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1. The rollowing theorem has been
proved by Borsuk [l) Let f be a
mapping defined on an u-dimensional
sphere 3

n
 Into Euclidean n -dirnen-

slonal space Rj
1
 . Then there exists

a point p on S such that

where />
of f>

denotes an antipodal point

The object of the present paper
is to prove the following analogies
of Borsuk's theorem in the case n = 2
(in the case ^ = / , they are tri-
vial).

2. THEOREM 1. Let S be an 2-
dimensional sphere center Z in
Euclidean 3-dimensional space ft
and let -f be a mapping defined on

S into Euclidean 2-dimensional
space β? Then there exist two
points f> , β on S such that the
vectors zp > Zϊ

 a r e
 perpendicular

and
 r

fCf) - f (?)

PROOF. (It is based on the^ method
of Kakutani [2] ). Let us consider

S as a sphere of radius 1 in o-
space R

3
 , with the origin Z =

(0,0,0; oΓ R,
3
 as a center. Let us

put J>
β
=( 1,0,0), f° = (0,1,0).

Let further Gf={<r] be the group
of all rotations of R? around its
origin z

For any <Γ € G\ , consider the
 χ

vector in P? defined by ffrcf)){(<?{£!)
In order to prove our

theorem, it suffices to show that
there exists a rotation <reQ such
that f(βt/p)= f(>C£

0
)) . ϊfo assume

the contrary, and shall draw a con-
tradiction from It By assumption,
lor any crefr , the vector
f(β</f))f(β"(/f)) is not zero* Let us
take an unit vector in R

2
 from the

origin parallel to K*(tf))f(<*"</£>)
and put "FfO—the enα point of this
unit vector. Then 6"—> FC*

3
") is a

mapping of Q into S*

Let ϋ be the straight line X«#
z = o and H be the subgroup of 6p

consisting of all rotations around
the line ϋ We may denote ele-
ments of H by <r

θ
 ( 0 4 Θ 4 2 u ) ,

where θ denotes the angle of rota-
tion around τ:he axis JL neasured in
such a sense that

ίV °\
denotes ( ' ° ° I

V 0 0 -/ /

Ey the above, we show easily

-F(«β) (for any xβ R
2
 , -X

be a symmetry of x about the ori-
gin) . Then the fact stated above
means that F maps H onto S'
If we consider H as a S

1
 , by

Borsuk [lj , p is the antipoαal
mapping oi S

ι
 i

 n
 self and its degree

la is not zeroo

Let cL be the increment of the
 2

angle of the vector z P(<5Θ; in R
when θ runs from 0 to 2n . Then c<.
must be of the form : oL^=. z~mκ .
Hence as θ runs fron 0 to 2TL twice
time continuously, the total incre-
ir.ent of the angle of 2 FCfy) is

On the other hand, 2 H is homoto-
pic to zero on Q . . Then p(ZH)
is homo topic to zero on S . This
is, however, impossible since the .

total increment of the angle of ZF(G'β)
is 4mitψO . Q.E.D.

In the proof, the fact that #°
and g° are perpendicular is not
only essential but also we can re-
place it by the arbitrary different
points />' and f£ which subtemd the
angle θ at Z , o<θ<τt. Com-
bined it with Borsuk

1
s theorem in the

case 71=2 >
 Wfe

 have the following,

THEOREM 2. Let S be an 2-dinen-
sicnal spnυre center Z in Euclidean
3-dimensiona] space R

3
 and let f

be a mapping defined on S into
Euclidean 2-dimensional space R

2

and let θ be a given angle such
that o < θ < zn. . Then there exist
two points f> and f on S such
that f> and f subtend the angle

& at Z and
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= Hi)

ίmark. By using Stiefel»s mani-
γ

3 j 2
 [3) and Eilenberg

1
 a theo-

rem (4J
 J
 p we can prove the above

theorems But this method la not

different from the above.

3. Theorem 3. Let S be an

2-dlmenaional sphere center 2 in
Euclidean 3-dimensional space R_

3

and let f be a napping defined on
S into an orientable 2-dimensional

manifold M with the genus Φ 0 and
e be a given angle such that
0 <0 < In. Then there exist two

points and f on 5 such that
b t d th l $
f

/> and f subtend the angle $
at Z and

= f(t)

PROOF. For any mapping f: S
since 7r

i
(M)=o »

 w
*> have a

homotopy f : S - * M , 0 4. t £
such that

l o r
 all
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fβ(x)= one Γixed point rn oi'M

The universal covering space of M
is Ra and f denotes the projection

Using the covering homotopy theo-
rem [δ] , we have a honotopy •£*

f 4* - f
t
 for •// t .

Especially we have βf, ~ ή = f

By Theoi^em 2 there exist two points

f>
 y
 f on S such that f and

« subtenα the angle θ at Z and

f*(/>) = f * ^ ) Hence we have

Q.E.D.

g

Hence we have
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