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2. In this paper, I'will give a
simple proof’ &f a: theorem bf Biérnacki
and Rauch, First we will prove a
lemma,

Let %(2) bve e meromorphic

mncﬂon for |zi<oo anda T(rx, %) be its
characteristic function, Let

Ay:larg 2] 2o, )\n—'élzlé/\n,
(A>L,n=1,2,...)

and D be a simply connected domsin,

which contains A, and is contalned in

a ring domalin: X*~2 =2i2) %A1 , and
,pl be 1ts area., Then

Gl ﬂ log 1+ar(re‘°)l rdxdd

D <3K)& (T(X"“ ‘3,)+A)
(A = e¢onst.).

Proof. S8ince

T(r,3)= 5= rlos,}l*'lﬁl 46

MUY, 00) —~N(0,00)
+f p dx

#n(0,00 Mogr - A (A=const.),

where m(Y, 60) 1s the numbsr of poles
of 3-(2) in |z1£YX , we have for r;i

flog\uﬂg) d6 s2m(T(53)+A).

If we denote the area of A, by |4,],
then

DI 21 An] = oA X™2)

o 7 (2)
if logJiﬂg]Zraraefarfog,ﬁﬂs 1Pde

szm(T()«"" 3)+A)j' 'rdr
=T (TR, )4A) (I X

Hence by (2),

!—D‘—, fLIOﬁJlH? |*rdrdd s

=1&a’§.(1+5f;+$>(1*( ") +A)

JTR(AXY
S S5 (T gk

i ’ 2
\D(r)} L(l;;g 131" rdsdb

3"" (TX™, §)+A),

q.e.d.
Iheorem 1. Let
fimy= 2D Bl +3a2)
W) §,(2)+34(2)

where f(z) , wi(z) , () (i=1,2,3)
ars functions meromorphle for |zl<oo .
Let

ot larg 2], A:farg z] $°‘<°‘°)

H(re“)l

Snfsa)=% .(I 1+|{-(r¢‘“)l s
T, 3) =3 T, %) .

=

Then

S (r,f;A) <27 52, w;4,)

. rT

*O(f F52 dx),
Proof. First we consider two speclal

casest =t f=wy .
(1) (=)= w=)+ (=) :

Let
AL Jarg 21, ' g z)2 )\"H
An? larg zlfa, N5z} g A (1)
(A>1, n=1,2,...),

Stf;ag=L( ( 'r drdp

1mﬂ @)

(Z=re‘°),

Let Z, be the centsr of the circle

of Ao and we map A% on (31<1 by
z= z(z,) » such that =2z, becomes
5=0 , then the image of A4, is con-
:ained én 1512 & < ¢ , where R 1s
ndependent of % ., Let D(r):|gl€r
(Qgrs 4(1+£)) and consider the mean
value

(5=ré%.
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Sinceke.aaeasily be seen, 0<*A gz )l
S AN =const.)in (g\g%(“&) ,
we Heyve Bx ts o. lemaa, for mzn,

g e < A% ),

(A =const.),

Since | DX, &TC, , we have
ff ) 10g T3 wardog TATINY 3) ()
p(x ‘
Let, for M2 .E" Ye_the set of F
contained in [-& (1+£)] » such that

[ 10g {17BF 48 > M T, 3).,

15l=r

then
H 1og|&+[3 jrdrdg 2 furflog 19 46
76 5) € ygiext!

w wt)
2MTIX *jr)f.éuo\n.g &M T ,a)fE‘“)

8o thatsbys» (3},
far = An/RM

1f, we take M so large that AT/4&M
<%(1-8) , then there exist ¥, , Xa

C& € rsk+ -2-(1-&)< R+ z—(1~£)$:- éL(u‘)), such

j log {11317 4o & MTXY g)

rel=x;
{1 Tt g de = MT™, 32;

Zl=x,
We put

Str )‘“ﬂ (1*1

ﬂl\)rdrde , (5)
(%= re‘° { affag )

then
S(f3an) E S, f)

£S0s,§)£ SU,H=S(1 Mfl);% ©

By Nevanlinna! s first fundamental
theorem,

j:‘s‘ e L§ 08 T3 40'F
L 1og~¢$%%4afwr .
l‘;l:t

S (rw)
Jr ) d

r =;’!;S 10;[11-)“1)" 46 -

15},

floglmwl*de +f L‘.E’_fﬁi/._dr @ .

where n(!',fiw) is the .number of po-
les of in {3)ey . By (4), we
have

‘_;%-\., it Log A Inlw+3]* 4B

& }; Lo FriwiTdotE [ Los i 140 + 1og 2
l’&’-’-’,r;

{ 108 I WiE 4B + (T O '9)),
x b Log {Trwidb=d [ToafTFTurg =37 do

Igi=x,

S5 f long "Ne‘d- 0g,}i+}3!de+ log 2
3l=x,
floam 48 +O(TO™3)
lx)-
so that

f 1oa{Trh T de-*[ soaffaral o

<L glog,mel‘ de -~—5 loxr JIawlE de
ren, !l;l 5 (9)
+oLTw8),

‘Ct;—-‘-—‘a")d éj A Ar+f’ Lt R

___f a___(.‘E':'Li“)Ar+ n(r, §;09) log (Y% /7, )

5

=

. Z?t(r,wwo) . AR,
':L r’ dr+O (n N7 300 N J#5%))

4[ YD e+ O (TO, ), am

whore nN" 3;00) is _the number of
poles of =) In 1z| £ Hence
from {7}, (8), 19), (20), we have

Lsof) f S(nwiy wtl
fr. = d_rsr, = Ar+0(’f0\,?})

8o that
S(s,f) log (n/r) %
E5(% w) Loz (!;_/r,)-kO(.T()\M: ) ,

or

Slix,f)s Str, yw)+0 (TN 2)
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Hance from (6}, we. have : we get

. x«;,
. e wH .

S(f) A,) ﬁS(W;Ai)fO(T(X /3’)). (11 S(x‘, f}A)‘ 33()\“4’:“,}40)‘_0({ 'ﬂ:’)d!)

(1) fE)=w(=)§x), r g s N, then Na X,

) 80 that

Wogcan‘c;nioose T r ﬁ.‘ir""*: Tu-4) Stx,$54) 2 SL}“ +; A)

< -~ »
nuehft‘gath -&).a Ya & i-,CH'l«) ) < 33()\"'H w; Aot O(S r‘t’”dr)

f Lo THalde = 0(TOT 3),

£ 5 Xr, w;Aq)+O(r“ ‘I’(:.z}dr)
f log[{ﬂi/s Aég()(rp( " 1/3)) : "4 ,

- ntl
=QLTO S8 (12) Hence we have
Then S(r,{ A)‘ 35 Or,w; 4.0+
N .
L1ioefTtwal 4o
.‘th:g g ] _“0($ ’I'(r,;) dr (14)
i jlog,‘i.ﬂwl‘ de *,‘,‘tf lo7 {ria)*de ’
§ls§
I}tslogu’l*lwt do +om:u*’ )., (f=w+} or frwg),
Kien
—%'gl-liogh*‘w' da_.—-é'—i.og 14u3/31" 48 (111) We consider the general case
1 1
é‘ig‘%jg’“‘“ﬁ 4o+~ [ 1og)uu/;; 48 §- \:;3311— ;2.
! 1t dg
jlogh«n de+0(TX3)),
n;\-r, Then
so that { ﬂl"' “’”"*—3
4- f 108 ’11»‘,:3. AB——-S‘ 1og 141We) *de where
™ Rer, R=3 g KA 31_3'4
£1{ LogFrioF do ‘“‘glog TwlZae + ’3 EASZE )
Vv‘-r r;‘,q {3 = 3
3
+ QLT 1) (13) 20 that g
Tir, k) = d}Z_T(r ) 35)
From thi can.prove (11) for {=w _
aaogefor:."e 0P frwd ‘O(T(r'a")); (15)
Hence (11) holds for f=wt 3, (1= 1,2,3,4)
‘f-w} ‘ and
We sum up {11) for n=1, 2t,.i..,'w. f"“f -f-{i wWi=w, f.
ii:ge An overlap at most twilce, we 1/w3 = w+»£ (16)
Let for d<o,<d;<HAq4 »
n+1 41 1 2 Q
S0 f;a)% 35087, ’vO(ﬁT(v 3) & @ largzled , 4,3 lerg zléal'}
oA, » argz] €
Since 4, larg 2‘5 2, A B () 3.
Aﬁl’f(r 9
v r
TOM 3) 1%)\~§£W —Zdx
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Then by (14},
Sir,$;a)2 83(Nr, wy54,)

3
+0(f; T8 )
7

S (Rr,w;40) & 35 OMr,was,)

+0( S? jatasy d\:)}

St W 5a,) = 8 OV, Ws542))
SO RS EhES ?S(XGr/w; As)
1\ 4 ¢ ﬂ
+ Lx, 3)
0(51 -——r—-—~dr)‘

Hence by (15),
s, f4) £ 2713‘()\61')»'; D)+ -

RO 2 1
L r ,
so that 1f we take AT = 2 , then
S, 454) £27 S(2x,w;4A)¢
(2T T g
+O(Sl ———;——dr)‘
qe.e.d.

2. Generallizing Valiron’s theorem
on Borel’s directions, Biernackl and
Rauch proved the following theorem.

Theorem 2. Let f(Zz) be a mero-
morphic function of finite order P>0 ,
Then there exists a direction J ,
which satisfies the following condi-
tion.

(1) Let 3(z) be a meromorphic
function of order < § . Then for
any £ >0

3 fimG=350170 =

with two possible exceptions, where
Zult=%; A ars zero polnts of
$(2) — 3$(=)." 1n any angular domain
A 5, which contains » multiple
zeros peing counted only once. (Bler-
nacki)s

(11) 1f f12) 18 of order P of
divergence type and §(z) 1is of order

<f or 1s of order £  of conver-
gence type, then

Z1/1z(f=3;0)]"

2)
with two possible exceptions. {Rauch),

7

Proof, Let

T

r**‘ gy dr=00, (a>o)}

where = P—~2{£0) 1n general and R=F ,

Z('z) 1s of divergence type., By
divi ng (0,2%) into 2™ equal
parts, we obtaln an angular domain Ay
of magnitude 2R /2™ , such that

joo T(r;‘f An.) O‘I‘ -
rﬁ+4 7

(A,24,> «++DA,NM ),

where

r .
T (x,f;4) =[1 5 (r’j’A)d

.

Let A, converge to a dlrection J
arg z = ol , then for any angular

domain A » which contains g ,
v (Y, §54)
§- VA dx =09, (2)

We suppose thet =0 and let for
any §>0

A largz g 8
larg z| £28 | (3)
Ay larg z| €48 .
Let 3¢® (<1,2,3) pe meromorphic
functiona for {z}<oO , guch that
o T(Y, 3: )
—~ =1,2,
f pe Ar<oo, (i=14 3)
go that
.Y T(r 3) dr < 00 (4)
r&ﬂ /
where T(r,7)= Z. T, $:) . It

suffices to prove that for a certaln

one 9 of ;i >

zj.i/;z,w:g;ao))“ =00

We put
F=21 = d(=)  ul=z)-d,2)

AT MO R AT
then
—f= W-P‘,lﬂ»'ﬁz
what s (&)
where
ﬁ‘z 83 (?z"gl)) ﬁ;=31(33”'3z),
Rs= -394 , Re=8—%, @
so that

T, £:)=0{T(r,9) )
8

(i=1,2,3,4).
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Hence by Theorem 1, we have

S(r,f;a)z 21 S (2r,w;4)
AT
+0(§; Htar),

80 that
T(r,f3a)s 27 T 2¥,w;4)

+0(g (r)), (©

where
*
§ (x)= fl AQ(‘:) dx,

2% T(y,}) (10)
Y(r) =. 1 X

Hence by (4),

T ‘Q\r)
51 r&:ﬂ dr
g g T gy
TErRly % x“'
s L{(rgmy f Eplay, T .
- ﬂ 1 r&ﬂ = ﬁ’- riﬂ

5 T(+,8)
= _ﬁa _tﬁ.ﬂ d'/t = O(i)'

Hence by (9), (2),
[w T (r,w,al)

TR d¥ = ’ (U’)

Let n(x, f—g ;s Ay be the number of
zero points of f(2)~ g &) inlargz]
£48 ,0s1zlsr, rultiple zeros being
counted only once, then by (5)

WE,wr= 05380) £ AT, $291 5 80)

+n(x, 31=33;Ao)+£23:ﬂ(r,3¢=°°;m),
=

3o that 1f we put
m{
N()? {—’3)4)‘4( f ?) 0) (12)
we get
N O, w=0; 800 % N{¥, £§1540)
+ N(x, 3,23, }A°)+£2_:_‘ Nix, 7“:00)‘&‘,)

r}f:m}‘xo)‘fo (T(l’, ).

Similarly we have
N (e, wel;4.)E N =75 4)
+O(T(x,3)),
N (r,wzoo; Ao) £ N(Y)‘} 295 540)
+O(T (Y, 80,

hence
N, w=0 ;4,3 N¥w=1; %)
FN(Y, w=00; 45)

£ N(Y)f’&}éko) +N(1'/](:32)A°)

+N(r, =% 54) t0(T(r,9)). a3

Since by Theorem 2 of Part I3)

—% Tix,w; Ay ) = N(2T,W=2034,)
+N(2rw=1;46) +R (25, w=00;4,) +0((lo%r)z)) ,
14

we have
%“I’(r, wid)E N(Q-T, f=4),40)
NG, f25.54,) tNQRY,f=8342)

+o(mr,3))+0((logrf))

so that by (4),
i.fr Tirw;dg) oo =<_Jtmzr/ =81540) dr
3L T g Yo+

*
- NG, f=82340 Y N(2X, y=133%) dr
+j T+ ar +j1 y At

+0(1) .

Hence from {11), we see that for a
certain one 3 of J: »

PN t=3;80) -
j ~—r————~§_ 5 dy = ,

aor

- 4. o
%*1/‘7v(+"31Ao)1 .,

which proves the theorem,
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