
CONPORMAL MAPPING OF MULTIPLY CONNECTED DOMAINS, II.
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4. Preparatory considerations;
monodromy conditions in doubly
connected case.

In previous Note we have dis-
cussed the problems of mapping
any given multiply connected do-
main onto whole plane slit along
horizontal and vertical segments
as well as onto whdβ plane slit
along radial segments and circu-
lar arcs, both under respective
as Signed normali zat1ons Kόraatu-
Ozawa £1} We have pointed out
that? general case of any connec-
tivity can, in each of the above
problems, be reduced to that of
connectivity two. Consequently,
in order to perform an existence
proof fqr general case completely,
it remains only tc work out the
last simplest case in a direct
manner.

J tha't purpose we now esta-
blish^ ietnmas necessary in the
sequel. We first take an annulus

(0 <)% < |Z| < 1

as £'doubly connected basic do-
main. The e xtWrlor and Interior
circumferences, i.e.,|zl= V
and \t\ — <J. , will be denoted
by Lj and [j^ , respectively.

we begin with lemma stating
a JSOΓ^ of monodromy condition
which will be "used in case of
mapping onto whole plane slit
along horizontal and vertical seg-
ments.

Lemma i. Le t ζ
 x
 ( x = I, , fc )

be any points interior to i<lz\<i
Then, a function, being deter-
mined uniquely except a real addi-
tive constant, which is regular
analytic in .̂< \z\ < [ and whose
imaginary part possesses the bo-
undary values given by

is onβ,-val\ied in the annulus if
and only if the relation holds:

3t = o

Proof, In view 01" a well-
known raonodromy condition, in or-
der that the real part of a thus
defined function is also single-
valued in the annulus, it is ne-
cessary and sulficient that the
relation

does hold; cf , for instance,
Komatu [5] or [6) . Now, by
means of residue theorem, we get

d$ -
 (

i*.

-ZiC

whence follows immediately the
desired result.

«Ve now establish another sort
of monodromy condition which will
be useful in case of mapping onto
whole plane slit along a radial
segment and a circular arc. Let
the Green function of the basic
annulus

 <
J

r
< III < i with singu-

larity ς be £. (fc; ς) ,
and the harmonic measure of L

y

(V a 1, *,) be <υ
v
 (Z) . An

identity cô fc) + ω
z
(Z) s i is

obvious. Let further an axialytic
function whose real part coincides
with #•(&; 5) or with <o

v
(Z)

be denoted by Q U / S ) or Λ
v
(fc),

respectively* more precisely, *e
put

with constant coefficienits fl
y
(Z) =
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$• and ω
y
 being conjugate har-

monics of §• and «θμ , respec-
tively. These functions φ and
XI

Ϋ
 (z) are determinate except

purely imaginary additive cons-
tants.

An explicit expression of
Green function for the annulus
%<\Z\ < ί is well-known; cf.,
for instance, Courant-Kilbert C1J
p 335-337; Komatu [7] . tVe have,
in fact,

C* being a real constant and
theta-functions depending on
parameter \ coincident with
the interior radius of our annu-
lus. (In Courant-Hilbert [1J ,
another normalization of singulari-
ty at the source point 5 being
taken, the expression,is multi-
plied by the factor \ /ZlL )
On the other hand, £ί

Ϋ
(z) (y i, Z)

can be elementarily expressed,
namely

Lerama ii. Let λ
κ
 (*•'!,-,*)

be integers, c
λ
 be a real num-

ber, and further €κ, (κ.a ̂...,-fc )
be points interior to an annulus
\< l£l < 1 Then, the function
defined by

§ U) *

is single-valued in the annulus
if and only if the relations hold:

TTK|
X
*= «\

Proof. It iβ evident that
'ftigCZ') is single-valued In
the annulus. In fact, the possi-
bility of many-valuedness of
<I (Z.) can be caused by the
conjugate harmonics contained in
the exponent 01 its expression.
Since λ

κ
 are all supposed to

be Integral, the points ζ
K
 are

all ordinary points, eventually

zeros or poles but not branch
points. Hence, the monodroray con-
ditions for 3> C&) may be ex-
pressed as in the following form:

J άωy J (Z) =o (»«!,*).

But, we have

f vλ [y
m
h *>) denoting the

periodicity-moduli of α>i,(z) /
s J£1

Λ
W with respect to L'i

cf., for instance, Bergman C2J ,
p.46. Thus, the mohodromy condi-
tions become

In view of identities <o
t
U)+<%(»)» 1

and fit + f** -e , we get, f
these conditions, a relation

That the conditions stated in
the lemma are necessary for sin-
gle -value dne ss oif 5E(*V has
thus been established. The suf-
ficiency of the conditions will
also be obvious.

Any function §> (z > of the
type stated in lemma li behaveβ
evidently analytically in the
closed annulus ^ ύ \z\ * I
and its boundary values satisfy
the relations

If (*>|«e

The Laurent expansion of $ (Z)
around &-?*(*-!,...,*) has a
beginning term

Λ
 being a coefficient.

If, in particular, we put

i = 4 m , λ
K
 «(-l)

ϊc
"

1

(*< -I, ... , 4*1),
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then the first condition of tne
lemma is surely satisfied. If
tfβ further put

then the second condition is
also satisfied. We thus obtain
a function oί the form

Now, it will easily be veri-
fied, based upon characteristic
properties of Green function, that
an identical relation

holds good; an unessential purely
imaginary additive constant be-
ing neglected. Hence, correspon-
ding to such a choice of additive
constant, we have, for the func-
tion ox the last-mentioned form,
an expression

the Cf
 f
s with the same singu-

larity being supposed as identi-
cal, whence we immediately deduce
a functional relation

U) =

By means of the explicit expres-
sion for Green function, <£(£)
can also be immediately written
down; namely,

1

H)

κ-1

In the following we shall re-
strict ourselves to a further
special case with m. - I , i.e.,
•fe, m 4 , although a correspon-
ding argument will also be valid
for general case which nay be
left to the reader.

5. Construction of mapping
functions in doubly connected
case.

We now enter into our main
discourse. It is well-known

that any ring domain can be mapped
univalently onto an annulus; cf
the remark stated at the last
part of the previous Note. Con-
seqtiently, we nay and shall sup-
pose that a given domain is it-
self an annulus, (0<)Q,< \z\ < i
say. For such a canonical basic
domain, the required mapping
functions can explicitly be con-
structed, the fact which will be
shown in the following lines.

Theorem 1. Let £ ~ be a
point interior to the annulus
Q,< |*| < 1 , and let ΨU)Z

m
)

be a function whicn is regular
analytic in the annulus ^ a Q

z

< |X| < i obtained by adjoining
the inverse of the original annu-
lus with respect to the interior
circumference, and whose imaginary
part possess the boundary values
given by

Then, the function defined by

maps the original annulus Q<lz\<l
univalently onto whole plane
slit along a horizontal and a
vertical segment in such a manner
that |z|* 1 and |*| = &
correspond to horizontal and
vertical segments of w-plane
respectively and moreover that
£*> correspond to the point

at infinity, the residue of
<g (z z

m
) at Zmo being

equal to unity.

Proof. J f ίϊ^-) being
the solution of Dirichlet pro-
blem, the function W" (*> > * - )
is uniquely determined except a
real additive constant. It may
be noticed that for an annulus
the Dirichlet problem can be sol-
ved in an explicit form by means
of Villat's formula; cf., for
instance, Koπatu [7] . In view
of Lemma i of the preceding sec-
tion, since

the function W(z; Z^) ±
3

surely single-valued, and hence
so is the function |5 (z : T.^Λ
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also. By definition oi ψ(zjZ-\
the function <f> (z i Z-) remains
real along whole circumferences
1ZI m \ and _\Z\ * %- . The

sura <£(?;*•.)•»-$(*/*/3~)
 Γ e

"
presents a function analytic and
single-valued in %>< \Z\ < 1 and
moreover, as easily verified, re-
gular there, i.e., the apparent
singularities at £~ and
%\Ί,OO are removable. Since
along whole boundary of the annu-
lυs Jί£ (z, ) Z~ ) , and hence

J $ U / z ; *~>
 a l s o

> vanishes
everywhere, the sum must reduce
to a real constant. By adjusting,
if necessary, a real constant,
we nay suppose that the sum vani-
shes identically. We thus obtain
a functional relation

o.

malize the mapping function in
such a manner that its Laurejat
expansion around z*> is of the
form

i

This condition determines the
function uniquely.

Theorem 2. Let Z
o
 and Z~

be two different points interior
to the annulus Q. < i z. I < l

 9

and let Q(Z} ζ) be an ana-
lytic function whose real part
coincides with the Green func-
tion of %Ξ 0.

z
< U | < 1 with

singularity 5 Then, the
function defined by

It shovvs that $ ί ^ ^ *-)
remains, purely imaginary along
the circumference UJ=Q. « >/ψ
The images of | z>\ « 1 and
jzj = % lying on the real axis
are symmetric each other with
respect to the origin.

We shall now show that the
image of the annulus %. < I Z\< 1
by W x f ( 2 ) is two-sheeted
everywhere except on the just
mentioned slits .on the real axis.
We denote, in general, by t4(f)
the number of 7Γ -points of Φ(z)
in the annulus % < IZ | < i • In
view of boundary behavior of
$ ( & ; £ » ) ' we see that ti(Y)

remains constant unless the point
T lies on a slit originated

from \z\ m t or |Z| = tr
And, since there exist two poles
&oo and %/ -Zm both being
of the first order, we get
W(T)

 β
 "2- Thus, the required

tffo-sheetedness has been asserted.

Hence, the annulus
 <

J
Γ
< IZ1<1

is mapped by -ur * <β (x
 ;
 z*)

onto a two-sheeted Riβmann sur-
face extended over whole plane
slit along two segments lying
on real axis in different sheets
and being symmetric each other
with respect to the origin. Both
sheets cross over along a segment
lying on imaginary axis. Conse-
quently, the original annulua
Q.<l£|< 1 is napped univalβntly
just onto a domain of a character
stated in the theorem* The nor-
malizing condition at Z*o is
also satisfied.

by adjusting a suitable addi-
tive complex constant we can nor-

maps the original annulus
univaXently onto whole piand
slit along a radial segment cen-
tred at the origin and a circular
arc around the origin; whiόh
correspond to \z\ « l and fXΓ̂ 'Q.
respectively, in such a manner
that fc* and 2 ^ correspond
to the origin and the point ai
infinity respectively.

Proof, In view of the remark
subsequent to lemma ii of prece-
ding section, the funcfciorl
Φiz ZtjZ*) is analytic and
single-valued in % < U f < 1 ,
and has the constant absolute
value equal to unity along whole
boundary \Z\ s j and lz| *% .
The function & (x i ς) being
determinate except a purely ima-
ginary additive constant, the
function <§(*;z ,£αo) does
so except a constant factor with
absolute value equal to unity.
Λs already noticed, by suitable
adjustment of the undetermined
factor, we can Suppose that tnβ
functional relation

does hold good. »Ve then have,
for any point on |»| « Q « V̂ "
i.e., for %lz =t Z ,
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Consequently, the image of lzl*Q
lies on the real axis. On the
other hand, for any real θ , we
have

and hence the circular slits
lying on doubly covered unit
circumference which correspond
to Jz| - Ί and ΓZ| « ft are
symmetric each other with re-
spect to the real axis

We then have to show that the
image of the annulus ^<IZ|<1
by Λ* = i U l a δ l z Z^Z..)
is two-sheeted everywhere except
on the just mentioned slits. We
denote by N (K) the number
of X -points of <§ (z,) in
the annulus % < \z.\ < i . Sup-
pose first that iy| % 1
By means of argument principle,
we have

1
1*1-1

both curvilinear integrals in the
right-hand side being taken in
the positive sense with respect
to the domain ^< Ul < 1
In view of the fact that
along \Z\ - i and \z\ -
we see that, if ( γ|<

Hence, taking the monodromy con-
dition for s§ ( Z) also into
account, we finally obtain

The last relation remains to
hold, in view of continuity, un-
less the point T lies on a cir-
cular slit originated froπ \z\~ i
or lZl = t> It is evident
chat there exist just two poles
2fco and %/Zm , both being

of the first order, namely
Nl(oo) β Z , whence it follows
that

not lying on a cir-for any TΓ
cular slit.

o.

Hence, we see, as in the proof
of Theorem 1, that the original
annulus Q.<IZJ< 1 is mapped
univalently just onto a domain
of a character stated in the
present theorem. That £„ and £«
correspond to 0 and c*> respec-
tively is obvious.

By modifying §(z;£.,£«)
by a suitable constant factor,
i.e., by a suitable dilatation *
followed by a rotation around the
origin, we can normalize the
mapping function in such a manner
that its residue at &*> becomes
equal to 1. This determines the
mapping function uniquely.

In Theorem 2 both points Z*
and Ze have been restricted in
the annulus Q * J% < \z\ < I
But, the above argument shows
πore generally the following
fact:

Let Z
β
 and t

m
 be any two

distinct points contained in an
annulus Ί<fXI < i . Then,
the function <g (tit*,**)
defined in Theorem 2 maps ̂ <IZ|<1
also onto a two-sheeted Rie ann
surface extended over whole plane
and slit along two arcs lying on
the doubly covered unit circum-
ference in such a manner that the
points Zoo and %/Zu, corres-
pond to oo while the points z

o

and %/z
9
 correspond to 0.

The orders of these poles and
zeros are, in general, all equal
to 1, but eventually equal to 2
if Zoo or Zo lies exactly
on the circumference |z|*/ϊ_
and hence coincides with ΐ/*«,
or % IZ

9
 , respectively.

All the branch points or the sur-
face lie on a unique half-line
starting from the origin which
bears also the image of the inter-
mediate circuπf erence l&|-\ff
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