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-JU J[n -&hi? paper\ I'-w-l-ll fcίvβ a.
simple prodF of a-theorem of Blβrnacki
and Rauch First we will prove a
lemma •

Lemma• Let $-(χ^ be a mβromorphio
ction for IxKoo and T(*>2 ) toe its

iti f i Lt
func
characteristic function. Let

( λ>L,tι»l,2,... )

and D be a simply connected domain,
which contains An.

 anί
* *-

s
 contained In

a ring domain: >?-*• ̂ .ix) ̂ λ V
1
 , and

Jt> I be its area* Then

Vn.(o, op >logc ^ A (A*const.),

where <n.(r, 6©3 is the number of poles
of frί z.) in \κ\&rr , we have for

Γ

If we denote the area of Λ^ by U - ) ,
th '

q e d.
Theorem l Let

where •/-(»; , ^ ( x ; , fit*) ( t=ί ,2 ,3 )
are functions meromσrphlc for |*|<eo .
Let

{arg

t /

Then

roof First we consider two special
cases: f f

(i)

Let

Let

of

be the center of the circle

An. anίtwe map Λ^ o n l ^ K l by
%=x(Z,) , such that z^ becomes
4 = 0 , then the. image of A*, is con-

tained in | ς | £ £ < l , where * is
independent of n- . Let P ( : r ) : | ξ l * r
( * 3 r £ i ( ^ ) ) and consider the mean
value
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Since, wuβaβlly be seen, 0 < * λ
i j » λ k Xd{.,β-const.)In|y*i(14
we liίkVβ qy feH© lemma, for

(A
Since

I,
n^ Λ we have

Let, for H > Ό , . , £ ' Tie the set oί
contained in [-ft / Kl+"*)J » fluch t h

Γ log

then

' v

if

Γ « ML

If we take M so large that
<»(l-i) » then there exist V,

.
 B U O h

then

By Hevanllnnrf 3 first- fundamental

theorem.

where yίL*)i)*°) is the-number of po-
les of 4- in (Jς)* t By (4), we
have

άfi

έ A' f log J ϊ t ϊ ίpa^ί log </uj^f- ί 2

. flogJi+Γ«Ί? d
l ^ l = * t (9)

where number ofwhere nCCS;^) Jίί
poles of £<*; in 1*1 ̂ Λ^ Hence

from - { 7 ^ ( 8 ) , ̂ 9 ) , (1O>, we have

ao that
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Hence from (6), .we. have

(ii)

We can chooβe ir, # ϊhj

•uch that.

fo. (12)
Then

so that

Prom this we caτi,prove (11) for
aa before*

Henc* (11) hold? for ^ = ^ v t ^

We exam up (11) for tt* l,2, .,rυ
β

Since Δ ^ overlap at most twice, we
have

Since

we get

*, f i
If X

1
*-

1
 ΐ r * \* , then

βo that

Hence we have

;
 -f /i)£ 3 ,J Cλ\ w; 4

β

,or

(ill) We consider the general c ββ

Then

where

so that 4.

(15)

i= 1,2,3,4)

and

f »%+*!,

Let for

Λ : |arg:

(16)

Λ : [arg i| ί ^ , Δ
(17)
1
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Then by (14),

s (tfr
;
w,;^-)έ 35 O \ ^ ;

Hence by (lo),

so that if we take X
7
 = 2 , then

2o Generalizing Valiron's theorem
on Borel's directions, Biernacki and
Rauch proved the following theorem*.

Theorem 2. Let -f (K) be a mero-
morphic function of finite order f> o
Then there exists a direction Γ̂ *
which aatiafieβ the following condi-
tion.

(i) Let £ (2) be a meromorphic
function of order < f . Then for
any g > o >

with two possible exceptions, where
2V*-V~£; ̂  are zero points of
-f(̂ ) — J C^ λ in any angular domain
<Δ , which contains J~ $ multiple

zeros being counted only once* (Bier-
nacki Π

(ii) If {U) is of order p of
divergence type and J(x) is of order
-̂  f> or is of order p: of conver-
gence type/ then

where ^ = p- c (ε̂ o) χ
n
 general and £ «/* ,

if fe*) is of divergence type. By
dividing (0,2τc) into 2 ^ equal
parts, we obtain an angular domain /X-
of magnitude ait/z^ , such that

^

where

Tί*,j

Let -*Δyt converge to a direction J" 1
arg z ~ oL , then for any angular

domain Λ , which contains J" ,

r
We suppose that <?< sθ and let for
any £ > 0 *

A : I arg z \ έ ^ ̂

z,/ : |arg z| *Lχ£
 f
 Γ (3)

J
Let 9 k W (̂ -̂ 1̂ 2,15) to

θ
 meromorphic

functions for |cz)<oo
 #
 such that

so that

where

(4)

Tit, ϊi)
 m
 It

suffices to prove that for a certain

one 3 of j
{
 ,

= oo
v

We put

then

where

1^ w-Lj-ϊ-k*.

(6)

(?)

with two possible exceptions. (Rauch)*

Proof. Let

r (i)

so that

(3)

(i- 1,2,3,4).
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Hence by Theorem 1, we have

βo that

X (r , ̂  Δ) ύ W

where
(Γ)), (9)

(10)

Hence by (4),*

A

Hence by (9), (2),

Let ^ ( x ^ f ^ Aίbe the number of
zero points αf -f- ( z-)- § ί

2
)̂ in |arĝ e.|

S^δ yO^I-Z)^^,, multiple zeros being
counted only once, then by (5)

> f *9
%
 5 A,)

so that if we put

we get

Similarly we have

hence

Since by Theorem 2 of Part I ,

(14)

we have

so that by (4),

+ 0(D.

Hence from (11), we see that for a
certain one ^ of Jf-C »

which proves the theorem
o
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