ON THE COMPACTIFICATION OF TOPOLOGICAL SPACES

By Yosinao MISONOU and Ziro TAKEDA

There are two kinds ol compac-
tification of a complete regular
space due to H.Wallmen [5] and E.

ech [2] .

The Wallman compactitication
22" is the set of all maximal col-
lections ol the lattice
consisting of all closed subsets
F ot a completely regular space
S and its topology 1is defined by
taking the elements ot as the
basis oi the closed sets of P
assoclating with all maximal col~-
lections which contain the ele-
ments as coordinates.

On the other hand, the gech
compactification 27€ 1is the set
of all maximal ideals M ot the
Banach algebra R consisting of all
realvalued and bounded continuous
functions x(s) defined on S. (c.
£.I.Gelgand and G.S8ilov [3] ).
The topology of 7€ 1s introduced
by the following method, known
as Stone-topology: M belongs to
the closure 6f subset (L of T
it and only if M divides the in-
tersection of all M! s belonging
to Ov .

These two compactitications
are not equivalent in general
since the former gives a compact
T, -space and the later a compact
Hausdorff space. But the relation
of them is given by the tollowing
theorems due to P.Alexandrott [1]
and A.Komatu [4] .

Theorem 1., A continuous map-
ping trom w? to 77€ exists pre-
serving all points of S.

Theorem 2., 7X° coincides with
77¢ ii and only if S is normal,

In this note we give an alter-
native prcor of them using the
method due to Gelrand and Silov.

Proof ot Theorem 1. If we put
for a closed set F in §
(1) L(F)= { x | s¢F = x(9=0},
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then I(F) is an ideal of R. The
join ideal I(§f) or I(F) for all
Fef is a proper ideal or R
since § has the rinite inter-
section property. Hence by Zorn's
Ierima a maximal ideal M divides
I/!f ). By this derinition, M
belongs to the closure (in JC )

of F tor each Fef , whence

@) He={sl t 2K frxeM o0

meets for any Fef , and so H
belongs to § , for f is maxi-
mal.

If M and M' divide I(f ), then
an element x of M exists such
that x=1{M') and 0 ¢ x & 1,
Hence

(3) H'=lsl x(s)é%} ] H”=ls}x(s)g-;-‘-}

belong to £ with H'Aa K" = .
This is a contradiction. Hence
only one maximal ideal M divide
I(f ), namely, it defines a map-
ping M(P ) trom 77 into 7t .
Evidently, this mapping preserves
all points of S.

is the
for

Next, suppose that §
set o1 all F such as Fe £
all f e AC%” , and suppose
further a maximal collection P
contains # , namely, P Dbelongs
to the closure (in 2% ) of A. If
we put M(L )=M, M(RK)=M, and
M does not belong to the closure
(in ¢ ) of {Mx} , then by the
normality of ¢ there exists an
element x in M such that x=1(M )
for all x and 0 & x4& 1. Hence
H" ot (3) belongs to # , and
so to f , on the other hand
H' A H'= § . Thls is cloarly
a contradiction since H' ¢ £ and

£ has the rinite intersection
property. Theretore this mapping
is continuous. Furthermore, as
S is dense in 73° and also in ¢ ,
M(f ) maps 742 onto MC . This
completes the proof of Theorem 1.



Proof ol Theorem 2. Since a
lemma of H.vallmann [5) states
that 74? is normal if and only it
S is normal, it suitices to show
the sufticiency. 7o prove this,
it 1s surticient to show the one-
to-one correspondence ol the map-
ping under the normalily or S.
Assume the contrary and suppose
that M(P ) = M($#') = M. Then
there exists a pair or disjoint
closed sets Fefpo and F'ef’ .
Hence a element x of' R exists by
the nomality such that x(s)= 0
for s € F and x(s)= 1 tor
s € F'. This 1s a contradiction
since by the later excludes x.

(*) Receivea Nov. 22, 1951.
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