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Recently S. Bochner has treated the
estimation of Betti-numbers of Rieman-
nian manifold by means of locally de-~
fined curvature, [2] , [3] . Its radi-
cal 1dea was based on Hodge-de Rham’s
isomorphy theorem between harmonic in=-
tegrals and Betti-numbers, but this
shows an important aspect of the dif-
ferential geometry which connects the
grobal theory and local properties of
the Riemannian manifold.

Now, in the present paper we shall
clarify the characteristic property of
Lapalcian operated to harmonic tensor
fields, and then reproduce some of
Bochner’s results with some modifica-
tions and supplements. Using these
results we shall give new viewpoints
on T.Y.Thomas’ theory on metric tensors,
(61, [7]. By the treatment, we can
also show an importent meaning of so
called “index”, defined by T.Y.Thomas.

1. Definitions.

7t be a compact or non-compact
orientable Riemannian manifold with
positive definite fundamental quadratic
differential form

ds? = 3’*(“ dx* dx,

We assume that //T and j,\(u belong to
differentisble class u and u-l (u 2 3),
respectively. We consider, on 7C ,

the harmonic tensor fields with class

uz2s
§a, @y = gld -~uP] s -

(DB, ﬂi( DA

k=)
(D ‘g)a,u--d,,_, = ‘5*'-"-°‘r--’\5r‘3)r =0,

A
dll."’“‘pN;d’!:o J)

where “ ; ” denotes the covariant dif-
ferentiation,

Definition.- A tensor qu -ty on
is celled a restrained tensor, if

either
A¢(L) <0
at some point P, in N , or
CP(..E)= conste.
throughout m » Where

¢= Tq,w.aP Tt’r--*ﬁ’ g ‘("....gvrl’r

and

A 4= e ¢;A;|-

Lemmas .
I. If Mt is compact, tensor field

is restrained, [1] .

II. A covariant constant tensor
field 1s always restrained,

Defining the Laplacien for any skew
symetric tensor fleld as follow:

Agd,..--a’,'—: ..-u ;\,[‘«j}(“

we obtein the expreseion.

nE, =t

e
(j<w % S A

oo
( 0F R Bt 3y -y
+ (-0 (D*D"DD*)gq..u.«P y
1P
where 2, means the summation over
all combination (3,k) ordered by j < X,
and {
x d
Rrvw TD—;‘-; ?‘57 { }dt»t } } y
R R ry)\ 5 RAFHO =3 R dyw ,
R _ >-ol
’2“(“ = g ’f\)a{r .

In culculation we have used the for-
mulae:

Ad...e{r;x;r A"‘. % ;‘“l
= ‘:Z: Q dg > Ad-"' Ao dygy - Sp 5
PP Ao — _p*
R —R gl = Ry,

Especlally, 1f -f oty is harmonic,

then (1.1) becomes
Ak
phad 4 i'k X
— QD)) I .

+ i(—n" 2
< R d,,eg,\.,,,“.,;"..., dP R
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Introducing the notatlons:

%-q i ol,ﬁ.w "ffr ;;(3_;1 ) ,
(‘“ 5) v C‘Pr?(;. (gpj j ?

R L PL
Edi"dr;dPﬂ’?fl" ‘FP:’(BP" 3 f’j [Pj‘ el
7
=(&.7),
one can easlly obtain the formula:

() Fap=(ak £) (£ E)

whers
¢=(85E) .

If 5 is restrsined, then

L5 LH¢Z20 — aAp=0,

where % means that the strict in-
equality hold at least a point in

the concerning domaln, and the condi-
tion

(1-6) (NEE) 20

is sufficient for (1.5). Now, fol-
lowing [1]1, [2) and [3] , we shall
investigate tre quantity appeared in
the right hand member in (1.6},

from (1.2) we obtain

i ey dp pyw
1) (AR E _‘f .
(i 1) kA&’)")K“ 20}'}}{11/‘05 5 %, Q}ag
where

cp Hopono = (p-1) R oo

-+ 2’— (R/‘Vj(‘“” "'R)w?rl/ * j)l,R[.;j;th.)‘

2. Pundamental Theorem,
Now; we can conclude imediately

Theorem l. For any non zero tensor
g*f: E¥or g7, 1f the conditions

(gn H»‘f‘vw F’)rg‘,w % (0] for I<’P§'n.,
2.0 “
‘ R,\{u £k % 0 for p=ti

hold on ¥ , there exist no restralned
harmonic p-flelds.

Theorem 2, For any non zero tensor
g*r:: gWPtior gr , If the conditions

M prws
G”H’T‘NJE E f 0
R,\{\‘EA&'H 20 for p=1

hold on NT , there exists no restrained
p=fleld such that

for Icpim,
(2.2)

= F
(2.3) g"‘r“ D‘P;'*pu = S % s Apn
Proof, We use (l.l). If we had
(2.3), then D*( =0 , and

A3 d')-rl

(DE ),y =0 (p0E,.

(D*D—DD*)g,,'._.,,P=(-|)P(Fﬂ)Agd'...a(r
7
S AAEE)=(pr)(AE,E) '
2 Afedydp, pw
- th)r‘wg ‘Pg "';"‘1,
g)(«’mdpfyw ’

a3 .-~ d,, .

2 A58 = £ Ha

Hence, from (1.4), we can conclude the
theorem, as theorem 1.

For p=l, (2.3) 1s reduced to

g’*;‘r\ + ‘5('*;?* =0,

therefore, as Bochner has shown, we
have

Corollary l. For any vector Z;* »

if the condition
Ap™
R,r‘«‘i E" 20

holds, }7C can not admit the restrained
one parameter group of motion, 1] . .

Definition. In the domain ,% , for
any non zero tensor fleld g7(= X{*7? or

E™, if the condition (2.2) holds,

then we say that SHrpvew or

has the positive c(opndirt‘;,ion in V"-R',Yu
and if (2.1), then negative condition.
If at least one of them holds, then we
say that they have definite condition.

Theorem 3, On /T , if (P,H,\(uuu
(for 1<p<n) or R n (for p=1) has the
definite,condition,(there exists no
harmonic field such that

(2.4 AE,,,_._O,P;O ,

Proof. If harmonic field &, .
has the condition (2.4), then

(AE,5) =0,
which implies

(e Ay g VO _
(P)H E’(‘d Pg dp =0

Ve L4
{

“op

re M
R,rl;’ £EC=0

If ()HAﬂlw and R%N- have the defi-
nite condition, we have

gd, .-.,(P":O 5



which proves the theorem.

Remark., In thils statement we have
not concerned the condition that the
rfields E’s are restrained. But, if
£’s are restralned, then evldently

) AE,

o =0z Em--a =0.

f)‘fl

Therefore, Theorem 3 shows the condition
for the non existence of covariant con-
stant p~field.

Iwamoto [5] has studied the differ-
ential form

£ ox™--
cap

2w,

ot
2P (peform)
whose coefflcients are covarlantly con-
stant. These forms constitute an im-
portant class of p-forms which are in-
variant by the group of holonomy.

Now, 1f gd,-« 0 =0, then evidently
58, o 18 restreined, and therefore
we have {(X), Hence, we can rewrite the
Theorer 3 as follows:

Theorem 3". on M » 1f  pHiu
(for [<p&mn)or R, (for p-l)have the
definite condition, there exlsts no
no p-form which 1s invariant by the
group of holeaomy.

Now, we shall proceed to some spe-
:1al cases, which are locally confor-
mally flat, of constant curvature and
Einstein space. First we take the
case where the space is locally con-
formally flat, that 1s

R {.gw (r‘)nwgw P*wg ”"2‘(\“ w‘“g(‘mk v)

R o ~
+ (m—l](’)l-_’:’,) ( j{av%m 3[»4.,) (S 14 ) -

n thls case, we have
(f‘)H(uyw

'::".,"?" » /;jvl\{ 'sz(uu ‘R,\wj(w *gmﬂrfg»wﬂr")

; (PR p
Vim-m=. 1)(}Adjﬁw _ﬁfwjfw>ﬂ

z\(-( vur
Kf’) P)\(nuw 2 g Ny
-__1,./1 "’7'7)}2)7‘? é-(o(

2(')1-2!’)

20p-1) R £ g"f‘

* tn-r3m=2) ¢
20-0 R *t“
('71 -1} (n-2) > E ‘L;

>l ﬁ
PRt

From this last expression, we can
conclude thet, if n2 2p, the positive
condltion or negative conditions of

®H ruvew reduce to those of R,(t
Thus we have

Theorem 4, On a locally conformally
flav 777 , there can not exists

(1) the restrained p-field (p<n/2),
if R e have the negative condition}

(2) the restrained p-field (p% n/@)
which satisfies the condition (2.3), if
R,TAhave the positive condition;

(3) tne harmonic p-field (p£n/2) .
which satisfies the condition (2.4), if

c‘have the definite condition.

Next, we shall proceed to the case
of constent curvature space, which is
characterized by the condition

R = =i (8 S a3y ) -

Tn this case, we have

H -_(W—P)R

(p> Vapuow = -1y (?N'j{uw _j»w,?("”)-

2(7%-p) ,\(«
o K&

e §TE =

From the last expression we can con-
clude that the positive or negative
conditions of {ﬁHArﬂiw reduce to
those of R, and therefore we have the
Followings

Theorem 5. On a space of locally
constant curvature 77¢ , there can not
exist

restrained hermonic p-field,
1

{2} the vestrained p=fleld which
gatisfies the condition (2.3), 1f
R%%

o

) the
0, {2

IS
)
3 e
KH

(3) the harmonic p-field which sa-
tisfies (2.4), if H%.O or R§ 0.

On the other hand, we have brcader
case which contains conformally flat
spaces and spaces of constant curva-
ture, that ia Eilnstein spaces which are
charaecterized by the condition

R,\r = %Rg»(u s

In this case, the definite conditions
on RAr,will be reduced to the condi-
ticens on R, therefore we have

Theorem 6., On a locally Einstein
7IT 5 there can not exist

(1) the restrained harmonic 1l-field,
ifl¥§0 %
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(2) the restrained l-fleld which sa-
tisfles the condition (2.3), if

it%o 3

(3) the harmonic l-field which sa-
tisfies the condition (2.4),
if RgO or R§O .

Now, from the Theorem 3’, we can con-
¢lude the

Corollary 1. If 7T 1s a space of
locally constant curvature, there can
not exist the covariant constant p-
field, in other words, on such a space

Nt , there is no p-form which is in-
variant by group of holonomy.

3, Estimation of Betti-numbers of
the compact Riemannian manifold.

In case where 71T 1s compact, by
means of Hodge-de Rham’s isomorphy
theorem between harmonic 1ntegrals and
Betti-numbers, we can use the Theorem
1 for estimation of the Betti-numbers
of manifold 77t . (see [2] ), that is

Theorem 5. On a compact 7T , if
(PH;F'” has the negative condition,
B, =0

where Bp 'denotes the p-th Betti-num-
bers of NT , and if R, . has the ne-
gative condition, ¢

Bi = Bln—1 =0
Corollary 1.

mally flat NC
tive condition,

By

Corollary 2. On NC or locally con-
stant curvature, 1if RS 0, then

(rep<mj,

On a locally confor-
s 1f R’T‘ has the nega-

=0 o< b <M,

’

P:U B 0<P<’Yl.
Corollary 3, On a locally Einstein
space Mt , if R%O, then

B=o0 .

Theorem 6. If a compact N{ 1is sim-
ply connected, then there can not exist
any parallel vector field, [8] .,

Proof. Let 7(,(7) be the fundamental
group (Poincare group) of 7€ , and C
be its’' commutator subgroup. We have a
well known relation

w4 = Bom)
where [B,(71t) denotes the l-dimension-

al integral homology group of MT .

If 77; =0 (simply connected), then we
have B =0 ‘also, and therefore we can
‘not have any harmonic one-field on 77¢
On the other hand, the parallel vector
fleld 1s also harmonic. Thus, we can
conclude the result.,

Now, we can generalize Theorem 6 as
follows:

Theorem 7. Let (7 )ve k-th homo-

topy group of Nt Ir
(3.0) Te(M)=0 for

then there can not exist any harnonic
field of k-th order (1£kg¢p). And then,
there can exist no ‘& (J<k<p)—. form
which is invarlant by group of holonomy.

1Sk <P

Proof. t B, be k-th integral
homology groups on Mmt . Being 7, =

z_;—o we have, by Hurewicz’s theo-
rem,

Ty = By
Therefore, (3.1) implies

B,=0 for  ISkSP

and

Bk=0 {‘" léksﬁ-
On the other hand, since the covariant

constant tensor field is also harmonic,
under the condition (3.Z7) there exists

no 'k (1£k$p)- form which is invariant
by group of holonomy.

Remark. e could easily reproduce
all the Bochner’s results in [2] [3],
but we have only stated the main part,
and we investigate some other topics.
They may be considered as the applica-
tions of Bochner’s estimation theorem,
and one can recognize the importance
of this method, by those examples.

Now, we shall draw our attention to
the important fact that for any harmonic
tensor flelds A&,,...«, does not vanish,
and this relation contains R
itself and local curvature quantities
of Mt , but not contain its own deriva-
tives. This is a very simple fact, but
is an important property of harmonic

tensors. Our present method 1s based
just on this property.
4, Metric tensors in T . [6] ,
[71 .
Let the symmetric tensor T,.. of

order two be a solution of the differen-
tial equations

0D T/\(u; a =0.

We call it the metric tensor on 71T .
Index I of MT denotes the maximal num-
bers of the metric tensors of 77 which
are algebraically independent with con-
stant real coefficlents. Let Iy be
the maximal number of metric tensors
which have the rank p and essentially
differ from each other, i.,e. none of
them is constant multiple of any other.



Thus
(4.2) > I, =1

Existence of a metric tensor with
rank p 1s equivalent to existence of
parallel vector filelds Vy and Va-p which
are perpendicular to each other., There=~
fore, we remark that

(4.3) ==IﬁP
>
Normalizing the basis gy - gr of
Vy , we consider the current Pliicker
coordinates
g‘a. """ ‘glgp
T[d‘«-~~-'P= |
g?d'-- B e IS

then we have
T(d ~~~~~ A = T((d.-nn o

1

P

““ll"‘“ dP:P =

thus Theorem 3 implies

Theorem 8., On m s A l’.},H}rvw
(for 1<p¢n) or R)f‘(for p=1) has the
definite conditilon,

IFZO for o< p<m

Now, we consider the compact case.
Let Bp be .the Betti-number of W7 and
B/, vbe the maximal number of linearly
independent covariant constant skew
symmetric covariant tensor fields which
is meximal number of linearly indepen-
dent differential forms, invariant by
group of holonomy of this space. Then,
we can conclude the

Theorem 9. On a compact 27 , we
have

BP 2 B} ZIPA fer m>pro,

Corollary 1. On a compact T , if

Mym)=0 for | $h<p
then
I,=0 for [ SA<Sp
Corollary 2. On a compact /T , if
B,=0 for ol pin,

then there can not exist any metric
tensor which essentially differs from
the fundamental tensor of #F

Theorem 10. On a compact WL (con-
nected), we have

Po=B,=I,=I,=B,=8,=.1

Proof., We have Iimmediately B,=B,=1,
and, on the other hand, I —1"21, for
fundamental tensor 1tself is metric
tensor in our sense.

T'neorem 11. On any 7T , Bn/r "B ’
= I,,=1] and especially, if a com-
gact Wf is simply connected, then we
ave

ﬁmfl = Bnl:: I'x—q = I,

Proofse Ta,iicpmy = Tlay-..omy] 8re
always simple. Therefore, if
Tarpa;a=0, then their bases span the
parallel vector space. Thus we can
conclude the first half of the theorem.,
The second half can be directly conclu-
ded from Theorem 9, corollary l.

Theorem 12. If we have B; Z 1 for
some p, and
- e Ajeeee
TM=ENﬂNdw' mg¢¢?¢’

l

Ramk (Tus)=g* 2 ,

then
IL Z_i.

Remark. If 7T 1s compact or @n
general 7T has a sulitable boundary
condition, then we can characterlze the
metric tensors as the solutlons of the
differential equation

T/\[“ =0 -
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Addendum.

The Thneorem 5 is essent ¢+, «denti-
cal Prof, A, Lichnerowilcz’. result
[Courbure et nombre de Bettli ¢ une va-
riete riemanniene compacte, C.R. Paris
226 (1948) pp. 1678-1680].
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