy « c x 3 ) , χkyβ^ 7 ^ and jx'* χ^β.
Λβ i s incomplete Hubert space

with inner product t χβ, 3*) * T C Λ ̂ r )
and f̂  i s completion of 01* , then

x^ and xw are bounded l inear ope-
rators on 1% and j is conjugate
unitary operator from *% onto i t -
self. An element v in ^ is
bounded if t χ*v^ x*v) ^ M( X , X V
for a l l x e 01 where M is a
const. For such v in £y there
corresponds uniquely a bounded opera-
tor V on -fL such that χ*v « v χβ

for a l l x e (71 . Denote V by
v* . Let <& be the set of a l l

bounded elements in ^ and β&* *
{v | vt ^ | . Then -δ *" is self-adjoint
operator algebra on ^ mid has an
airproximate identi ty \^t) *
hence Λ* is a D* -algebra, v/hen
p i s a family of bounded operator
on a Hubert spa'ce, denote t«he set
of a l l projective, unitary, and self-
adjoint ( s . a . say; operators in f
by Kκ^ > F'^ and β~iSKi respec-
tively, put Λ^ IH r € Λ ^}
and Λ15"' - W | v^e .&*«^}. Let 5lΛ

be uniform closure of <&* , then όV~
and ^ ^ are iduals in w~ . The
linear set o&- is i t se l f considerable
a *-algebra by the multipl ication:
v» v i = v\*"v,. t > r vx , v a fe oCy • A s e m i -

trace "c of σι is said to be f inite
if wfc i s of f in i te c lass . Then
any trace is always f in i te (cf Γ9],
Th. 1) .

PROPOSITION 1. If serαi-trace -r
of c?L is f i n i t e , then jy , a*
and w* have uniquely common center-
ing \\ , i . e . ^ of W*- coincides
on (Z* witn the centering Ϊ of <HK

and on ΛΛ with the k of «AΛ .
Any trace τ( ) on each algebra
satisfied that T(A ) - TCA*) for a l l
A e WΛ or <$,*- or jy> respecti-

vely.1^



PROOF. It has been already stated
in ClOl , Prop, 3 and I t s proof that
J& has a centering ,̂ and coincides
^ of w* . From the definit ion

of \ of f i n i t e W*-algebra (cΓ.
Dixmier C23 Th. 1 ) , ΓorA * W* A* be-
long to the uniform closure of con-
vex hull of \ OΓ'AU 1 u € W*"ια>J.
Since £>Λ i s an ideal in w* , fie/H*
for A c <fcΛ

Let T( )
Since A\f € <

be a trace of
for any v € < and/UU/'J

θ5 where *v*\ i s
approximate ident i ty of <£f , hence

> 1 ) for a l l u € wΛCVΛ<> or
= τiv") , Taking uniform l imit,

also holds for v * <RΛ .

A ti»ace x of <Λ with unit norm
i s said to be p-hflτ>Hftt«r i f the cor-
responding two-sided representation
i s irreducible^. The set of a l l cha-
racters with Weak* topology on OL
Is said to be character space. Vίfhilβ
a trace •«* of <ft i s cal led hβini-
characfrer i f τ ix z) = TIX^ -CIA>
for a l l x e <?L and z, t Z/

PROPOSITION 2 . If 01 has a
character ~c , then i t i s necessari ly
hemi-character. A trace -c of Oi
with unit norm i s herai-character i f
and only i f for a l l 2«- 2 -2*" are
scalar operators. Moreover i f the
approximate ident i ty <e»\ £ Z
then any hβmi-character -r has unit
norm,

PBOOF. Let z * 2L be *>* Ψ 0 and
s«a. ( i f -£*=<> for a l l 2 t 2L ,
i t i s t r i v i a l ) . Let * * = _ / / * <«Eχ
for some resolution of ident i ty {B^\ .
Putting H* = ex% for *t (.-Y, Ύ ̂  —
intθxvval, xΛ HΛ = EΛ x^ fL c Hx,ifi»Ĥ «Hxa
j Hx c HΛ as 2 α t w* /> V and C93 ,
Th. 2. Since { x% x^, j , f^ \ i s
irreducible, H x = 0 o r > t x = £ v
and hence Ex - * I M Γ f 03?, some real
number > u ) and ^ ^ ^ ^ λ Acu>)l =
Since ' ^ can be represented as a
normalising function cα ξ^ ξ)(cζ^Π= 1)
τ v x z U C^2"tΛ ) c ^ ί 2 ^ ι x > P l
cing ««. instead of x we have

Let ^ be hemi-character of 01
and lxV*k,Jι*frl be corresponding
representation of (ft For anyzeZ

Hetice z* »
z^ s ctz) I

τU)i
then

) )

Conversely if
xίzxy*-) =(2*χ y ) =

and
Thus

The left side
right side *-*•
-ctz>=tcχv and
for a l l z * 2/ and x, ? € A .
Since \χy I >, yt DVV is dense in <JI
and T is continuous, τcχ*)= τcχ)τ(z.)

#

We shall prove the last statement.
The given hemi-character x can be
represented by the normalizing func-
tion τc>o r (Λ

Λ
1 , ξ ) for the

corresponding two-sided representa-
tion \ x*, χ

h
, j , ̂ ηr \ From the con-

struction of ξ (ξ
y
ξ)=norcι of T

 Φ

Let i ê  \ and \ e
y
ι be two cof inal

subsets of { €^ ̂  . Since τ(

The left side
side —> v 1

 f
 %

1 (as «• X ^ ) Φ 0

τ - 1 .'

il, I )-
, and right

Λ
 . Therefore <.\,\
) and the norm of

We prove now a theorem of Plan-
cherel-Godeπent* s type [4 3 for a J>*
algebra

THEOREM 1. Let 01 be a P * -
algebra with a finite semi-trace τ
Then there exists a positive Kadon
measure p on the character space <&
of &Λ such that

for a l l x, y* <?l . Where { x*y x*yj >^ϊ
i s two-siued representation generated
by x .

PROOF. The character space Λ
is compact or locally compact accor-
ding to 1 « <£

Λ
 or φ <£• . It is

sufficient to show that the case of
I .f <£% because the case of I « &*
follows as a special case. By Prop.
1, <JC has centering * and any cha-
racter *> of ^* reduces of ones
of &** by <y(A) s "(4*) » Hence
Λ""

H
 is isoraetrically isonorph

with c^(Sί) by the correspondence:
/WΛ

 1
-* Λt«) t c

β
.(Π)°'

)
. We shall prove

in the several steps:

(1°) For any A € <%*** there
exists a sequence %, 6 <&** such
that Λ V ^ - A « - > O c« -*. 00 ), hence
Iv^cωi - Atu>>ι—>o uniformly on Λ
This follows from the construction
of B* for 3 « <£,* whiph belongs
to the uniformly closed convex hull{α'&u,V
spaned by inner autmorhisms for

(2°) We Diay use the conatraction
of Segal's (cf. Γ8 3 , p.284). For
M t &*"" ** - J\y Ά E

A
 . Put T

t n
 «

lλ-1 U-l)2"
Λ
< λ 4

 t 2
'

n
 i ̂ n > 0 )'.

For λ* Xi,*vC*» = !,>,-..) we define a
step function /\,«.χ> . «(i-\) a*

1
^

for x > o
/
 = 12-^ for > i. o .

Then the functions sequence /w^>
is uniformly converges to A in the
interval (-f

 J
 t ) which also monotone

increasing to A- in (-*> y) on
each absolute value.
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(3°) Ii
1
 we put *,.«• ̂,/j.λ"- ̂  <*E

λ

then Auvr*= /
τ
^^ιχ) ά.Έ

Λ
. and fe^A

t
*^

fr &
H L
*

J
 t h-Cn being a const,). It

can be written C* = ^?Γ7
 Λ
u ^

Λ

for some <£
n
e j&Λ

1
**

0
 and integer

Y^CVO > o such that mt*
n
 - vr *

and (. ̂
n
 — *vl —^ o as ΎV —> «>

for,
ir f « ̂ Λ * ^ , then there exists
a compact-open set K in XI such
that H-* > - C * ^

1
^ . From. (I©)

and (3°) there exists a sequence
(χ

n
\ c £>* such that tΐiuo-|pι«>l-n*

β

uniformly on .O- and each In is a
finite linear combination of the
orthogonal elements of <&**

c
^

Hence |?
 c
 ΛΛ*

1
^ follows from

above fact and & being ideal
in w * The converse is trivial.

(5°) C = o&
OU^
 where Co is

the class of all continuous functions
on Π with compact supports. Proof:
By (4°), for any A t C« with Ac*o
i 0 , there exists ? e &**W
and ot > o such that *?uo ^ Aiω)
and ocpA * A . Since & is ideal
in w* , A € <£"* and C

β
 c: £"*

(as any A € Co is decomposable
into linear combination of non-nega-
tive functions in Co ;# The conver-
se ίollows from a property or tne
resolution of identity: We can assume
without generality that vr * £*ιs*>
and ιr*cw) ̂  o * for this statement.
Let \r* - /

y

λ a E λ
 , then

wherefor all ξ
is o = λ, <

(6°) For any f> « J&*
(
^ , put-

ting |tĉ *> * <f,p), Y- is extended
a complete additive measure function
on the Borel family generated by
compact-open sets in ΓL .

(7°) For any ,̂ w € &* J^ω^ζω)
dp»>*U,*r), and this implies /*
is Radon measure on Sϊ. . Indeed,
t£ ̂, w are s a., there exist two
sequences < t>,i and iifn) for
\/ and \*r respectively such that
the in in (5°): <ι

h
 » Σ*Γ,V|>

m
.

and r
w
* Σ

m
^

Λ

χ

<)
f

i
 ̂ . where {f^j

i f»j\ <c Jti*****' a n d
J
 a r e o r t h o g o n a l ' *

respectively. Hence /t*r**ctj>jiα(ω)c:

Σ:^;^κ;tω)^)-i-Ίfj^Xi)
 an
.
d
 k- *-* -

/t*T* f ciu>) β c w , u r ί S i n c e t t j r*,*cu> ι̂ 4
|xr*W**C«*»|^ M H « ^ i '

o r
 ^ *

 K
 > % > ' 9

const, M and some p e
 β
G-*-

l
'
t
^
)
 by

( 5°) , yv^Άun Ay**.**} s c VΛ, w ) by
Lebesgue convergence theorem. For
any v and u; in

 <
A
t
^
 A
Han be de-

composed into the s.a terms and
shown on each term. Since any ele-
ment in 0&-*** can be represented
by the form ***** for *, ur € ^ ^
by (4°) and (5°), pt̂ ) =• ̂  ι/ "(w> <γĉ >
is considerabxe as a positive linera
function on Ŝ-** by the integral
computation, and hence /*- is
Radon measure on _CL by (5°).

(8°) For any **& J
Λ
 »(("**')*•)*γ

= (VΓ^V) . Proof: Putting
w β (irv*)* and K = closure of
\ω I ur -(ω) ̂  o ) is compact in fi by
(5°) and fu»> a. c

κ
c«>

 ( ? )
 for

some f* ^^"-^ by (4°). From (7°)

(v
;
 |>vr) = (NTVΓ*^) =j^CVΛVΓ* ft* f j

While C C K - K )
= o and hence |>v = v .
Thus we have the required relation.

(9°) For any vr
;
 w « Λ Jω(**nr*+)

&γ.Lω) s c vr, ur)
 #
 Indeed, this case

reduces to (8°). For, υ-w* =

In (9°), especially putting χ = v
and y

e
 * xr Γor

 x
 •»»«»/«• <7l, as

i*
9
, y

9
) s χcxy*-)

j
 we obtain the required

relation (1)

REMARK. I. In Theorem 1, if
t. € (R. 9 then &* = W* and hence
there is u c ̂  such that u~ ~ i
Therefore τlχ>*>=• ( χ*u,y*α) ̂ ((x^*)*α

;
α)

and x is trace of $[_ .

II. Above theorem implies de-
composition of finite H -system (cf.
Cl], for H-system), i.e. let H be
a H-system such that the w* -alge-
bra generated by left multiplication
algebra & of all bounded elements
in H is of finite class, then there
exists a family of irreducible H -
systems κ

o
 (ω e ΓL : character space

of uniform closure (H* of <&*) such
that for any v^xff^J^ ^'

ur)ϊ
/

Λ

ίt/
*i/

ι;
«'

ί(
f

tw
i

w h e r e '""•», i /iu) = co ( v* *>*"•) a n d H ω

is completion of the linear sβtW^JirtΛ
with respect to (̂cu , ̂ , ) , The irre-
ducibility of Hco for each *> <• A
(i.e. Hcα has no non-trivial two-
sided ideal in the sense of W.Ambrose
Ull ) follows from that each <*» * Π
is character of Λ* and corresponding
two-sided representation is irredu-
cible. Moreover we can show that
for any ξ , ̂ c H there are f„

y
 ^

e H ^ (for each «, e Π ) such'that

2. Centering in grouj? algebra and
application of ^_1. If (^ is a
unimodular locally compact group,
and L» is + -algebra of all conti-
nuous function on Q with compact
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supports and with 1i* -norm. Then U
is D*-algebra with respect to the
multiplication of convolution for the
Kaar measure. 'Putting -rt* > * xte)
for x 6 "L, , -c is serai-trace and
corresponding re prosentation
I ^ Λ j ^ l i s regular two-sided repre-
sentation oΓ Ί_» t,e, li- v5Cc

τ
)
 t
 x« γ = χ y

and χ*/
e
 ~ / x and j * =: x* = xir

1
)

i'or x and y e "L, where is
convolution. The notations R.

 t
 £y

and GL with respect to seni-trace -c
i'or £*"-algebra 01 (

C
Γ. $1) are used

for regular representation: £Cξ ) =
uniform closure of lχ*| χ( L \ ,<&-„( eo~
•"--algebra of all bounded elements
in £(<?), ΛCCî  = corresponding
operator algebra for <&JXτ) as
operator on ι3CC

τ
> and (jlCCr) =•

uniform closure of Λ(€rϊ . let ΓCCT)
be the group of all inner automor-
phisms on £r .

PROPOSITION 3. For the group
algebra o6-Cίr) having an weak cen-
tering it is necessary and suffi-
cient that there exist at least one
compact nb<λ. oi unit e e (^ in-
variant under ICCτV°. Moreover for
the weak centering being centering
in &(<*) it is N A S C

( 1 )
 that <τ

has complete system of 1(6)-
invariant compact nbds,

PROOF. The statements of the
sufficiencies of the both parts
follow immediately from Th. 4 of
Goement 14 "3 , and the necessity of
the first part is clear by the exi-
stence of central element of tKc-r) .
Now we prove the necessity of the
second part. Let Z

2
 be the nani-

forίd oi all central elements in if
and $, be set of all bounded linear
functional on 2

1
 . Let p be the

projection of \£ onto z
a

Then v
1
* = Pv for all v ί <&

e
(6f) by

Th. 4 of C43 where tj considering
in the operation in Jj-jiCy) such
that- vH* e v ***

 i2)
 Moreover we put

of Clo3 their traces are also suffi-
ciently many on <3r , i.e. our re-
quired result has been obtained by
Lemma ό of C103 .

ξ € ij , and also put $ * \q j <r, €§,}.
As nι\)[

 =
 if,cT\)| % H i?l ?n

ι y ι
i M Λ% \Ϋ

/2

each ^ <£ $ is a bounded linear '
 ;

functional on if and hence f * Lf" .
Since fv>?v)*ftv*) = fiv) « ( v, ̂  ) »
tv

11
^) ^ ? v , ^ ) * (v,f<y) for all

ve^CQ ), t
 s
 ϊt

 a n d
 1 e Z,

2
 .

Therefore for each f e $ *̂"fts)
is a trace vanishing at infinity.
If * * la and /^ x* * <•* )^ι$Us = o
for all <f * §> , then c^

X/
 ^>)=

o

a n d ^ ^ ^ ^ ^ , **"•» > = t^
7
 cχ*χ •>" ) = o .

Since z
2
- is a Banach space, Φ,

is total
v
on z:̂

1
 and hence i***)

1
' =o

and x = o by that * is centering
in At<τ) T ^ s }f*-<?l<̂  e ξ \,
are traces vanishing at infinity
on Cr and sufficiently many on "U .
Λs the proof of last part of Th.^

REMARK. If <τ has a
invariant compact nbd, then by the
Prop. 3 existences of sufficiently
many traces in all group algebras of
<τ are equivalent each other. In
case £((-!•) having the weak center-
ing described in Prop, ό any trace
fCxϊ of <&CCΌ (and hence any

trace of <τ ) satisfies -rtx'M = -CLXΪ
for all x t &.<.&}

Gr is 'said to be central κroup if
the group of inner-automorphisEis iC6r)
is totally bounded with respect to
the uniform structure generated by
the compact-open topology on o*
(cf. [31 ). Then <q is a central
group if and only if £τ has complete
system of compact and T(fc) -invari-
ant nbds and conjugate class of
each point of Cr is always totally
bounded. Let K<<τ) be completion
of ICCr) concerning the uniform
structure, then KCCr) is compact
topological group of automorphisms
of Cr and has Haar measure vn. .
When x t "L , the function xίu-t)
for αe KCCT)

 a m
* t € 6r is conti-

nuous on the product topology κ(fr) % Cr
Hence xiuti is measurable on the
product measure of both Haar measures
of KCCr) and Cr , and this nea-
surability also holds for x e \lCk)
Since KCfc ) is compact, χn*t > is
Bochner integrable on KCfr) into
ΊJCCΓ) and we can define a function
x»κt) = J χ(^t\dwvu\ * ByFubini's
theorem,

 KCfr
\i

f
"Lor t.'CCτ̂  according

to if fl or l!Ĉ > Moreover it can
be easily proved that x -* χ

%
 de-

fines a centering in 1, and Lίcfr)
with L

1
 -nortal

β)
 This fact results

following:

PROPOSITION 3. In a central
group Cr , all group algebras "L f

Λ Λ ( d W C
t
'

)

have a comrion centering, e.g. lot
and H

a
 be centerings in lj and 5

then χ*»<»- = χ
At
< for all * * "L, .

Any trace T" of each group algebra
satisfies T(A>- TCA

H
) for all ele-

ments in that algebra respectively.
Hence any hemi-characters of their
algebras are characters, and each
character of any group algebra redu-
ces unique character of Ίί((3θ

PROOF. We have already shown that
1̂, is common centering of L and
1} , and ** is common ones of &c(χ)

f

<R.L(x) and WCir) It is clear
from the definition of centering **,
for b or U

1
 that -c"ι **•> = -cι»)

for all % k L
1
 and its trace x .
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For &Uτ) » #CΦJ and r
it has been stated in Prop.l. Let
T be a trace of όlCβc) then there
exists trace -c of <τ

 U0)
 such that

T(χ*) = J x(s) -ct* ><*s lor all x * L
Prom the construction of k, ,
J*is)Ti%')4s = fto)τιs)4s and Tcx js T(**'*;

While Tiχ* ) ~ T(χ
αlΓa

 and hence
Ti **'*") rr Tix*^) for all traces T
of ΛCtrJ Since the traces of
are sufficiently many in (fcfdr),

x
*»,«._ x -̂a The fact χ*«

Λ
 « „ i.v

3

for all
 x
« L implies that *

z
 is

considerable as tne centering in
The last part in this proposition
is obvious.

Finally we can state Lhat the
group algebra l3(6r) is strongly
semi-simple in the sense of I.
Kaplansky, i.e. the intersection of
all regular maximal ideals of L'OGO
contains only the zero element. This
follows from the little modified
proof of Segal [61 , Th.1.7.

Suppose that <x has complete
system of lid) -invariant compact
nbds and Λ be the character space
of <£C<τ) . Since for every <*>tΓL
there corresponds uniquely a conti-
nuous positive definite function *>(*)
on CT such that wι**> - / K n ^ n r f s
for all M L , if *rx*> - *>'< χ*>-β
for all Ϊ ί L then (*> «= «°' in -O- .
Therefore _n can be embeded into
trace space of £ < Ό (i.e. set of
all traces of unit norm with weak*
topology on fiCGr) ) by the canonical
mapping φ which is one-to-one. It
is clear that the range f(ΓL) is
closed in trace space of H,C<x) and
locally compact, moreover the image
or inverse image of each compact
set in _Q or f(Cι) under the map-
ping f is also compact in
or ζX respectively. Put $- φ
We can easily seen that the Radon
measure p on £1 induces a Hadon
measure v on ^ by the way that
v(^γκ))= p-iK) for compact set
K IΛ Xl . For xf L &n<* «>(-Ώ.
the representation x —> x

Λί
«-) ~J^*(ns

ΛξΛt
Us

is considerable as generalized Fourier
transformation which is containing
as a special case ones of product
group of abelian group and compact
group or more generally central group.
Now we obtain Plancherβl-Godement

1
s

theorem from Th l

THEOREM 2. Let G- be a locally
compact group with complete system
of IC5r) -invariant compact nbds of
unit e of & Then for any xt/_,

I

Finally we show a duality of the
Fourier transformation for a group
described in Th.iί which is a general
form of abelian 02̂  coiai>act case
where the compact case^φΓoved by
Weil 1113, $24. We define formally
second Fourier transform x* —* ̂

Λ
ts)

- ίωix^ujis-') <*^(<4ϊ for ail * * U
where oκ.s) described above i.e.

f
JζςCOROLLARY. Let <τ be a group

described in Th. 2. Then for ail
central functions z in L ;z

Λ<c
^;z. ,

and for all x in !_, and -s in
center of Or ***u> - χ(5>

PROOF. The approximate identity
\z+\ of \j is in center of ]_,
Therefore ωi^e^) « /^ xe^ίs
yxuJw(i;Jjsίθ(x

fc
), While x^ tUj

a n d to{e£x~) -?> ωcx+) f o r a l l

S i n c e f o r all *,ytL *yi£)=J
= J^ooi**/*-) *i>ίo>) b y T h . 2 a n d
is v-integrabie function on SL ,

and hence

all

J ζς

f

Hence (^;;
J ζς

f [ Z(t~'s

Jcr

- / ί

Since ω(z*y
Λ
) = ω(z

by Prop. 3,

Λ
 , then

ids dt

If we put
each * c

z
β Λ
tί )

for

Γ

If -s is in center of Cf , then
sf is also in center of w* -group

algebra wCξ-) . Since ωco can
be considerable as a character of
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, for u>( Π there corres-
ponds an irreducible two-sided re-
presentation and hence all elements
in center of wCCτ) is represented
into scalar field, it is obvious that
ω(st) = oj(s)<*?it) for all r ( (r

and s i
n
 center of Q- . Consequ-

ently we have that for all .s in
center of Q-

dering as VΛ e KCC-O
operator on LMC-O

=//

J -Π.

f f

(1). We denote the inner product
in any Hubert space t$ by (%

t
\)

for 5 , 1 ^ and it norm by \\ \ ( = (\$)'
x
)

and denote operator norm by if A Λ .

(2). We can also consider in Jj>-
a mapping p similar to k , i.e.
there exists a mapping # form £?
onto center of <& with the proper-
ties of the centering ^ in J)

f
-

algeora except for the term of conti-
nuity (the last condition of >q }
such that υ*

Λ
 = v** for all * e & .

We shall use the sane notation V
in & instead of the # and denote
the center of ̂  by & *

 β

(3;. In this proposition, the
considering two-sided representations
J
 <Λ
> *"> a , «y V nre taken for the

each trace for which we discuss, and
they are used the sane notation:

(3
f
) — C -algebra of all con-

tinuous functions vanishing at in-
finity.

F o r p and K t ^ 1 t f, »»M =
For, putt ing f, = j» - pf

( 4 ) .

^ - pW and p j a f - ? f , ,
are raυtually or thogona l and
^ β * i •*• h H e n c e i | > , ) p ' )

and y r r . J ι f r r . j f Γ -

(5). Denote the characteristic
function for the set K by c

κ
cω)

 β

(6; Denote it by xc^-) -invariant

compact nbd

(7). = necessary and sufficient

condi tion.

(8). M Nakaraura has proved that
KCGc) has also a centering which
has been introduced by the similar
correspondence *~ —> χ~** consi-

being unitary

(y W , i.e. W ^ -algebra
generated by the left regular repre-
sentation (x* [ x * L )

 a n d
 called

W ^ -group algebra.

(10). The trace "̂ "̂  ? of 6r
is meant by that -c is central con-
tinuous positive definite function.
Putting -rcxi = /^<nι»)Aί for
* t L , -CC3) is trace of fcr
if and only if τu) is trace of
I, for their details, see tloj ).

(11; Where x —> χΛtfc)> and
are representat ions of

L and ^ corresponding to the
traces cu(χ) of "L and <yίs)
of <τ respectively sucii that *o(x ;»
α/C*; β fxviωcsiΛs / and the i n t e g r a l

,V I Mrfjaeant by that χ*t<o J =
j J , ^ d5 for all I * U in

the sense of Eachner integral with
respect to the Haar measure dts of

{*) Received August 11,
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