
ON EXTENSION OF SCHWAKZ S THEOHEM

By Sanzo* AIKAWA

§1. Schwarz's theorem In the tαeory

of functions of several complex va-

riables is as useful as in one com-

plex variable.

In this paper we are going to
extend the former, and "Co illustrate
simple examples,

(I) Schwarz's theorem in one com-
plex variable.

Let F(t) be analytic in the

closed unit circle ltl = 1 and if

F(o) =• 0 * then we have

max \F(*r)\ ]t\$L U )

the equality sign holding iΓ and
only iΓ f{t)-ct> , where c is a
constant.

(II) Schwarz'a theorem in several

complex variables
 fi>

Let -kC*i,'--'
Έ
+)

s
fχ

c
*> Ci=i,-•',*-)

be ΎI functions whicn are analytic
in the closed υnit hypersphere

H*IΞ[1I*»T Y ^1 , and vanish

at the origin. Then for any value
of f> > 1 , we have

llf(*>|L £ ||*ll (If (
V
)||

= l r

for every value of
where

i n

( 3 )

§2, Our main theorem is as follows:

Let fiW (ϊ-i, -,vθ be n func-
tions which are analytic in the clo-
sed unit hyper sphere ||a|| % [
Assume that

= **R^
a
> (4)

( L
β
l/

 ;
rt; r>t : a non-nυgatlve

integerj .

where F
t
 (ί;*-? uro analytic and

vanish on t = 0 for every * in
(l| t . Then, for any value of

»
 w
© have

llf(vr)|| (5)

for every value of s in 112II ~ 1

_Lcυoi\ (i> For <n= i . Λe onit
the sul'J'iK oi" fCz; . Putting

| /> and !*)=/> Imply
and conversely ||w|| — { , \t) — f*
imply \\z\\ =rl /

We introduce the functions

ΛΓ Cp) = max

O)

(10)

Since p(oy»-)~O for every z in
||2|I ^ ί , Scnwarz's theorem yielαs,

for each fixed llz°l| •£ 1 ,

ί°) ?fN(Ό (11)

(IS)

(13)

so that

f f ti(l)

Prom ( 7 ) wo have

and s o

MCP)

(14)

s i n c e f4 (1; a ) = W Πj * ί . (14 ) ruianβ
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max ϋ P (15)

which proves our theorem for fίz)

( i i ) For 7i > 1 . Let GU (t = J,—>'n,
be 41* a rb i t rary constants . Define

£aΛ*) = Σ Oif cz) . (16)

then ffaCz) has the same p r o p e r -
t i e s as j(jL) , and then by ( i ) ,
we ge t

max
2 | l p

For
states

max i Z α ^ . ^ j , (17)

, Holder s inequality-

\1 <UfiL*r)\ ^ WU ' ttfWh (18)

where 4- + 4r = 1 Therefore we have

m a x |έ<Ufeί*) |$p 1 l l H | |α |L max ltf(w)|L (19)

NOW denote by a1 a value of -Z
on l εll^f for which -f̂ ^ a t t a i n s
i t s maximum or. \lz\\ - f , i . e .

H*ll = P. (SO)

which proves Uie theorem.

§3, Example 1. Consider an analy-
tic transformation

where f^C^) are analyt ic in \\z\\i=l
and have only the terras of order ^
in the power-series expansions at
the or ig in. Then for any value of
p > ί , we have

II21K, - UzlΓ max |lf(*)lk

/̂/«IL + l/WVax |l f Γz l). (Si)

for every value ol' z ^ 1 .

First we give a lemma whose proof
is omitted here.

Lemma. For any complex numbers
A, β, and for any value of jp :> 1 ,
the following inequality holds good

f (22;

*here c i s any positive number.

Proof of ^
the above lemma, we have

and then determine d
x
 (i-ί

f
--

as follows:

0
Then we have

i f

if £(«0=
so that

t (1+ f)
p
"

1
 iif^ii/ .

Putting c-Hfi^l^/nzilp , and
take the f> -th root, we obtain

(25)

and so

inserting thlβ into (19) and
we obtain

i
. max

max ||f
 (
^

By the same consideration for

P'rom thcj hypothβHia on f
t
(z;

we have, by oui» wain theorem

and inijorting (£ίβ) into (23) and
(24), we finally obtain (21), which
complϋteΰ the proof of our example



§4. _Exara]2lo_2. An inequality for

B

Ii £-(z) (-e =1,2, -,u) have tho
same properties as fv(x) in the
main theorem, and l e t A > B
and C ^ ϋ real constants such that

A > O , B > lcl max||f/it.;L
Tnen wo have w|t=i f

Λ
B -

f o r 1 and f>

Denote by

icj maximw)||.
1 "* p

y ( ) a value
of («) on ||*|) =p for which || fWl
attains i t s maxiniura on ιiz/j = f> ,
so that

for llzll-f ^ 1.

Using thί « point ( cnoose

0 , if ί
t
 (ar')= 0

and put

Then we have

and

, (
27
)

Then f(
2
; and ^(t^z^ have the

same properties as f^iz) find

F{ίt,z) respectively in the main
theorem, so that

1. ^ (30)

For any real number p > 1
nave by Holder's inequality

(31)

ror φ- -f Y = 1 ύ 1

If A > 0 , β > 0, and
real, the function

B 4-Cx

is a monotone increasing function
of a real variable x , so that for
$z\\ •= P , we have

max

max

A

B + CI

(by (27))

(by (30))

B+C

( b y ( 3 1 ) )

= i, (23)

wheru -R: + -̂  = I.

Now introducing the Γollowlng

functions,

which is the required result

we have

(29)
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