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In 1939, H Grunsky [l] gave a
perfect condition for a meromorphic
function to be univalent in terms
of the local coefficients. Later
S.Bergman-M.Schiffer £lj also has
given a condition under a somewhat
different formulation.

It is the a5m of the present paper
to establish a perfect criterion
in terms of the local coefficients
in order that a single-valued regular
function has an image domain whose
area does not exceed Tt «

1. basic notations. Let B be
a planar scnlicht n-ply connected
domain with a boundary f* consist-
ing of analytic curves [~*

v
 ( v « I,

•••, Ό For simplicity's sake, we
shall assume that B contains the
origin.

be a polynomial
t a \f ( % - z

o
) :

Let P(z xo)
with respect to

P(* . *.) = *N t* + χN-itW""t+ • x >
zβ € B.

Let fp ( z , zo ) o< ) be a single-
valued meromorphic function satis-
fying the following conditions:

i ) jfp (*,*./«) - P U ,
regular in B

i s

i i ) a l l the images of Γ v ( » - t >*)
bY fp (* ' ^β > ̂  ) a r e t i l e segments
with i n c l i n a t i o n o( to the r e a l
axis*

Existence and iαniquenet,s of j"p (*-,χ i°<)
for any given P i s well-known
Cf H.Grunr,ky [lj β

Let F
p
 (2, be

then we have

Σ
»
m
 (t, Z.

Λ
) being defined by

Let further

0̂ - 1 .

T (f
t
-

(ϊ
'*

 ; 0 ) +
ft-

(

Obviously the local expansions of
ψ^ and J^ (** 3 1) about Z

9
 are

of the form

and

J A v (*-*.)
V«l

respectively* The coefficients S
m
*

may be called the generalized ('»*,'*•)-
span Obviously we have along f""

1
 :

We shal l define the Dir ichlet
norm JΌ^ (f, f) * II f II g, by

| '(*>|**«O # j j βt L^B)

be a family of functions ψ(zθ
satisfying the following conditions:

i) I* Ϋί*) Λ̂ C is a single-
valued regular function in B ,

li) » t «
B
 < °°

Let now f (̂ ) belong to
Γ
 Z
(B ) t then we have

K*) -on, dz.

Here if j M has an expansion

/t
 c
v (̂  ~

2
o) , then we have
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1>
B
(f, JJ = -r c

m
.

Especially we have

Lemma 1* "ku.v""̂ /*'*
1
^ ̂

tf+1
>/

Proof. Evidently we have

and

Sw ̂  O

2
β
 Preparatory considerations•

Let "z
o
 be the origin,

(a) { & } , * " 1 ' ^ , 13
linearly independent.

This fact is equivalent to the
strictly positive definiteness of
the Hermitian forn jί j vSLy */* ** ϊ O

Of. H.ftrunsky [ l j

(b) \ji)β n = l, l, .» , is
a complete system in L C 6)

In L ( &) , introducing the
inner product

The reproducing property of the kernel
function leads to the relation

Li ί β ) becomes a Hubert space*

Let

satisfy the orthogonality relations:
Cj^ftΓ)*©, «βί,fc, •» , then m j ^ so
Thus we have y m 0 on β , and
hence the desired completeness in
* f £

ence the desired c o m p l e n
L* C 6 ) . Therefore f(z> = £ α

tf
 J' (z)

or all f(z) € L*(6) . **>for f(

In L^(6) there^exists a
kernel function K (** 5 ) This
is a well-known fact, or we can con-
struct it from { fy j by a usual
orthonormlization process due to
Gram-Schmidt But we need only the
following expression of K ( * ^ ? ) :

Expanding K ( £ , £ ) in a neighbor-
hood of the origin as an analytic
function of two variables z and
5* in the X'orm

Thus, in local, we have

and hence

which leads to the desired result*

3. Perfect condition for Dirichlet
integral to be bounded*

Theorem* ̂  Let f U ) be a sin-
gle-valued regular function jpith a
power series expansion f(£)β

^ϊ} <V*
A
*'

in a neighborhood of the origin.
Thon the fact that the inequalities

hold for arbitrary complex number X^
is a perfect condition in order that

Proof* Necessltyo Let

be a single-valued regular function
in B satisfying P(fcf)» If I* £ —
then we have

we shall show the following Lemma*
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Therefore, by Schwarz's inequality,
we have

For the sufficiency proof we
need a lemma with regard to the ana-
lytic continuability of an Hermitian
analytic function.

Lemma 2. Let H(fc> £ ) be an
Hermitian analytic function with local

expansion around

the origin* If, for every complex
vector x « («..*„--, x

N
) ,

V

holds, then H (*, £ ) is analytic
and Hermitian in the whole domain

Proof. This Lemma is an anlogue
of a continuability theorem due to
Bergman-Schiffer [1] We can choose
an orthonormal complete system ί ^ }

in

( j)

form and

) satisfying y > ) - £ v ^ .

in local. Since, the matrix
is of the triangular

α
y v
 + 0 , this matrix

k )has an inverse matrix ( k
v
 μ. )

in which b
v
^. » 0 for v > μ>

byv + 0 , and we can solvo
and

the form
local, in

Then, bv identifying two expressions

of KU,δ)

we get the relation

in which the sums ai e actually of
finite range and hence the left-hand
side is well-defined Similarly,

•t

can be written, in Ioca3, in the
form

where

In the last expression summation is
extended again actually over Γinite
terms in number so that this is well
definedo

N

Putting x y » J , \>*r$f>> , we
have ^ o

This leads to the relation

for arbitrary complex numbers !k.
and ^-' • *

Let 6 bo an arbitrary closed
subdomain of β

 o
 Then K(£,?)

is uniformly bounded ( < M ) in
6^ . Putting Jk = ^^C*) and

we have

• Thus Hw («^/=r

„ „_ uniformly bounded in
Thus we can select a subse-

quence of H/Ϋ converging uniformly
in B' and having a limit function.
On the other hand, this limit func-
tion coincides with H ί * ^ 5 ) in
the neighborhood of the origin.
Hence the whole sequence H^(*/5)
possesses the same limit and conver-
ges uniformly in each closed subdomain
of 6 • The limiting function is
the analytic continuation of the
power series H ( * • 5 ) over the
whole domain 3 o q.e«d.

Sufficiency proof of Theorem^ Let

sat i s fy the condition

V
1
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then Lemma 1 leads to the inequality

Now, Hί*,ϊ) * fw ί'<S> satisfies
the assumptions of Lemma 2. Thus
f(*) f'Cζ) is analytically

continuable and coincides with the
expression

where

Thus

ί£_j ~ *r

is a regular function in 6 coinci-
ding with ί'(*) in a neighborhood
of the origin©

In a similar manner as in Lemma 2,
we have

Putting = f
Λ
 , we have

Let
clude

tend to then we con-

This shows that f (Z) belongs to
L
Z
CB) and V

6
Lf,f)=ttf'\l}; ύ n.

by an analogue of Riesz-Fisner theo=
rem« Cf. SoBergman £1] ,
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