ON FUNCTIONS OF BOUNDED DIRICHLET INTEGRAL

By Mitsuru 0ZAWA

In 1939, H.Grunsky [1] gave a
perfect condition for a meromorphic
function to be univalent in terms
of the local coefficients. Later
S.Bergman~M.Schiffer {1] also has
glven a condition under a somewhat
different formulation,

It is the alm of the present paper
to establish a perfect criterion
in terms of the local coefficients
in order that a single-valued regular
function has an image domain whose
area does not exceed TCT

1. basic notations, Let B be
a planar scnlicht n-ply connected
domain with a boundary [~ consist-
ing of analytic curves [, (v=1,
<, m) . For simplicity's sake, we
shall assume that B contains the
origin,

Let P(z;z.) be a polynomial
with respect to t=1/(z - z,) :
Piz.z) = th”+ xN_tt“ s x,

z, € B.

Let fp (2, %5 %) be a single-
valued meromorphic function satis-
fying the following conditions:

1) fple.z.54)

regular in B ;

- Pz, z,) 1s

11) all the images of I, (v=1,-,%)
by fp (2, 24 ;&) are the segments
with inclination &« to the real
axis,
Existence and'uniqueness of f lz, 2, ;)
for any given s well- known.
cf. H.Grunsky [1] .

Let FP (z.za) he

S ACENLIES AOENELS DF
then we have N

Fp (2.2.)= esplaiv) ; %, §.(%.2.)

F.. (z.z.)

9. 2= 1(fuls 20 -] 2o ),

t

being defined by

- 95 -

j: %= 0,

Let rurther
¢." (z;zo)': ::','(.f—(z’ %03 °)+f*~(z’ Zo5 I-E))’

$ =1,

Obviously the local expansions of
- and %, (mz1) about Z., are
of the form

= v
& (2,2,) = o ~Zo) +%T‘ B, (2 -2,
and
?-.(z’zﬂ)z Z- va (z~z°)v1
=1

respectively. The coefficlents S,..m
may be called the generalized (m,»)-
span, Obviously we have along [~ :

dj’"‘- = d ¢” .
We shall define the Dirichlet
norm I (T, = 1f'lg by

g lrma w)/‘ . rer LB)

be a family of functions ¥ (2)
satisfying the following conditions:

7
1) J Y(2)dz  is a single-
valued regular function in B ,

1) K¥lg < o .

Let now § (%) belong to
L"( B) , then we have

DB(f;_Tn)= «;—Jrf diﬂ-

Here if f(z) has an expansion

2 v
é: ¢, (z=-2,)" | then we have



T Co

Db(f' 7«\) =

Especially we have

Po(Tn, fm)= TmS =

hd S'O\-‘VI. 2

and

Dﬁ (7«”7“) = ."'-'“Snm Zz 0

2. Preparatory considerations.
Let %, bhe the origin,

i ?;} PR VLR

linearly independent.

, 1s

This fact is equivalent to the
strictly positive derinitenesi_of
the Hermitian form fm,. v X, X, ¥ 0 .

[1] .

ﬂ=|,2.,"' » is
[*c8) .

, introducing the

Cf. H.@runsky

o) 1945,

a complete system in

in LY(B)

inner product
(28) | fo 7S am
[*(8)

Let
00

Jar = Zv;vz“" e [(B)
vai

satisfy the orthogonaJitv relations:
(¥,9.) =0, m=1,2,-. , then m%, =o.
Thus we have /" =0 on B , and
nence the desired completeness in

becomes a Hilbert space.

Lz (8) ° Ther'efore (z)= q / (2)
tor all +(z) € L*(B f 28
In  L*8) there_exists a

kernel function K (z, 3 ) . This
is a well~known fact, or we can con-
struct 1t from t / by a usual
orthonormlizatioh process due to
Gram-Schmidt. But we need only the
following expression of K(z.%) :

K(z £)= poval Ir—v T (=) T,(Z) 1,..v= Ivf..

Expanding }((Z, Z) ina nejghbor-
hood or the origin as an analytic
function of two variables Z and

ZT in the form
K3) —Z £, 2737,
poV=o

we shall show the following l.emma,
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Lemma 1., + v='?(""") Svﬂ,pot .

/l
Proof's Evidently we have
+V
vl . = Frog K3

=Z 1' (}n-l) S..;).,ﬂ o) Sq 4,

"yl

The reproducing property of the kernel
function leads to the relation

$ % =§s $. (2 K(z, §) doy,
2 ’ ’ ’
- Z_:,. 1.3 (3o, $ie)
= ‘Iii hks,u& ?;(;)-

®, 2=l

Thus, in local, we have

2__,(3'”) Se Jﬂg

3-0
s
= 1':2_.. 1/&» “Z (p+0) S"Jf“‘;
%=l P=o
and hence
-\,y+l Z A,fﬂ SV-M >

which leads to the desired result,

3. Perfect condition for Dirichlet
integral to be bounded,

Theorem. Let f§ (7) be a sin-
gle-valued regular function #ith a
power serles expansion f(Z)=g_ C.z™
in a neighborhood of the origin,
Then the fact that the inequalities

N 2 N
’Z »C,.%,.l p- Z vy %, % (N21,2,)

Lol pval

hold for arbltrary complex number X
is a perfect condition in order Lhet

Dp (5.1 ¢ .

Necessityv. Let ﬁz»ﬁ:c z*

- »=
be a single-valued regular fynetion
in B qatisfyingD Ef)=nafig s ,
then we have

DUF)%HMZxD“L)

Proof.

=teap(-zie()2;l PCu Xy,



Therefore, by Schwarz's inequality,
we have

N 2
”l%:g ren| & Dyt 1 Dy, )
gm-tEvsr, x, X, .

For the sufficiency proof we
need a lerma with regard to the ana-
lytic continuability of an Hermitian
analytic function,

Lerma 2, Let H(%, &) be an
Hermitian analytic function with local

(d
=¥
expansion ) fuy 273 around
m,vso
the origin. If, for every complex
vector x= (x,,%,, -, Xy) »

N N _
05) ] oy %uF, $%), R XL X,

MV poy=e

holds, then H(%.,3)  is analytic
and Hermitian in the whole domain

Proof. This Lemma is an anlogue
of a continuability theorem due to
Bergman-Schiffer [1] . We can choose
an orthonormal complete system {x Vu)j

2 oo
in L (B) satisrying 7('};)=§vamz"’)

Ay ¥ 0 in local. Since the matrix

(avu) is of the triangular
form and a,y ¥ 0 , this matrix
has an inverse matrix (b, ) .
in which by, = 0 for v>m  and
byy # 0 ', and we can solva

0
X,v=; ay, z* , in local, in
the form

oo
z"gg L,‘.v 'y\_v(z) ’ )'-"0,1,"' -

Then, by identifying two expressions
of K(z,%)

zv;o' Kv(z) X.v(S):Z: {P" ,ng-v)

pvee

we get the relation

in which the sums are actually of
finite range and hence the let't-hand
side is well-defined, Similarly,

HiH=)_ &,, 2*5”

Pv=o0

- g7 -

can be written, in local, in the
form

H(,3)=)  t., X = X 5,

mms=o
where
00
tmn =Z 2 d bl"'\ b“"‘" .
K y=o

In the last expression surmmation is
extended again actually over rinite
terms in number so that this js well-
defined.

N
Putting =x, = Z "v,s yp. , we
have p=e
N _ N 2
0s2] b, 1,3, ¢ ) 141N
V=0 p=o

This leads to the relation

N —
05|32 bt

PiV=0
sx (S Inl )

tor arbitrary complex numbers r
7

and 4+ °
»

Let B be an arbltrary closed
subdomain of B . Then K(z,%)
is unirormly bounded (< M) in

Y . Putting ¢, = A .(z) and

’_: = Q('v(s) , we have

IZNt,,Xfmm]é w2 M

Flv=°
for 2,5 € B’ . Thus Hy (2 3)=

N —

z;-f’ LB B 1s uniformly bounded in
‘8- . Thus we can select a subse-
quence of H, converging uniformly
in 8’ and having a limit functions
On the other hand, this limit runc-
tion coincides with HI(z. 3) in
the neighborhood of the orilgin. _
Hence the whole sequence Hy(% 3)
possesses the same limit and conver-
ges uniformly in each closed subdomain
of B . The limiting function 1s
the analytic continuation of the
power series H(z, Z) over the
whole domain B . q.e.ds

Sufficiency proof of Theorem. Let
[ oo
)"(z)=Z:vc' T A, ™
vs} »zo

satisfy the condition

Nt+d 2 N+l
iZ’ ’LC" x',_l ﬁz vs,, x' x” S
p=t ®, Vst



then Lemma 1 leadq to the inequallty
Z.“ "»““2 ;f"»v w Xy
m»=o n,Vse

Now, H(z,3) = $1= $()
tbe assumptions of Lemma 2.

satisfies
Thus

1z F3) is analytically
continuable and colincides with the
expression
”

9& @J'{ (5,

,Vaa

where
d - Y 2
tl" =Z G, o, brm,s l’nv= z dem b"‘rl .
m,nzo m=o
Thus

éfv')(‘y(l)’ jv =2: A'wb-uwf- s

is a regular function in B cofnei-
ding with $'(%) in a nelghborhood
of' the origin.

In a similar manner as in Lemma 2,

we have
N 2 o

(20 futa]s =2 10,
"m0 m=0

Putting 4 = f; , We have

N
0% )~ f.l <™.

wm=0

Let N tend to oo , then we con-
clude

20

2

2 B A R

"0
This shows that $(%) ;pngs to
L*(B) and Dl )=l

by an analogue of Riesz—FisE@r theo-
rem, Cf. S.Bergman [1] .

(X) Recelved July 14, 1952,

S.Bergman [1] : The kernel function
and conformal mapping. Math,
Survey, 1951,

S.Bergman-M,Schiffer [1] : Kernel
functions and conrormal mapping.
Comp, Math., 8 (1951) 205-249,

H.Grunsky [1] : Koeffizientenbedin-
gungen fur schlicht abbildende
meromorphe Funktionen, Math,
Zeits, 45 (1939) 29-61,

Tokyo Institute or Technology,





