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In I, we will prove a theorem on
the compactness of space L

r
 cf>o)

ana in II, we will apply it to prove
simply Carleman's theorem on integral
aquations

 o

Io Compactness or space L (fr>o) .

1.

that

Let F be a set of functions
defined f or -©o<χ<oo , such

\

so that

hence

If from any sequence f
B
 (*) 6 F , we

can find a partial sequence ΐ«
k
 (*> ,

which converges to -f c%) C L/ almost
everywhere in (-—, «*> ) , such that

p

then we say that F
will prove

is compact. We

Theorem 1. The necessary and suf-
ficient condition that F is compact
is that the the following condition
(A) is satisfied:

(i) J lf<Ό| <*χί M , for any

fύΓe F J
(ii) For any t >o , we can find

iyf
ft
 > 0 p such that for any

fd)6 F *

[ i f ( χ ) | t a x < ε / i f t i z NIO

(iii) For any £ >o , we can
find S>o , such that for
any fco e F *

The case T ^ l was proved by Bi«
Riesz^ so that we will prove the
case o < f> < t

Proof. Since the necessity can
be provec easily, we will prove ttte
sufficiency in case o< f < 1 , where
we assume that the theorem holds for
t» 2 1 .

Now if o S > 0 .

First we suppose that £(*) 2 o for
all f(*> e F . Then from (1),

hence T U> satisfy the condition
(A) with f = t , so that by M.
Riesz* theorem, from any sequence

f
n
(*) e F , we can find a par-

tial sequence (which we denote
K(*> ), such that

f lθ*)-£'<*>!**<*, if* m*m»(ξ)

By (2), we have

lf.»-f,wl
r

ψ
Let E be the set of x. , such

that

then by (3),

ε

Let t* be the complement of E
then in E ' $ n

K
so that



hence

Hence if we choose K then

so that trtW converges in the
mean, hence by Hobson's theorem,

2
"
5

we can Γind a partial sequence, which
satisfies the conαition of the theo-

Then we can iind a partial sequence
%n (*Λ , which converges to zero

almost everywhere in C°»" ̂>3 «

Proofo By the hypothesis,

In the general case, we put
If we choose f >o

Itl <ί
# such that if

then

We can easi ly prove that

then

t, if IΛ - ). U )

Hence ί
n
U> satisfy the condi-

tion (A), so that we can find a par-
tial sequence ^ ( ^ i

 9
 which con-

verges to spoo C L almost
everywhere in Co., V}

 9
 such that

fc» p
( J J<H>

' t ex; satisfy the
condition (A), hence if -p«oo
= f̂ U)-f̂ '(x) be any sequence from F
then we can find a partial sequence
(which we denote -f

w
 <*) ), such

that
* \o ,γ

Λ
f * N ) f

0

if

S ince

t« (O converges in the mean,
so that we can find a partial sequen-
ce, which satisfies the condition of
the theorem., qcθ

β
d

β

2c As an application of Theorem
1, we will prove the following Car-
leman

1
 s theorem**'*'

Theor€*m 2o Let fw(*.,*3)
integrable in α|τc ̂  t ,
such that.

be

We put
U> =

 J

Since ? 0 θ ̂  O , we have t(-x) = o
almost everywhere in C<^, bj

 9

q e d.

l ϊ Carleman
f
s theorem on

integral equations,

Carleman extended Fredholm
f
s

theorem on integral equations with
continuous kernel JK(*>tf) to the
case, where K(*/tf) are square
integrable as follows, where ^ o
means = o almost everywhere in
Cα HI

beTheorem 3« Let K (^/^)
square integrable i n α i x ^ b ,

ot έ ̂  # b , then the integral equa-
tion;

either (i) nas oî e and only one
solujtion ?(*) C L for any fix)
C L , or (ii) the homogeneous
equation:

Kj (Γ)

has r (i i ϊ < °<») linearly independent
solutions Ϋi , ̂  , ..., y

c
 .

In the first case, the conjugate
equation:
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(Π)

has one and only one solution for
any <J (*Λ C L*

 β
 *

n
 t*

16
 second

case, the conjugate homogeneous
equation:

r
fw-λj

^ 0

has T linearly independent solu-
tions %

t
 , %t , ..-, y

r
 and

(I) has solutions when and only when
f(X) satisfies x conditions:

= 0

such that

Cn = <Jn,?J=f V

Case I I . Either I I ( a ) : (4) has
s o l u t i o n S\,t*) for a l l ^ , but

G Λ -x» (-"-»«>) or I I ( b ) : (4) has
no s o l u t i o n s for a l l ^ , so that
there e x i s t s 5\» t*), (5PΛ ?„) ~l , such
that f b

= o
C7)

Λe assume that Fredholm's theorem
holes for continuous degenerated
kernel ftU'8> = ̂  Ai U) 5*1^) ,
where AiW , b^^)

 a
**e continuous

and by means of Theorem 1, we will
prove our theorem* If we specialize
that f ( « and K c+, 3 ) are
continuous, or more generally,

kί (x, 1)) are of the form

H (*,*)) are continuous, then we can
prove easily that the solutions 9(*)
are continuous and Ό O becomes =0 ,
hence we have Fredholm

f
s theorem for

such kernels.

Proof o We approximate K(*, j)
by K

M
 (*-, a) > where K.*(*,«j) are

polynomials in *. and ̂ - , so that
are degenerated kernels, such that

i ' K ( ) K tϊ|*4 A =0

J

and we approximate f Cx) b
nuous f

Λ
 ςτo , such that

almost everywhere in

CD
by conti-

and

and for a fixed λ.
integral equations:

- λ J

we consider

C4-)

Then the following two cases occur

Case I. (4) has solutions for
infitely many n , so that we may
assume that (4) has solution %u)
for all n ,

In case I, we will prove that

(I)

satisfy the condition (A) of Theorem
l Since

fetlfίK
we h a v e b y ( 1 ) ,

•- i I "
k rtffc

(I^(**t)-R.(*))^iiij I

(»= A ), (1)

We choose Γ
t
 > o , such that if l*uJ,

{ [ ( K )
1

then

Hence we can choose o<£<cΓ, ,
such that



Hence F« (χ> satisfy the condition
(A). Similarly £, W satisfy the
condition (A), so that SΓ

n
t*)«f

Λ
w+AF

rt
(*>

satisfy the condition (A) Hence by
Theorem 1, we can find a partial se?
qυence (which we denote #,(*> ),
such that

\1 (in

almost everywhere in [α., bj and

We will prove

= J K(M>f; 03)

almost everywhere in £α, fej

Now

ίYlK ,

By (1), (6), (12)

/ J κ
< ε ,

so that

Hence by Theorem 2, we can find a
partial sequence (which we denote
ίf,,U) ) t

 s u
ch that

almost everywhere in C*Λ~]
 m
 Hence

from (2), (5), (11), (13), we have

f K J <

In case II (a), we put

then

We can prove that <Πι (O satisiy
the condition (A), so that we can
find a partial sequence, which con-
verges to <j>OUC I? almost every-
where in [α., t] , such that

j K i

In case II (b), we can prove simi-
larly that there exists jp«) C l

z

which satisfies (19). The other part
of the theorem can be proved similar-
ly as Courant-Hilbert's book? Hence
our theorem is proved.
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almost everywhere in C*, t>3
 #
 so that
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