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Chapter I.

S 1. Let S be a region in the
unit circle bounded by analytic curves
C^ (<Λ« ι,α,s, ••• ) and by the unit

circle 13 , 1 - 1 . By j> (/a) = p
u
 we

denote the distance to C
n
 from l£f= o »

We suppose that if 2, (Ul<l) lies on
C

a
 t 2 is not a limiting point of

the point-set Σ^ C ί. and that
J(τv) £ j>(<n t i)

 t
*'

n
.

We explain notations used in this
note.

TICr); the greatest number of n
wMch satisfies P (Tt) < Y.

. y -., r.£

EC*)

^ COT)

ACT)

B cα:)

ί the region bounded by Γcx)
and by the unit circle \i\~i

ί the region which is common
to ECTI and the circle \*|<τ
arcs of the circle 121= r
c'ontained in S

: the boundary of E c*) con-
tained in the circle 1-21 < r

ϊ the boundary arcs of E^T)
lying on the unit circle

We consider a region D v/hose boun-
dary consists of b, + b^ »

By cu c"*/b,, τ>) we denote the func-
tion which is harmonic in "D and is
1 on b, and is 0 on k>

4
 . Let {r

Λ
_

be a sequence of positive nuznoers such

that

Tn <*<n + l > ^
1
Λ~

 T
- =1.

Putting u.̂  (4> - co (7,, ACT^), ΔCT^) )
and -\r̂  c£) = co (x, A u, τ

n
), E (T̂ ) ),

then, by Harnack
7
s theorem, «x^(z) and

\j ̂ tz) converge uniformly to har-
monic functions vxcz) and vc^) , re-
spectively.

In S 2, we will prove that
VXC-Zls VCX) .

If ucz) φ o , v/e say that S is a
positive-region, and otherwise we say
that 5 is a 0 -region. Myrberg (Uber

den fundamentale Bereich der automor-
phic Punctionen, Saja Series A Math-
Physica) considered particular cases*

In this note the following problem
will be researched:

What is a necessary or sufficient
condition that o should be a Q «•
region ?

What properties has a harmonic func-
tion in a 0 -region S ?

S 2β Let ί *+\ and ( λ+\ be se-
quences of positive numbers such that

T^αr^i , ciί < <ΛM + ( / iu TA « 1 , and

Putting u^t*) = co(z, A < τ Λ > , Δ ( < r θ >

then we can easily prove that, if

= αc*) , and, if i**̂  u.^,tx)so, ^r^Ll^tT) a o.
Thus the fact that S is a O -region,
does not depend upon the choice of the
sequence [ TΛ J . By EC^i, τn ) v/β
denote the region which is common to
E ί / r rv) and the circle l ^ i < T\ ,

and by Λ c r / . T . v ) the arcs of lai-r,,
contained in E C T ^ ) . Putting
•v^tMβ αj (z, Ac^ '^ tx ' ) , E C O C Λ > ) and
v4 /.cχ)= Ό(Ϊ, A cor.>or τ t),Ecr, / 'r^)) Λ then
v^c aί = S^ ΛΓ^L c«) Since, for v > u,
Vit^ ctί > ά^ CO ln Δ^^m.) s we

have ir^ c z ) = i^ ̂ «. ί^ί ^ J^ ^ί<2r) ~ " cιχ

Hence vc*> = ^r^^^120 ^ u t * ) . Since,
on the other Έand, tt^cz) ^ \r .̂ c t> in
Δ (k r(Λ.'> , we have αcz>=J^^-Λι*)as(A**Sβ ^ή.t*)« v v*).

ΓΠrιerefore we see that α c = ) = vc*^ β

^ 3, Vie put Ac^)-^Jt -1 C o r ) ,
where A^ c o is an arc of Ac*) venose
length is or θx CT) and A^ CT^ and
A^tt)(<.*!•) have not a common part.
If the circle | z i « τ is entirely con-
tained in S , then we put 6 (*>-.«» 9

otherwise we put β t Ό - m~jc ΘA CT) 9

Theorem 1. Let u.(x> be a posi-
tive function which is harmonic in Δ(R')

) and is o on B CT> 0 We put

JL_ I
.̂TT I

and

Then
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and

vfiίi

This result was reported by the
author at the spring meeting of the
Mathematical Society of Japan in 1949
and will appear in the Journal of the
Math. Soc

β
 of Japan, so we omit the

proof of this theorem.

Let f <
z
 > be an integral func-

tion, then applying this theorem to
u,(fc> - Û "

1
" I f<2> I we have the same re-

sult as Pfluger^s.

We put

CO <*' AC**),

and

where

Since Q£u*ι.u)άjL * it becomes
o -fe fw,,, ur) -̂  i , From Theorβn 1, we
have

1 > i - /m.̂  (τc) > /vn,^ (IT} - ^n.̂  ςtr0}

if &«, } ~τ~ "*r! i r-~- 4A
n->

we have jfc ς. "£>(*<>, »*/„.) =. o and
hence

 û
 «-^i*> --o in Δ(-r

0
)

Therefore we have the next theoremί
fi

Theorem 2. If

S is a 0-region

Now,

f ""-'•M'iβ^ ̂  *'"

Since
<L m

-.) for

By integrating, we have

r* n
 v%
"

/
r

rΊ^
4
-
5
'

Since O*L ô ) •& i

If

Theorem 3
0
 If

S is a 0-region«

Let { P^ί and i 1
n
} be Increasing

sequences of positive integers such
that Jl~ K = » »̂ 1̂ = - . By C^«
we denote the segment connecting
2.«r

e
*
e
*'* and z - e *

 β
*-* . , where

<- ί---^ and θ
rlΛ
-
:
~^C* = o.«.-.,κ-ι)

],θt 6 be a region bounded by JΓ Q
u fe

and by the unit circle,, Then

.By Theorem 3, we have the next theoremί

Theorem 4. If ZJ Kl"T«~ ~ 0-̂)=°'%
_ . τt-ι lΊv ϋ/n.i-1 ' *
S is a 0 -region.,

Corollary (Myrbβrg's'theorem). If

hn -$*- — «« , S
 is a

 0 -region,
Ti-*

00
 y*

§ 4* By /β («•) we denote the length
of Ail, f) . Since P<f

n
) is a mono-

tone decreasing function of *n , we
put -̂Ln, p ( t n ) - β

Theorem 5β

region*
If /3 ^ o s 5 is a 0 -

Air)

Proof. Without loss of generality,
we ffiay assume that for sufficiently
small t0 , the circle CL\- tβ is con-
tained in the complementary set of S .
Putting i£(*)β ^(ε^ίiΛt^είίfe)) and aP~
plying Green's formula, we have

^>/Λ.JLt!yΰ ίU./
^ J; rfB, ,w Λ _ ^
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Given 6 for sufficiently large
for fc?fc0 * We have

Since Q is an analytic curve »
on C, , where |*N/<t and ../ is a
fixed number. Hence Jjjk̂ ί̂  — o in
6 . Thus the theorem has been proved.

Let ft be a region bounded by C*
and by the unit circle 1*1 = 1

 β
 And

let <*i- be the boundary arcs of P̂  on
the uni

!
t_5ircle

0
 Wθ put

. £heσrem 6. Suppose that ft >o and
J
c
 .2J2J&I 4s < K for all Λ , where K

is* a constant. If ̂3%̂ - is
finite, 5 is a positive-region.

Proof. Without loss of generality ,
we may assume that, for sufficiently
small t

Λ f
 the circle Ul« f

0
 is

contained in the complementary set of
S . We put ̂ ί*>~ €iH2,,<Ui*fe
By Green's formula , we get

We assume that , "^u)^- o ,
and will prove that this assumption
is absurd. Now,

fem, p ^ i ίuα r
ΛΛ _k Λί> ί-/Λ J ̂

f*> /ϊ

Given - ε 9. for sufficiently large Λ/* „
^ϊ*- ϊ*/

f
h '"'<'&• '•

 If
 *• is suffl-

ci'en'tly large , we have for Ί ̂  /̂ "
0
 ,.

Otherwise at a point Z on C
4
 (* - M>)

.^^Φo .hence %̂C7.)φ
0
 ,

his is inconsistent with our assumption
14 12) ΞΞ O o NOW,

where

Since we get

. , i < .
Thus ε κ + 6 L J > ( 3 > o But, since ε
is an arbitrary positive number, this
is absurd.

Corollary. If
r
L

and ( 1 - then S

is a positive-region
β

§ 5« In this paragraph we will
give some examples.

Kxp.l, Let S
t
<« U**'

1
-*-"- > be

a linear
1
 transformation of a Puchsoid

group (r and let C be a circle con-
tained in fundamental region. By &£<£)
we denote the set into which E is
transformed by Si (*) . We put
δ
Λ
(C)= Q and SiCO^ αi . Let S be

the region bounded by Ĵ j C^ and
by che unit circle

 t
 then a well known

theorem Is stated as follows
 β

09

Theorem (I). If ̂ 2 ( I - » M ) - «*> ^

then S is a 0 -region. (II) If

jC
o
(i-Uj)<'*

 thθn
 g

 ls a
 positive-

r'egίon*

The second part of the theorem is a
simple result derived from the preced-
ing corollary. On the basis of this
thdorejn we will say that in case (I)
Gf is a Fuchsoid group of 0 -type and
in case (II) Q is a Fuchsoid group
of P -type.

I θ* t
Exp*2. Let 1 Λ

ft
» ϊ^

0
* { be a se-

queue o of complex numbers such that

%-%«; fe*>
α
'fe *=

 i
 *

 aΠd lθt
 P^

 bθ

a segment" 'connecting O,χ and e.
Aθ
* ,

Denoting by S the region bounded by
J^ C,

4
 and by the unit circle \z\*i

ttίθπ we have the following theorem*

s
 Theorem IMyrberg^s theorem)* If

IL ( 1 - fα..,;) < oo , ,S is a positive-
? β'gί on o

If 6f is a Fαchsoid group of the
P-type, S is a positive-region,. But
the author has not yet solved the fol-
lowing problem?

If (T is a Puchsoid group of O-
type, is S a 0 -region ?

We denote by Ŝ ,̂ P) thfe sector in
which oί<α^z<^ and wi t& T , and by
nic*, «<, ί

3
 ) the number of Λ i which

are contained in Sc^.α.p)
 β

 Then
WΘ can easily prove the next theorems

f
1

If vS is & 0-region^ Jfl. «,*,{» )<**«<»
for any pair ί *, p >
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Exp
β
3. Let /4 be a circle which

is orthogonal to the unit circle !z| = i ,
and let Q be a subarc of L*, contain-
ed In lz|<l We suppose that C^
does not intersect Cj (**£.) ι

n
 the

unit circle 1*1 <1
 0

 Then we get next
theorem?

Theorem (Myrberg
;
s theorem). If

β=o,Sls a 0 -region and, If f > o , S
is a positive-region,,

§ 6. We will consider the particu-
lar case such that all C

u
 are closed

analytic curves. If the following con-
ditions are satisfied, we will say that
a point P on the unit circle is a
normal points

AE or BP and

, where 0 is the
origin;

2» there are finite number of Ĉ ,
which are entirely contained in/ APB «,

3
β
 PA and ?B intersect finite

number of C^ |

4, PAJ-OA and PBIOB .

Theorem 7
e
 Let B be a set of nor-

mal points* If linear measure (E ] is
positive, S is a positive-region*

Proof* Let E be a set of normal
points. By bί (X<*, θ) we denote a
number of C

Λ
 which are contained in

£
APB or intersect AT or BP in the
circle |2ί< t , where ?:z= e*

θ
 and

APB=: oί » Since for fixed r and or ,
f»J(r,c<, θ) is a measurable function of
φ and ίsf or, <x, θ) is a monotone in-
creasing function of t , we see that
£ΛΛ βf CT, (x, θ) = K C

5
*, e ) is a measurable

function of θ o By EUCnrA,^) we de-
note the subset of B such that at

Then EEC*'
1
/'"'} is a measurable set and

Σ E (̂ to- E . Since on(G)4-o ,
there exists a set £("*•/*»•«) such
that, at ?^E(^o,^o) , M^β )=<*.«
and ra (e(«*o, 'ΛO)) 4o « We denote by
E fwi., >Λ., fe) a subset of E (ivn..)
such that, if £ e E <̂ .,̂

e
, fc ) , there

exists no C
Λ
 in the annulus I -'A £ |z|

< 1 which is contained In A?B or
intersect A? or B? „ For fixed 1 ,
we denote by Ύi('/W

β
, -fe, *, θ) the

number of C^ in the annulus I-/*. 4 1*1
CT<1 which are entirely contained
in^A?5 or intersect A? or B P ,
where ^.AFB=

 l
/m

e
 ?:z.«e

4β
. Since for

fixed * and fc , ̂ (Y^^Λ.t , θ ) is
a measurable function of θ and is* a
monotone increasing function of αΓ ,
we see that ̂  'M̂ .Λ̂ β) -τι(]4t

0/
 le, e)

is a measurable function*, Therefore,
for a fixed fe

/
 EĈ .̂ i) is a mea-

surable set of e*
θ
 and ̂ EC"".,*., fe)

= E C^
0/
 'n.) β Hence there exists a set

EC w.,«vo, -feo) such that at P6E(«..̂
β/
 O ,

l\Γ(X*,
0/
'β )= '"•β and there is no C^ in

the annulus l-ι/k
β
£l*» < l which is en-

tirely contained in ^.ApB or intersects

., fe
β
))φ o

We put E (̂  11. , *. ) a= F . Const-
ructing an angle AΓB^^X, at each point
of p , we get the region Ό

p
 bounded

by sides of these angles, we see that
there exist a finite number of C/n,
which are entirely contained in V̂ or
intersect the boundary. Let % be
the region bounded by these C

Λ
 and by

the boundary of ^V Then U<*> =
= cυ(*,P,%)*o, and if *k>i- !/ fe

β
 , we

have ιι
fi(
(z)> U(z> . Hence S is

a positive-region
β

Theorem (Myrberg-Tuji-Yujobo). Let
fi be a Fuchsoid group of 0 -type.
Let z* be an equivalent point of z
which lies in the fundamental region
X) . As £ moves along the radius
(o,e

iθ
) , ι* moves on the set Mlθ)

in D . Then M(θ) is everywhere
dense in D

 9
 except for θ belong-

ing to a set of measure o .

Proof* Let Q be any rational
point in D , and let C(Q,ιn,) be a
non-Euclidean circle with center at Q.
and radius m . We suppose that C(a,

<
m.)

is entirely contained in "D for a
rational number m « Let FCβ) be
a set of θ such that M(0) and C(Q./"O
have no common part. We will prove
that ιu( F(θ)) = o o Assuming that
τn(Fί0))Φo we will show that this
assumption is absurd. Let S be the
region bounded by 5g xS^CCCQ., <*!<))

 αn
a

by the unit circle, then, by Theorem
6, A$ is a 0-region. If PCz-e

ie
)

belongs to p(θ) , we construct non-
Suclidean circle with radius £ ιn, and
center at each point on OP . The re-
gion swept by these circles contains
the angle ΛPB such that there is no
C,n contained in AP3 or intersected

by Ap or BP , and ̂ΛF& = k(*n)*o ,
where tctα) is a constant depending
upon ΎΠ . By Theorem 7 S is a
positive-region. This is absurd.
Thus <m.cF(θ>) = o o Hence Q, is a
limiting point of M(0) for every θ
except for some θ belonging to a set
of measure 0

 0
 Thus our theorem has

been proved.
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Chapter II ,

§ l
β
 In this chapter we suppose

that 5 is a O -region* Let Viz) be
a bounded functions I V<*M < L

y
 which

is harmonic in S and is 0 on Γ
Putting w.

u
(ϊ) = cx> (2, Ac**.), Δ (!*«,,))

and Λ^te
)=s
 JCfl̂ tl L - (i-Sti»>) * ^«.<

a
>

is harmonic in 4(tn) , and \ϋ̂ (χ)=o on
Bcί

Λ
) , and u^<*)go on A(*a>

Hence uΰ(*)^o in Δ

Since2 1 -α
Λ
(«) in 4 (•

^̂  (2) = o , we have ^
in "s , and therefore VCz) ̂ o . Re-
placing V(0 by -V(z) , we get 1-V(*>
* 0 Hence VCz)=0 Thus we have
the following theorem*

Theorem 8. If S is a 0 -region,
there exists no non-zero bounded har-
monic function in S which is 0 on
Γ .

Let L/C
2
) be a bounded harmonic

function in S I IUftΛl< L * We sup-
pose that U(2> is continuous on Γ

 θ

Let Vn,(2) be a harmonic function in
Δ(fm,) such that \4<«) = Z/ίz> on
β 0*Vι) and is 0 on A (*<n.) *

Putting W/n+h ,n I*)
 s
 Y^toίz) -* ~V n <

 z
) /

Wnfp,Ή C*) ''is harmonic in /I (it*) and
is 6 on B <:*«») Now,

Putting ί-W,̂
— ( 1 - u.<n (*) ) ,
harmonic in Δc^
5(1V) and U

wp/
*

Hence U^
 Λ
 ι«) 3 o

Since Iw"

^
 0

*

then U<ιn ρy n, ί z) Is
) and is 0 on
^^o o^ A C^/») βίn Λ C**)

(z) « o , we get ̂  W-n̂ ί̂̂ )
Applying the same argument

*
 we δ

Hence ^ W<M^K^ = o . Therefore,
flt converges to a harmonic func-

tion \Λ» Putting W<*5= ut
z>
- Vί«) ,

xσcxi is a bounded harmonic function
in S and is O on Γ * By Theorem
8, we have U W = VC

2
-) ^

us we

have the following theorems

Theorem 9. Let LΠv> be a bounded
harmonic function in S * If U<*>
is continuous on I * U c*) is
uniquely determined by boundary values

given on Γ

Theorem 10. If Gr be a Puchβoid
group of 0 -type, then there exists
no non-constant, bounded, harmonic and
automorphic function*

Proof. We suppose that this propo-
sition is false. Let αu) be a func-
tion stated in theorem* Witnout loss

of generality, we may assume that

Ύft s least *.f>f>er bou/rut of u. Ot) ,
-ττt~ greatest lower bou/nd. j f ucz)
?l/rl

'̂ <w,>o ,

Let Z
0
 be a point in the fundamental

region D such that αu
0
) > o . Then

there exists a non-Euclidean circle C
with center 2

0
 such that C is en-

tirely contained in t> and ut*)>o on
C » Let S be the region bounded

by S3 S.n.cC)' and by the unit cir-
cle, then S is a 0 -region. By the
same argument as theorem 8 u c*> > o
in S « Since u. («o > o j.

n
 Q

 an<
j

is an automorphic function,
> o in S/«,(C) o Thus UΛ*)>O

in the unit circle. This is incon-
sistent with our assumption co-m =
greatest lower boundj the proposition
has thus been proved

0

Corollary (Myrberg's theorem)* There
exists no non-constant^ bounded har-
monic function on the 'Null berandet"
Riemann Surf ace <»

% 2» Theorem 11. We suppose that 5
is a 0 -region, and ur^fcα)
=U.(*)+iv U) is a meromorphic function in
S c If u ί*) is o on Γ and
u(z» o in S » then w* Jc^) takes

every value -w (K('ur)>o) , except
possibly some values of ur belonging
to a set of capacity O

 e

t pi -...
t
~.t

ca
.
)

Proof. Putting ^
a
 Γt*?- πΓJIxΓ ,

I ξ i < 1 ' We will assume that fw
does not take values ur belonging to
a set ETΛT contained in the half plane
RΛIAΓ'Ϊ> o and EJ^r is of positive

capapcity* Then PC^) does not take
values 4 belonging to a set E con-
tained in the circle I ξ I <1 and E
is of positive capacity. Without loas
of generality, we may assume that β
is entirely contained in the circle
\\\<$< 1 o Let (ϊ (5, "I,) be a
Green's function of the unit circle
with a pole at \

 9
 There exists a

distribution of positive mass <^^W;
on E7 so that its potential $-(£)"
=
 L̂ '̂̂ '̂ /̂ V

 is
 bounded and non«

constant* Putting KC*i = ?(R̂ ) ,
JXU) is a bounded harmonic function

and is 0 on Γ * Hence we have, by
Theorem 8, K <

z
)
 Ξ
O « This is ab~

surdo Thus our theorem has beer) proved*

Theorem 12. Let Gr be a Puchsoίd
group of 0 -type, and let nr- f (*) be
an automorphic function with respect t,o

Gr Then f cz) takes all valuea
λΛf , except some values of iff" belong*-

ing to a set of capacity 0 *

As this theorem can be easily proved^
we omit its proof*

Corollary* If f is a meromorphic
function on the Null berandet Riemann
Surface, j~ takes every value except
some values belonging to a set of capa-
city 0 .
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By Theorem 1 we have next theorem: (*) Received October 10, 1950.

Theorem 13. If [ "TOW
 d/t

 -= ~> , Kagoβhima University.
then there exists no non-constant har-
monic function such that it Is O on Γ
and its Dirichlet's integral is finite.
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