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I. Uniform Convergence of Convoluted
Functions. Assume that £(x) = £(x)
is a non-negative, bounded function in
(00, 00) and the Lebesgue integral
JZ Fexidx =1 exists, then it may
be easily seen that

00
Funi ) = [ Fu (x=t) ()t
= [T fex-vf (0rdt (1)
(n =11 2, )
are all bounded, non-negative functions
throughout (-oco, oo) and
ST feoodx =1 (n=1,2,--) (L2)

the integrations being suprosed as
Lebesgue's. In this case, since f,, (x)
(n=1,2,---)  are all bounded, we may
denote by M, the maximum of £, (x)
in (-o0, o) and assume that for any
positive number K there exists a po-
sitive quantity 4 such that in the
interval -X < x< K almost everywhere
fix) =& . Then we shall prove in

this paragraph that the uence {{,(x)}
verges to zero uniior N
From the relation
My~ fupix) = f.:: M, FlE) ot =
= fox-t) FLEddL

= [T (Ma-flt-t) fi02t

it follows that M, zM,z -- >0
ard therefore
lim M, =M (1,3)
n->00

exists and is finite.

Suppose now M. #O and determine
for a given positive sequence {&,.%
converging to zero such a number %, .,
as

Masg = Frat (Bnss ) < Enng (1,4

Then, denoting by S»  the measurable
:;t of x which satisfies the rela-~
on

Muts = Fu Chrg —20 2 B so (1,9

apd by the complement of 5, in
(=, w,S)‘W , we find f(x) @and

Fu UBm+i — %) fexy are all integrable
on 5, and 5, . Now determining
an infeger ;™ such that for = >,

&
z > Ent1
for an arbitrary s)ositive quantity ¢
»

according to (1,5), (1,2) and (1,4)
we have

£ Enst Mt — fasg (Bnas)
= [T Masy foo dx- ,_f:;‘,(i,,.,-x)fwdx
= ::.{ Mn-n - fn (.;'nﬂ "x)k 'F(X)dx

=f,s {Myys - £, G -x)} Feerdrxt
+Je A My = £ (a0} 02 dx
4 Is,. foodx + Igw{Mn -
= fw (;n+) —JL) } ‘f (x) dx

whenever 1« > n; , and by (1,3) we
ve

may ha
0% fy By ~X) < M+ 5

if n is larger than a fixed integer
Ns Consequently we have for

m> Max <N1; N).)
oz%jsn f(x)dx+_{:§‘.(M—M~{_){(x)dx—

o0
o — £
2 fs__f"‘)dx'zif,wf“’dx z

IR &R N

=Y Ss”-g(x)alx -¢,
so it follows that

Lim y&v fxrdx = o, (1,6

nIy0
By the supposition upon )C(x)
there exists for a given positive number
a positive quantity £ such that
the set
E{x; fax)<®, Ixi<K}
has measure zero. Hence, putting
U.(K) ;5""(‘”&1{) , we obtain
x 2 dx 2 K,
{,j( ydx _Lw({s x 2k m(U, (X))

where m (U, (K)) means the measure
of U, (K) . ‘Then by (1,6)

lim m (U, () =0,
naroo

- &S =



which implies
lim m (5, x)< =
Am, ™ (S p (1) <X0) = 2K
. ",
K being arbitrary, it follows

“1;:) Wt(s.n)::oo, (I,'7).

Besides, it holds obviously
L= [ £, Gayy =200 dx
2[5 fx Guar -2) dx ZMp-3Im(E)

M ——
2 Fm (S.)

e X33
because for all ¢ in §

Mnﬂ - fncin-ﬂ -x) <% .

(1,8) gives a contradiction to (I,7),

so far as M #o0 . It must be M =0
and hence the sequence {4 (x)} con-

verges to zero uniformly. ™

II, If the function, given in X.,
is differentiable throughout (-oo, o)
appkliying Lagrange's mean~value theorem,
we have

’
flz -2 = f(z) -x§(z-0x), o<o<l
In this case, using the result o;‘

the prevlous paragraph, the author will
verify in the following that

lim 6z, =o )
x> %00
on condition that
f_:xfcx) dx:o) (x,3,8)
fi [fo $a-= ax =[2 $a-0dx,
x,3,b)
f,; f::ec f(z~x)dx-)"'acf’:z-x; ax,
om0
& 2o fea-xdxn [ 2o iz -2e) X
dzs Lw Ln ".(‘E, 3 d) .

From the equality (II,1), we see
Ix§'(z-8)| % fua+ Fz-x),

poth f(2) and f(z-X) being
bounded for all 2’2 1in (-o0 6 o0) ,
80 that x{/(z-@x) must also be
bounded.

Fron (I1I,3,b), we have

.;:.: f’(z—x)dx =O/ (‘]Il4') .

and from (II,3,a) and (II,3,d)

A e
120 xftz-x) dx =f_zrx{»(z-x) dx =0
= -oo‘ (]1, 5)

Then subject to (II,4) and (II,5) it
results

o= LZ £hz-5) Ax=[xf’cz—X)]_°:,+
+ 7 x§z-x)dx

= [x$'z-20]7,

Here we can see easily that

Sr xfliz-x) =0, (x,6)
Next let us suppose that
lim 6(z,x) 23>0, (m,7)

Xd>o0

which, in accordance with (II,6), gives

. /
lim xfiz-0x)=0.
XD>o0
Then, for an arbitrary positive quantity
€ 'we can find a positive number G
sueh that

|xfz-0)) < .%

whenever > > @ . So it follows that
1% §'cz-6x) §,0) x|
=157 % £z-0) £, 00 dx]
+15g x §7z-05) £ cx) dx|
2] (Fx§/(2-0%0 £, o dix| +
+% f: F 00 dx
£|§8x fz-8%) fux0 dx| + -g-
And since Xf(Zz-63%) 1is bounded for
all values 2, 2 in (-0 ,00) and

Fu () tends to zero uniformly,
it becomes for sufficiently large

]f:;cf‘cz—ex) fudx| <&

hence we can determine an integer Ny
such that for 7 >Ny

| (7% fez-0:0) £, ) d | <% @y
By the formula (II,1) we obtain
fop ) = Lo Fut2) f(2-20 dx +
2 $02) = (2020} F (0dx
< f_‘; falx) fl2-x) da + f(x) -
- [Px -0 ) fn 00 dx

and since +n(X) tends to zero uni-
formly we can determine an integer N
such that ior ‘"'>Nz

0% foo0 5 §
nence it follows that
7, 00 Fz=x) dx
oo E
= %J‘w fz-x)dx= 3
Finally by (II,8) we have
[f=) - fan (22
S fal2) Fz-20 dx
= I
+‘f:°xf’(z~ex)f,,(x)a(x./

(D:,g)

on

=% 428
=3+ €



for m> max(Ny,N;) . £ being
arbitrary, this asserts that for all
values Z in (-98,00), Mm fuz)=f@),
which gives a contradiction because
lim fc2) =0 whereas f(z) is
being assumed as almost everywhere
positive in every finite interval.
Therefore it must be Iim g(z,x)=0.
%900

Similarly we may show that
lim f(z,x) =0,
K p =00
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(1) The same property of convergen:e
has been deuonstrated for an
important sequence of unimodal
distribution densities, by T.
Kawata (The Characteristic Func~
tion of a Probability Distribu-
tion, TOhoku M.J. (1941) p.255).

(2) On lim 8(z,x), Cf. : Rothe, Zum
Mittelwertdatze der Differential-
rechnungen, Math. Zeitsch. Bd.®
(1921); also see Y.Kinockuniya,
Middle Position, Mem. Muroran
Coll. Tch. Vol.f, No.l (1950).
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