SOME CANONICAT, CONFGRMAL MAPS AND REPRESENTATIGNS

By Mitsuru QZAVWA.

{Comrunicated by Y. Komatu)

A, Mori {1] proved the existence of
the function «2(2;%2,,%) , satis-
fying the following conditions. Let T
pe an N -piy connected domain on % -
plane, whose boundary [* consists of
eJordan curves I «p <1, 2, ., m) .
For a fizxed point & on I” and 2,
in D

(1) €Lz,1, 50, Q'z,;2,,8)=1.
(11) L2655 2,5y =00;

(111) £dz5z,, §) maps D con-
formally onto tne whole _ -plane cut
along an "infinite resdial slit" and
(M - 1) n"finite raalal slits",

These terminologies are defined as
follows:

(a) infinite radial slit: it arri-

ves at the infinity from the finite
oint along a radial rectilinear line.
%b) zero radial slit: it arrives at
the origin from a finite point aiong a
radial rectilinear line. (c) infinite-~
zero radlal slits it arrives at the
origin from the infinity along a radial
rectilinear line. (d) finite radial
31lits it is a radial slit, different
from the ones defined above.

Recently in the theory of functions,
especislly, in the theory of conformal
mapping the so-called "kernel function®

2.t*) , which has been intro-
duced by Bergman and made use of by
many authors, namely, Garabedian, Nehari
Schiffer, ete., to the research of con-
formal mapping, plays an important and
frultful role, They attempted to ex-
press the several domain functions by
kernel function. Following these pro-~
grams, we shall here attempt to con-
struct an expression of ) and of re-
lated functions by means of kernel
function. We omit the precise defini-
tions and terminologies, but shall fol-
low to the Nehari's paper (1] .

Now we assume that in the neighbor-
hood of the poimt =Z =3 , [T has
the tangent everywhere.

Case (a). In the first place we
treat the case o T #% o0 , where «iC
is defined in the followlng manner.

At the boundary element Z = ¢ which
corresponds to AL = oo , two boundary
curves (one starts from 2z =2 and the
ot(her ends to =% ) make the angle
0 .

In this case, in the neighboring
point of Z =& , Q.1;7,.5) is
almost equal to ¢ /(z - )= s
and hence £12:2..5)/40(2:2,,1) =-2/x(L -}
is asymptoticaily crue at =¢ in

D . Putting

N,y 4,

i Rtz = 2 _1_
b * Nz 11,7« 7g v

then R (2:2,.%) iz reguwe.r in D
and has a single-valued integral in

D , since the total variation of
ang L0 (1, 2,%) along any closed
boundary curve vanishes and the perio-
dleity moduli of -8 t1-12,) and

e (z - V™ cancel eacl other.

On the other hand, if we put
2
T - | Kai)dz, vieD,

t
then from the reproducing property of
tie kernel function we have

¥
© }La'l[(T(z't‘)) J((Z)d.z = f(t)

for any function #()  regular and
of class [, in D and possessing
there a single-valued integral.

We may therefore apply (2), obtaining
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*
ot f(Taun)' 4l oL 2 1
ul{cr Vg skl e
From the definition of L) , if ze[,
Vs

~———dz = Teal B

2
Hence we attain ,
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For a sufficiently small positive
number € , We denote by T, a
path of integration which belongs to
the circular disc {z-3{< £ and ends
to the point ¢ and by [, that
which belongs to the circular disc
12-31< & and starts from the point

¢ ., Moreover we denote D,[lz-3l=¢]

by 1"’6 .

Then we Pave .
[(Tefln. | of-]+]
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Now, we can easlily verify
1 * e
Elﬂ I—‘i‘-'f—)-u ﬁ%&(!ﬁ(g,t‘)] o)
Gt ©F

Hence the left-hand side of this in-
equality tends to zero with € ., On
the other hand, a similar discussion
as the above-mentioned one leads us to
the relation
1 ¥,

gli'll 'ai‘—J :L,(Lg—ldz = -1t T, t7),
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and henze we h%ve
[§4
! ‘ T,ZJJ 47, -
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RAi I
In the expressicno (3) the last terw of
the right-hand side is equal to 0 by
the Cauchy's integral theorem., There.-
fore we obtain

o)

+ y (3l * g +
i) _Z'IJ(T(Z,A")) LY . T, 1% - Testh)
r

Ly * +
- { .2 (de)’,
¢

Neat, the integraiion by parts gives
w3 the relation

& [T (- g
I .1¥ Z-Ly e Lt | ¢ Hf
= [(Tet) l,gml ,&I[lg(,,t),-;“(m 4]

Here we have to remurk that the pe-
riodicity modulus of I5cz-u)/(n-¢ )"

by the rounding of % once along 17
vaniches. Therefore, thae following
expression also remaing true:

W | 2 |
h ?lf'l,(T("**’) (35, & oy s
r:-~.-'. ..i...?.'w._, K 7%y (d *
{ Rg o (t,7%) (dz)",

Thus we cbtain, from (4) and (5), the
des.ired result
1 Yn
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Case (b). We have now to consider
the case AW =o . In tils case,
at the neighboring points of « =g R
the asymptotic relaticn JSL:.g¢ mpx‘-““
holds :;;;)od, and hence et
1

“r

If we put
R(IZ.Z )-."in@_l'.i). ,.__l_. +,L-
B (7N SR AN ) o

R(%iZo, ) nas the same property
ar in the casze (a)., Therefora we miy
discuss by the similar method as in
the above case (a). But no precise
results s~all be able to obtain in
this casc, because the circumstances
of the contact of two curves [G,; arul

i , defined as baefore, may st~
rorgly effect to the discussion. Thare-
fore we scall only represent in the
following form:

Qi L . .
i A R L I
: { T, Az )’_‘}:l(‘!lmﬁ. ,) *g'i

*(A;Tp 0 o) ) :

+ "i‘):“ J{l(T‘ "'t})f"\.'z:”"“

Ramark. The function FONCIEIED
i3 able tu express by tne other dow.in
functionsy Creen function, Hevwaan Jind-
tion and harmoric measiure

We can establish the represencatiocn
of the following three canonical types
cf conformal mepping by meking use of
the Bergman kernel function.

(k) (=51 maps D onto =
schliekt full plane cut along M -2
finite radial slits, an infinite radial
slit and a zero radlal slit.

(3) 2zy 1) maps U onto a
schlicht full plane cut along m-1
finite radial sliits and an infinite~
zero rudial slit, that is, 4§ £2(2)
maps D onto a schlicht parscllel strip
haying M -1 parallel slits.

In each case d2(Fi%, D=0 and

AI.(*L:FE,Q) = o () , and in (4) £e [}

¢ in eI’ v
Pt{qﬁtingz §.1 ¢ I

[OACH % B t %%%% ,

the proof of existence and uniyaeness
is easily obtained from the Mori's
function.

Next, Lf wo put
Qi ze)=%

..Q.(t;r.,x)
£ (22,3

then this function maps D ontec = sch-

licht full plane cut along m finite

radial slits, vhere [)1(z,)=¢ ,
.f).(z,,\-oo and zo, Zoo & D -

(C) Schwarz-Christoffel's formula
for an M -ply connected case.
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