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(1) THEOREM I. We consider the

Lapldce-transform
1) Fw ==[e/xp(-.dxlﬂzmz (A-a‘ﬂ;t,)

where fx) is R -integrable in
any finite interval o=z =X ,
X being an arbitrary positive
constant. In general, #(4) has
three convergence-abscisses, i.e.
simple convergence-abscissa oy ,
uniform convergence-abscissa sy ,
and absolute convergence-abscissa
942 (i 20w ¢ 0a ), whose existen-
ce is well-known (.13 p.16, p.42 -
See references placed at the end
- )., 1In the present Note, we dis-
cuss the sufficlent conditions for
04 =dy, =d; « We begin with some
definitions:

DEFINITION I. The sequence of
intervals {1;,} (v=/2 «-.) is
defined as follows:

) L: #-5(t) 4t s vtety),

o<ty bt oo,
i fom et =0, fm Lty (55) =0,
DEFINITION II. We say that At)

belongs to the class cint ,
provicded that

1) — 1 .y 1
(1) Zm & Lglsct| = bm Ly 1 0]

=l L+00, te im}
(11) #4¢t) 1is continuous in {L},
(111) Ay = JlAb)] 1s dif-

ferentiable in &} and

#n Sl D] e,
te v}

Now we can establish

THECAEM I. Ir A¢t) is R -
intezrable In any tinite interval

anc velongs to ¢ {r} , then
g3 = dL = fq' =.

As an immediate consequence of
Theorem 1, 1rollows
COROLLARY.

If #¢t) 1is real

and contiimous in o=t <+
and S lg[ft)] =oL , then
7% =y =dq =d,

In order to prove Theorem 1, we
need next Lemma:

LEMNA.
8 =tz-h»_ ——E—Iq{}v’(t; 2ct))[

>0

£ 05 =04 €03 £

T £ log [t | = ok

t>o0

wgere
Q) FCE; e)=

t+e(w
A dx
t-et) ’

P .
28

G) bm (=0,

t>o0

Lom -ty (Fay] = 0

t>m

Proof. By the definitiocn of
o , for any given £ (v0) , there
exists T(€) such that

[fet) | < oxp ((a+)E)

Hence, denoting by (t]J , as usual,
the greatest integer contained in
t , we have, -‘»w (t) > T8,
t
S Ymldx < (¢-1t3) exp((+eit)
(7%

< exp ((+ex).

foo t>TLE)

?cgg{-dingly, by K.Kurosu's rormula

s -,

% = Lm 4 £oy(/[tjlfrz)fau) < (w18,
Letting ¢ —> o s
(1-2) 02 %ol
By K.Kurosu's forrule, we have

: ¢
@ =Bt lal) fou)

5 t
= Iz a5l x|

t>00



Thewefore, for any given € (>0’ ,
there exists T(€) such that

(1'3) ]f oy dx |< exp (Ff1(53+€))

Ffor rta > TI(E)
By (1.3), for ¢ >rt1 > 1(2),

trEct) t-£d)
[Fts etn | = 585 ’f - _/ ’
<]

éﬁg -2 oxp (It1(05 +8)

1
= —E_‘(B‘ exp ([t] (ﬂ+€)).

By(lS),fm*t—ﬁJ>TmH1

| et o) =z | 115, [T
tta EJ "

é.z_gc”t) { erp (it i te))
+1m(([h-1}(6+21)}

< exp (11 (07+2))

3
2€LL)

Hence, in any case,

a-4) |rd; aa)|< m(cmne))

so that
g = ..f.!.alrlf. ew) |

5 B 1
s(cmzj f‘;’:T + dom + 9(35)

) 1
+ b+ ptf)
On account or (ii),

g & (sate)

Letting ¢ -—o ’

(7’5) Pﬁa‘/’
By (1.2) and (1.5),

AR A ALY AP

2
which proves Lermma.

Prcoi ol Theorem 1. On account
of definiticn 2, putting #£t) =

Act) +< At) » We have
trtech)

Flt; £b) = / Foodx
.ze(ty) b~ &y
4 bt 2t)
T 2eh) {Aa+ifmfde
t - £Ct)

=fty+ifita) (b, ta€L)

=j‘('t')+i(ta‘ t/)frlft_q) (tgé I,.)
Hence,

-6 Lg[Fbi e = Loy | £t

+ 1,0,1{1 + ottt £ 1t f(t;)”

By definition 2, we can put

LAt | = oxp (t (L +aw))
tein}

(g’»; a) =o

(¢e g

Accordingly,
77 |fdn]=2 m{(ty-tm))(am(tl)}
if d20
;W){(t.«-ectv)(au(t,))}
¥ a<o,

Taking account of definition 2, for
any given ¢ (>0 ), there exists
T(¢) such that

£/ | < e ((3+E)t)

for t > T¢e), te {L}
Hence
T-8) | £ to | & etp{ ety et}
[f a =0,
£ exp{ Wte) (b-gtti}
if x<0 ,
provided that t, - &ty > TLE),
By (1.7), (1.8) and -t/ |<2,
. _ ’ 1
|2+t t')f’(t’)'}TtT)' & 7
+2 exp{ (O (b £ Elb)- W FAtYHTF ecb))}
= 21+2ep{(8-AW)t £ Qd +E+al)ect)}

 opfatty).

Hence,
-9) Ly |1 +eitnfitty 22 |
< 2¢ty

By virtue of (1.6), (1.9) and
definition 2,

Z“J: % Loy [F (1, um[

5 1
= yzjb 4 by | F(t, ub))l



-2¢€

z dm —5’-
V-y00 14

z o

+ toy 141t |

-2¢€
Letting ¢ — o ,

1 ,
ﬁ —f—b;lﬁ(fﬁ Z(f)’[ = ol

On account of Lemma, we have
05 =0u = d7 == o , which
is to be proved.

(2) THEOREM II. In this
section, we shall give sufficient
conditiocns for £t to belong
to C{L} . The theorem states
as rollows:

THEOREM II. ) belongs to

¢i1.,} , provided that

(a) Lz (z=7e'®) is re-
gular in p Y'Y s
10-1 é’l)’(% *

(b) 2) 1is of exponential

type in 2 for suffi-
clently large r .

As its consequence, by Theorem
I, we have

COROLLARY. Under the same con-

ditions as in Theorem 2, if £(&)
is R -integrable in o =t &Y.

then - .
HEL g == =Ty 4 byt )

To establish Theorem 2, we need
next Lemma,

LEMMA. Under the same condi-

tions as in Theorem 2, we have

Tm 4 2 f 0|

trm

£ 7w Foaifch] o

Proof. Let us put
9i0) = Dim 3~ Ly [fre®)| = 1o19<T
)

which is finite on account of (b).
By well-known Phragmén-Lindeléf's
theorem, for any given ¢ (>o0)
there exists J(€) such that

PO L PO+ € =l +E S (8I<Iie)

Hence we have uniformly

£2-7)  [Fre™) | < exp (W+E)Y)

foe 181< ey, r>Re).

By Cauchy's theorem,

(b
I! fl’f
where + : real number, / :
fixed positive constant. There-

fore, by (2. l),
IF O] £ g5 exp(Lre)ctep) //”

- exp ((A+€) (£+p) - L

so that

Z £ W <

A + Llf | £u+e
Letting £E—>o0 s

T FLglftr| Lol

which completes the proof'.
Proof of Theorem 2. By (&) and
Lemma, we have evidently

{ (1) #by
(11)

Accordingly, it 1s sufficient to
prove the existence of sequence of
intervals {Id such that

Lim L doylfct) |

t+>00
(fZ{L}

There exists evidently sequence
{x»} such that

continuous tor t>7, ,

£ Lylgsen( & Z— +oslfnl

e

=

{ (1) d=Fn + &yl = fem L tgifan)
(11)  foy #o0 (V=42 )

We now consider sequence of inter-
vﬂj{i};n~®gtﬁnfw , where
8, (o<6 1) will be deter-
mined later. By the meanvalue

theorem,

= If(lr) I f(‘f-l»){ﬁ‘(ﬂﬂ ‘}
t=x,

(2:2) I f)
(% €1,)
By the inequality |Z-ichl|<|ftw],

lt-xv |'|%rlf(ﬂ!,t= ,

%6, max \fH| = ’
Xl $EtZ X+ Oy lf ‘b)l

(1 -2/ 12 1)
On account of (2.2, and (2.3),

(2-3)
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(2:4) Um)lfl-’v‘f‘;lt%@”
£ )| &l fw{1ve, [2E2))

(tex)
By Lerma,

6 = P 17 Ll

V»m 1'

‘&"“/vlqlf(fl}‘ =
Taking suitable subsequence of

{¥}  , if necessary, we can
assume that

) 1f @) =ew(pnx)
(2.5) dn s —g
W |f @] = om () Xv),

i ot =

We distinguish two cases:

Case: f<d In this case, by

(2.5),

2-6) |F&)| o )Xy = o) X
lf(xr) exe{ g v v}

< exp{w(pm=dm) ¥ [}
Now we determine {6} as tollows:

gm bm 8 = o0,
7
) fom A logldr) = 0
(for instance, & =<4~ ).

By (2.6), for sutficiently large

y ’

x) —d-8) XL {
6 lf:m |<”"'1r =) .L} <z

Hence, by (2.4),

L it < Ift ]| < Zlfam ]
(te L)
Accordingly,
dim L loyifctr] = Lim - Loglf 60
Lz o

Then, the sequence of intervals
{f,] 1s desired one.

Case: = . 1In this case we
.determine 4, such that

@ 8 = wu’{zwrm}'
2-7)
G M =-2 l@m-am[ - l%‘:—)l

~ _L
22Xy,

Then, evidently

G Lm ¥ = o,
7960

(2-&)

By (2.6) and (2.7),

l fllr)l
F )
< exp{ %y (Y01 + o) - vy 1‘_"_)}
< oxe(-7).

Hence, by (2.4),

[ fixv) \{ 7- (VX?(‘:{")} < lFbrl<
o] {1+ a5

(tffv) '

so that

29 f;: 4 Log 5l = b 2 log|f0|
te L} - o

If 484 >° | we can determine
a sequence of intervals (&} such
that

W X Lv-€ &t = Xv+8& , and

I € I,
{ G A g, = o, din A toglhr) = o,
) - 4 -
f\(m ﬁ::ﬂ —f“&g IfH] .

te {1}

(for instance, & = %7 ). In this
case, {L} 1s desired one. If

& =0 , taking suitable sub-
sequence of ({&} , if necessary,
we can assume that = & =0 ,
Then, by (2.8) and (2.9), {E} 1is
desired one. Thus, in any case,
there exists {L} having desired
properties, which completes our
proof.
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