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§ l Let S be a closed Rlemann

surface with genus J £ 2, » whose

equation is given by $ (τt/>) —o ,

SC*/3-) being an irreducible polyno-
mial of degree TV in x and nπn in
£ . Let fct) and frit) be mero-

morphic functions in the circle

jt|<R. If S(f(t), frU)) Ξ= o , we
say that j Cfc) and §-(t) are unifor-

mizing functionso In this note we will
prove the following theorem:

T— T(r,f) , <»i

where (^f) and T (*,§-) are Nevan-
linna's characteristic functions*

§2. The algebraic function can

be uniformized by means of Puchsian
functions *: » x(») , ̂  = ?-(£) , in

such a manner that in a sufficiently
small neighbourhood of a point 2, in

the principal circle of the group the

correspondence between the points of
the plane and the points of $ is one
to on«»

I dZ. I
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- Ί ε ) where
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and ult)

, then
and

In this note, by infinity points on
S we mean points where x ~ <*>

 Φ
 We

suppose that infinity points on S are
not branch points

0

(I)o At,a branch point (,*,γ)~ (α, b)
of order m -1 s

where α>, 4
s
 o

(1) n = (i-

where ire*) is bounded function in

a neighborhood of the point ία,, ί>)
 e

Since ί̂ > and j it) are single-
valued functions,

where fίt
β
) = α. , J (t»)=b ,

^̂ w. £ o , b
tp
 ψ o From (l)

and (2) we get w = It -t
a
|*-

l
s ct) ,

where Set) is a bounded function in
a neighbourhood of t = t

β
 .

(II), At an infinity point on S i

(3) U ~ -1 Ug jχ|

(4) fί

where c
fe
 ̂  o

 β
 Prom (3) and (4) we

get

By Ahlfors' theorem (An extension
of Schwarz's lemma, Trans, of Amer

Math. Soc
β
 43, 1938) we get the fol-

lowing theorems

Theorem 1» We suppose that infini-
ty points on S are not branch points.
If we put zc*)= Z Ci (t), f (t)) , then

" l ϋl
 D

ι

S 3, Let Cy(-χ, >. Γ,, U) be harmo-

nic on S * except two logarithmic

singular points at Γ, and f\ and let

Π Cc
( /
d,) and ί\(c

2
 ^2) be branch

points of order -&, --1 and ̂  - ί ,

respectivelyI

~[βί . ^ b o u n d e d h a r m o n i c

f u ncti.cn. at Γ(

- Iβjί j x-C, j - t b o u n d e d A f t r w o n i C
ez δ *'

/ , « „ + w, * Πt U M C t t o i n at L .

Putting

Wβ put a,^) 2

and mcr,*,Γ)*3kf ι <τ
where * = τs

i0 '*
Q Ct;*t,.of

Λ
) * Cτ

4
Ct; «„ Γ )

(?
f
 ίt ̂ Γ, ) -ί

f
Ct;pς Γ,) = Uίt, «, Γ, ,Γ» )

then UC*^ ,«α,Γ) and U^J^Γ.-f
1
*)

are bounded functions in the circle

j£j < fc. * Hence we get
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I Γ
Theorem

and

(X) in (r
;
 ̂ I 0(1).

Let <*(*>
 b
) be a branch point of order

φ
 0
 ,

where A φ o , 6> φ o
 β

 Then we say
that jLj-tt), fr(*)) takes cXC<^b) at t = t
and τi is the order at t

0
 9 and we

denote by 'ήc<r,cx) the total sum of
orders which if c*>, § C*)) takes <* in
the circle 1-fcl^τ . We put

and

fo *, Γ ) = T (

Applying Green s formula to
we get

where C is a constantβ F^rom (1) and
(3) we get

-i-O(i) ..

From (2) we get

Therefore we may use the notation
TC^/ot )= Tcr. f,^o< ) in the place
of Tcτ

;
i-, g-, cx,Γ ) Then we have

the following theorems

Theorem 2,

0(1)

Let <*.*,(&, ̂) (i = lv^ •-• s)
 be

points on $ where x= ct , and at
let fe^ sheets hang together \

•
2]

From Theorem 2

= ~ r Tor 3.) +o ct).

J4o Let X = f (*,̂ ) , Y-fu,»
be a birational transformation where
f (*.*)) has /x. simple poles on S
and f (*'{/-) has v simple poles.
Then we get (τ(X,Y) = o

 f
 where fr<XY

is an irreduciole polynomial of degree
y in X and ̂  in Y . We sup-

pose that the following conditions are
satisfied:

(I) X =*?<*.*) has /t simple
poles which are not branch points on

(II) Infinity points on S are not
branch points and the w, values of X
at infinity points are represented by
m, distinct expansions

I .

where ^ = I, 2, 3, — , TΛ
 an
a ψ o

On the condition (l)
β
 We choose X

0

so that <f ( x,^.)=X
β
 has simple roots

ô  (*, = ι. 2, .-• ) on 5 ^
e
 P

ut

X - Y""

Fcti

be transformed into A
and let A be

Let °̂  on >S
by X = y C*/
transformed into A, by . = -

v
_.

x
" »

Y, = Ύ . If we consider
 C
X, ,Ϋ, )

in place of (X/Y) » then the con-
dition (I) is satisfied and

We choose
has /τn

'
) and

On the condition (II).
** so that S

r
C^»,'ί) = o

simple roots

Let oC be transformed Into oί, by
x
f= x I χ

g
 >> Ίri

 s
 Ϋ If we consider

(*,, ̂) in place of (*; ̂ -) , then
the condition (II) is satisfied and

ί 1 ̂ Under the conditions (I) and (II)
we classify points on $ in the fol-
lowing four cases i
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(a) poles of X t*., t) &
(b) infinity points 5
(c) branch points |
(d) points which are neither branch

points nor Infinity points «

Now,

JL fen fit)), (Jet)* f r/w,

Let o( be transformed into A by the
birational tr ans format i on 9 then

T (T, f , fr o( ) = T C r, fs fr, A ) + 0 (1 ).

In all cases this proposition can be
easily proved. We will give the proof
only in the case (c)

Let o< Cα, b) be a branch point of
order ^.-i.

 β
 Let

X = X
Λ

P/fe

where L p T O and by the condition*
(I) is a positive integer =,

where

By Theorem 2

ίl)

f,, v YΊ / Ή - o - <Lα
W Z-, v^x "" /l ' /Λ — J '

t-l

•«here f- is genus. Prom Theorem
we have rr rατt Oι ̂

O i l ) .

From (1), (2) and (3), we have

7fe p / / v v .I'M
By inversIon IΛ - α) - i C l Λ "A<> j ^
Aa 'J - l> is s, regular f u n c t i o n cf

(ιc-a.) l/k 5 we nave

- - b r U l . l X .

Applying the birational transformation^
TOBI the result of § 4$ we have the

following theoremo

Theorem 40

0(1),

.
= Y t 4, (V-X.)H+

where Γ C t ; , v α i ^ * ? and I^-C-^ are
regular at t « o and by the property
of the birational transformation Vf
is an irreducible rational number.,
I^t "< be transformed. Into A C K o Y , - ' .5
then A Is a v >noh point of order
v-i * We 1; .,
' 47 Λnί s

(3) fit)-** ^Λt*-*^' "•- H*t.lt"te> *" '

From Theorems 5 and 4 we have the
following theorem

Theorem 5»

. If
Γ-+R.

r.herj genus <V

Prom (l} f (2) , (5; and (4), we get,,
by the definition of Tί* f £ ^ ' 9
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5. We suppose that infinity points
are not branch points® Let oί̂  0=1, 2, •••.,£)
be a branch point of order ̂  - 1 and
fo (£*ι ,α,~ , n v ) be an Infinity point*
Applying Green's formula to tut) stated
in § 2, we have

έ




