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In the present note we shall
show an application of Hadamard's
variational method to conformal
mappings of multiply-connected
domains, but we confine ourselves
to the case of the lower connecti-
vities than those of four. It
seems to me that the result obtain-
ed here is also true for the case
of higher connectivities.

In preparation to this note, we
shall first state some definitions,
notations and well-known theorems.
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notations are defined below:
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This form of the mapping func-
tion was recently found by T. Kubo
(2) Making use qf Y. Komatu's (3)
extension of Lownβr's theorem to
the doubly-connected domain,T

β
 KUDO

(2) established the following theo-
rem, of which vie aim at the exten-

sion to the domain of higher con-
nectivities than those of his case.

Let Ό% be a doubly-connected
domain, which contains the pre-
asigned doubly-connected domain D^
and whose boundaries Γ~[ and Γ̂ *
consist of Γ

(t)
 and 17'

 +
 Γ"* '#

respectively. Then

The equality holds if and only

D; Ό
As Hadaraardfs variation formula

of periodicity-moduli 1\v and
ft>,v of ωκι*> and ω(»,r'»P^)

with' respect to Γιv> , the fol low-
ing formulas are known (Bergman
( 4 ) ) :
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where "̂ TΓ means the inner
normal derivative, and δ« is
the inner normal displacement of

Γ"* from Γ" = Γ
 (l)
- Γ

r
 and

is a very small quantity.

> Now we shall state our theorem:

Theorem,
then

If on » 2, 3 or

Ί. 6 Γ
W )

Proof. We shall first prove
the theorem in the case of triply-
connected domain. Let 7' be any
quantity defined with respect to
D

n
 and T

7
* the corresponding

quantity with respect to D
n
* and

ST = T* ~ T the variation of
*i and so ί T corresponds to
the variation SY»

Prom (B) we have

thus we have
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Then we may neglect the quantities
£c

%
-£t

t
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v
 and IV^tVv

because these are of th« higher
order concerning gn There-
fore we obtain

On the other hand, the folloving
fact is evident

cα>

then we can slovβ the above simul-
taneous and obtain

Considering (C) and ( C ) andSn
for z e p
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we have the following relation
from the last one:

Corresponding to the rotation in
the positive sense of a point *
on p" , an inequality

holds, and then we have

CO - ~ f Γ
t
ω l * . Γ ' , D , V ^ ^

on F" • The following relations
are evident:
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Prom the assumption ί)
3

we have

Making use of the inequalities
(a), (c), (d), (e), (ΐ) a»ά equa-
lity (b), we have

' > 0
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< O 3Lπd

increasing quantity of the basic
domain Dj . Consider!np the
fact that

we obtain the desired result. The
similar consideration leads us to
another result:

Thus we have proved the theorem
in the case of triply-connected
domain

β

To the 4-ρly-connected case,
the similar consideration can be
applied, but in this case we have
only to replace (e) by the follow-
ing facts:

(e')

The last determinant is a co-
factor of f

4Λ
 and

is a positive definite matrix,
where Δ « |lh^)| ̂  o q.β.d.

Remark 1. In n -ply connec-
ted case the problem reduces to
the study of the positive definite
matrix

2. The similar problem for the
other canonical conformal maps can
be treated by the analogous con-
siderations, e.g , mapping func-
tion which maps XD

M
 onto the sch-

licht circular disc or concentric
circular ring with ^-i or Ύ\~%
concentric circular slits, respec-
tively o
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This means that Ĉ , is a monotone




