ON MAPPINGS DEFINED ON 2-SPHERES

By Hiroshl NOGUCHI

1. The rollowing theorem has been
proved by Borsuk [1] . Let f be a
mapping defined on an mn-dimensional
sphere S™ into Puclidean n -dimen-
sional space R™ . Then there exists
a point p on S such that

fp = £(p®

where P* denotes an antipodal point
or P . N

The object ol' the present paper
is to prove the lollowing analogles
of Borsuk's theorem in the case n=2
(in the case m=| , they are tri-
vial).

2. THEOREM 1. Let S be an 2-
dimensional sphere center 2 1in
Euclidean 3-dimensional space R’
and let f Dbe a mapping defined on

S 1into Euclideéan 2-dimensional
space R®* . Then there exist two
points p , on S such that the
vectors zp , Z§ are perpendicular
and

Fp) = f(p

PROOF. (It iq based on the method
of Kakutani [2] ). Let us consider
S as 8 sphere ot radius 1 in 5~
space R3 , with the origin Z =
(0,0,0, or R® as a center. Let us
put p°=(1,0,0), g =(0,1,0).
Let further G:{o’} 'be the group
o all rotations or R® around its

origin z .

For any o6 € G , consider the

vector in R delined by f{oce)) f(o2)
. In order to prove our

theoremn, it sufi'ices to show that
there exists a rotation 6€G such
that f(es(g")= f(o(gn) . e assunme
the contrary, and shall draw a con-
tradiction from it. By assumption,
tor an geGr  , the vector
f(spYF(e(g) 1s not uer‘o. Let us
take an unit vector in I'ron the
origin paraliel to f(a(g ))f(o'([;))
and put F(s)=the ena point ol this
unit vector. Then 66— F(5) is a
mapping of &G into § .
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Tet £ Dbe the straight line x=y

z=0 and H Dbe the subgroup ol &
consisting of 8ll rotations arcund
the line JQ . We may denote ele-
ments of H by 63 (o0464%2mn),
where 6 denotes the angle of rota-
tion around the axis £ neasured in
such a sense that

ol ©O
, where o3 denotes (‘ o0

By the above, we show easily F(fmo)"‘
-F (%) . (tor any xe R, -x
be a symmetry o'’ X about the ori-
gin). Then the fact stated above
means that F maps H onto S' .
If we consider H as a & , by
Eorsuk [1] , is the antipoual
mapping oi S' in sell and its deyree
m 1is not zero.

Let oL be the increment ol the 2
angle of the vector zF(o’.lS in R
when 6 runs frowm 0 to 2n ., Then &£
must be of the forn : A=2mn .
Hence as 6 »runs Lron O to 271 twice
time continuously, the Lotal incre-
ment of the angle of z;:’(o-,f is
4mmn .

Cn the other hand, 2 H 1is homoto-
pic to zero on G .. Then F(2H)
is homotopic to zero on S . This
is, however, impossible since the
total increment of the angle or ZF(6,
is 4dmm o0 e QeEJDe

In the proor, the ract that ﬁo
and p° wure perpendicular is not
only esgential but also we can re-
place it by the ar-bit,r-ary dirrerent
points P and & which subtend the
angle 6 at 2z , o0<6<KmM. (on-
bined it with Borsuk's theorem in the
case m=2 , Wwe have the following,

THCOKEM 2. Let S be an 2-dinen-
sional spnere center 2z in Euclidean
3-dimensional sgpace K and let
be a mupping derined on S into
Euclidean 2-dimensional space R
and let 8 be a given angle such
that o<6e<2n , Then there exist
two points p and % on S such
that p and § sublend the angle

8¢ at Z and



) = £(f)_

Remark. By using Stiel'el's mani-
rold Vi, [8) and Eilenberg's theo-
rem [4), we can prove the above
theorems. Bul this method is not
different fron the above.

3. Theorem 3. Let S be an
2-dimensional gphere center 2z %n
Fuclidean 3-dimensional space R
and let f be a mapping defined on

S into an orientable 2-dimensional
manifold M with the genus & o and

9 be u given angle such that

0<6 < 2w . Then there exist two
points p and ¢ on_ S sucn that

P and § subtend the angle @

at Z and
f)= £(3)

PROOF. For any mapping r': S—M,
since 7Ty (M)= , we have a
homotopy "~ £ i S—M, 0& t< |
such that

fx)= f(x)

ror all X€S

f.(x) = one rixed point m ot M.

The universal covering space of ™
is R and } denotes the pro jection
7 RP—mM

Using the covering honotopy tlwo-
rem [5] , we have a honotopy ﬁ :

5t — R R Lt £ such that

;f,*.—s £ foroall .

¥
Especlully we have ;ﬁ =f="f

By Theorem 2 there exist Lwo points
» # on S such that ¢ and
subtend the angle 6 at Z and
£X(p)=f*(g) . lence we have
HTPI= 3F%(5) i fP=F(D
G.E.D% i
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