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§0. Introduction.

A submanifold M immersed in a Kaehlerian manifold M is said to be totally
real if each tangent space of M is mapped into the normal space by the almost
complex structure of M (see Chen and Ogiue [3]). Recently, several authors
have studied totally real submanifolds and obtained many interesting results
from many points of view (Abe [1], Chen and Ogiue [3], Houh [5], Kon [9],
Ludden, Okumura and Yano [107, [117, Yano [14], [15] and Yano and Kon [16],
[17] and [18]).

In the present paper, totally real submanifolds of a quaternionic Kaehlerian
manifold will be studied and quaternionic analogues of several properties of those
immersed in a Kaehlerian manifold will be proved. Let (M, g, V) be a quater-
nionic Kaehlerian manifold with quaternionic Kaehlerian structure (g V) and
{F~ , G, J24 } a canonical local basis in a coordinate neighborhood U of M (see §1).
We call a submanifold M immersed in M a totally real sybmanifold if each
tangent space of M is mapped into the normal space by F, G and A (see Ishi-
hara [7]). Recently, Chen and Houh ([2], [6]) have also studied this submanifold
and showed many results. Our main result is stated in the following main
theorem which will be proved in §4.

MAIN THEOREM. Let HP™ be a quaternionic projective space of dimension 4n
and M™ a connected and complete submanifold of dimension n immersed by f: M™
— HP™ Assume M™ is a compact, totally real and minimal submanifold satisfying
the inequality |H|*=(n+1)/2(3n—1) for the square of the length of the second
Sfundamental form H of M™. Then the Riemannian manifold M™ is an n-dimen-
stonal real projective space RP™, and the immersion f: M™ — HP™ being congruent
to the standard immersion i1: RP™ — HP™ or, M™ is the unit sphere S*, f being
congruent to the standard immersion 1o w: S™— HP™, where n. S®™ — RP" is the
natural projection.

In §1, we give briefly definitions and some fundamental results concerning
quaternionic Kaehlerian manifolds. In §2, we prove some pinching theorems for
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the second fundamental forms. In §3, we give an example of totally real sub-
manifolds immersed in a quaternionic space form. In the last section §4, we
give the proof of our main theorem stated above.

Manifolds, mappings and geometric objects under discussion are assumed to
be differentiable and of class C”. Unless stated otherwise, we use the following
conventions of indices: h, 1, =1, -, 4n; a, b, ¢, d: @, b, ¢, d: a*, b*, c*, d*: a*,
b*, ¢*, d*=1, -, n; x=a, a*, a*, y=>b, b*, b*. The summation convention will be
used with respect to these systems of indices.

- The author wishes to express his hearty thanks to Professor S. Ishihara
and his colleague K. Sakamoto who gave him kind encouragement and valuable
suggestions.

§1. Preliminaries.

Let M** be a manifold of dimension 4 and assume that A*® satisfies the
followmg conditions (a) and (b):

(@) M admits a 3-dimensional vector bundle ¥ consisting of tensors of
type (1 1) over M* satisfying the condltlon that in any coordinate neighborhood
U of M** there is a local basis {F G H} of V such that

Fe=Gr=fr=—],
(1.1) N N o
GH=—HAG=F, AF=—FA=G, FG=—GF=1,

where [ is the identity tensor field of type (1, 1) in M*". Such a triplet {£, G, M)
is called a canonical local basis of V in U

(b) There ig a Riemannian metric g in M** such that,Nfor any canonical
local basis {F, G, H} of V in U, the local tensor fields ¥, G and H are almost
Hermitian with respect to g and the equations

V:F= #X)G—q(XH,
(1.2) V. C=—# X F +p0H,
Vell= §X)F-p(X)G

are satisfied for any vector field X in M, ¥ denoting the Riemannian connection
determlned by & where p, § and # are 1-forms defined in U. Such a triplet
(M n g V) is called a quaternionic Kaehlerian manifold with quatermomc Kaeh-
lerian structure (8, V) (see [4]). A quatermomc Kaehlerian manifold (M LA V)
will be sometimes denoted simply by M*".

In a quaternionic Kaehlerian manifold (M‘”‘ 2, V) we take arbltrary inter-
sectmg coordinate neighborhood UJ and [’ and denote by (F, G H} and
{F, G’, A’} canonical local bases of ¥ respectively in U and . Then, taking
account of the condition (a), we have in U~\0"
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F F
(13) G |=G| C |,
" H

where the (3, 3)-matrix Sg,5=(s4), (@, =1, 2, 3) is a function defined in UNU’
and taking values in the special orthogonal group SO(3) of degree 3.

_ When we take an orthonormal basis {e,, -+, en, Fe,, -, Fe,, Gey, -, Gey,
He,, ---, He,} of the tangent space TI(IVI“") at each point x in J, we say such
orthonormal basis a symplectic frame of (1\71 n g 17) at x.

A real space form is a Riemannian space with constant sectional curvature.
Similarly, we give the following concept. If a quaternionic Kaehlerian manifold
M*" has constant Q-sectional curvature ¢, then M*" has the curvature tensor K
of the form

(1.4) KX, V)=
—28(FX, V)F—28(GX, V)G—23(HX, 1T},

X and ¥ being arbitrary~vec~t05 ﬁelst ir~1 Jfl an vzheNreN)? AY is a tensor ﬁe1d~ of

type (1, 1) defined as (X A YZ=8(Y, 2)X—g(X, Z)Y for any vector field Z in

M*" (see [4]). Such an M** is calld a quatermwonic space form and denoted it

by M**(¢). As is well known, each quaternionic projective space HP™ of dimen-

sion 4z is a quaternionic space form with constant Q-sectional curvature 4 by a
suitable normalization.

§2. Totally real submanifolds.

Let (M*, 2 V) be a 4n-dimensional quaternionic Kaehlerian manifold and
M™ a Riemannian manifold of dimension m(m=n) immersed in M* by a iso-
metric immersion f: M™— M, Assume M* is covered by a system of coor-
dinate neighborhoods with canonical local basis of the vector bundle V. For
any point x in M™, we denote by {F, G, A } a canonical local basis in a coor-
dinate neighborhood around f(x). We call M™ a totally real submanifold of M
if M™ satisfies

¢AY) To(M™) L F(T(M™), TA(M™) L GTAM™), To(M™ L H(T(M™)

for any point x in M™, T,(M™) denoting the tangent space to M™ at x and the
symbol | showing to be orthogonal, where T.(M™) is identified with its image
under the differential fix of the isometric immeresion f. This condition is inde-
pendent of choice of canonical local bases because of (1.1).

By a plane section of a differentiable manifold, we mean a 2-dimensional
linear subspace of a tangent space of the differentiable manijold. A plane
section ¢ in M™ is said to be anti-quaternionic if Fg, Go and Ho are respec-



264 SHOICHI FUNABASHI

tively perpendicular to ¢. As a quaternionic analogue of a proposition proved
in [2], we can easily prove

PROPOSITION 2.1. Let (M*", 3, V) be a 4n-dimensional quaternionic Kaehlerian
manifold and M™ an m-dimensional submanifold vmmersed wn M*" (m=n). Then
M™ 1s a totally real submanifold of M*™ 1f and only if every plane section of
M™ 1s anti-quaternionic.

Let M*(¢) be a 4n-dimensional quaternionic space form and M™ an n-dimen-
sional totally real minimal submanifold of M‘”‘(c) We now take a local fields of
symplectic frame {e, -+, en; e1=Fe,, -+, ex=Fe,; ep= Gel, . e,,*—Gen ; ep=
He,, -, ew=He,} such that ey, ++, e, are tangent to M™ and ey, -+, ey normal

to M*. We denote respectively by ¥ and V the Riemannian connection on
M**(¢) and the connection induced on T(M™)PN(M™). Where T(M™) and N(M™)
are the tangent bundle and the normal bundle of M™ respectively. When we
restrict V to T(M™), the connection V coincides with the Riemannian connection
on M™ Then the Gauss-Weingarten formulas are given by

2.2) veceb—veceb+ Z(ch eg+He,* ea‘—'—cha—‘eE") ’

(23) Veceb_:—’AFec"l'DeceF; Veceb*z_Ab*ec+Deceb' »
ﬁece‘b—': — AZT'ec_I_ Decelﬁ s
where He., er)= 3\ (H%z+ He* eqet+Hey % ez:) for the second fundamental form H

of M™ Furthermore g is the metric induced in M™ and Az is a local field of
symmetric linear transformation of the tangent space of M™ defined by g(A7 X, Y)
=4(H(X, Y), e5) for any tangent vectors X and Y and so on. And then D is
the connection induced in the normal bundle N(M™). Taking account of (1.2) and

(2.2), we have

(2.4) Are,=XHulez, Apec=XHp%e,, Are,=3Hy" ez
because of (2.3), or equivalently

(2.5) Hz=Hyz=H..5, Hopo=Hyo=Hearr, Hpz=Hpz=Hecur .

Let K and K be the curvature tensors of M**(¢) and M™ respectively. Then
the structure equation of Gauss is given by

(26) Kicwa= % (5daacb—5dbaca)+ ezl(Hda'e_che—-l'Hdae‘che‘ +Hdaézch5

—HypzeHeow Hdbe cae‘_Hdbe_‘HcaE—‘) »

where Kiupo=g(K(ey, ec)ey, e,) and 04, is the Kronecker delta. Since M™ is
assumed to be minimal, the Ricci tensor S of M™is represented by the following
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@7 Su= -41—(n—1)aacr(tr As A +tr ApApttr AsAs) |

where S;=S(e., ). Thus, for the scalar curvature p of M", we have
1 o

(2.8) p=—4—n(n—1)c— IH|?,

|H|* being the square of the length of the second fundamental form H.
Since M ™" is totally real, we have from (1.4)

2.9) R, Y)Zz%(XAY)Z

for any vectors X, Y and Z tangent to M™. ’NI‘ herefore [K(X, Y)Z1¥=0, where
the left hand side means the normal parts of K(X, Y)Z. If we put (VH)(e, e., ¢)

=N (VeH %z +VH " eqo+V,H " ez), then we have the following equation of
Codazzi.

(2.10) (NxH)Y, Z)—(NyH)X, Z)=0,

or equivalently

(2-11) VdchE_vcHdezzo » vdchm—vcHdba‘_‘:O » vdebE‘—vcHdb—a‘:O-

Let X and Y be any vectors tangent to M" and £ and 7 any vectors normal
to M™ We denote by K" the curvature tensor of the normal bundle N(M™),
namely, K¥(X, V)=V VpE—VyVxE—Dix, ;. Hence we have the following
equation of Ricci.

(2.12) KY(X, Y, & =KX, Y, & p)+e(A4, A41X), Y),

where KV(X, Y, & 7)=8KY(X, Y)§ n) and [Ae, Ay]=AeAy—AyAe. If we put
KV 5z=K"(eq, ¢, €5, €z), K¥oc5ar=K"(e4, e, €5, €,-) and so on, then we have

K gi5 =5 Guador—Ousde)t 3 (HuiaHoar— o Hact)
K gorar= " Guador—u0ea)+ 3 (HovarHowr— HesarHuar)

@13)  K"ugem—Gusdo—dade)t E (HaHes—HuzHo)
K"s50= 3 (HowHe = HeoaHaat)

n
KNcha_‘: El(HdeE‘Hceb—_HceE‘Hdeb_) »
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n
N — — — —
K debrar— 521 (Hdea‘Hceb‘_Hcea‘Hdeb') .

Now we dompute the Laplacian of ||H||2. First we notice that M™ is assumed
to be minimal. Using (2.6), (2.7), (2.11), (2.13) and the identities of Ricci for H,
we can obtain the following equation (for detailed calculations, see [2]).

1
(2.14) -Z—AIIHII2=IIVHIIZ+%(n+l)5llHlI2+ Eytr(Asz—AyAx)Z— > (tr Az Ay
Z, z,Y
Consider a (3n, 3n)-matrix (tr A;A,). Then it is a symmetric matrix and it can

be represented by a diagonal matrix for a suitable choice of symplectic frame.
Using this property and the well known inequality (Lemma 1) in [4], we have

(215)  FAIHIPZITHI o+ DEHIP—2 5 (b A(r 49— 5 (o A2

=[VH|*+ %(n+1)5IIHlIZ—2(3n— DX {(tr Az%)°

+(tr Ag)*+(tr Az?)?}
+ :2_;) {(tr Az?—tr Az?)*+(tr A —tr A2+ (tr Az2—tr A%}

+ ZI)’ {(tr Az2—tr A,2)%+(tr Az2—tr Az®)?*4-(tr A2 —tr A%

1
> J X —_ 2 2
={4 (n+1)¢—2@n—1)|H| }]]H[[ .
Using this inequality and a well known theorem of E. Hopf, we obtain

THEOREM 2.2. Let M @) (>0) be a 4n-dimensional quaternionic space form
and M™ a compact totally real mimimal submanifold of dimension n immersed in
M &), If the second fundamental form H of M™ satisfies the inequality |H|?
<(n+1)&/83n—1), then M™ is totally geodesic and of constant curvature &/4.

Next we assume that M™ is an Einstein space. Then the scalar curvature
o is constant. Thus |H|* is also constant because of (2.8). Furthermore, we
have the following (see Lemma 2 in [2]);

| H]*
(2.16) tr Az2+tr A2 +tr Azl= -
Therefore, rewriting the inequality (2.15), we have

(2.17) %AIIHHZ:OE IVH|*+ %(n-l—l)c”llHIIZ— (tr Ag?+tr Ayl +tr Az)?

—6(n—1) ; {ttr Azg»2+(tr Ag2)*+(tr Az:2)?}
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+a§b {(tr Az>—tr Az?)?+(tr A 2—tr Ap2)2+(tr Agl—tr A=%)?
+(tr Az?—tr Ap?)?+(tr Az%—tr Az®)?+(tr A,.2—tr Az%)?}

6n—5
n

2 { o= 22 e}y,

Thus we have

THEOREM 2.3. Let M m(ENE>0) be a 4dn-dimensional quaterimionic space form
alzd M™ an Einstewn totally real minimal submanifold of dimension n immersed n
M*™¢). If the second fundamental form H satisfies the wequality |H|>*<n(n-+1)
&/46n—5), then M™ is totally geodesic and of constant curvature /4.

§3. Standard totally real submanifolds.

In this section, we give an example of totally real submanifolds of a qua-
ternionic projective space HP". Let S*"*® be the unit sphere of dimension 4n-+3
in a (4n+4)-dimensional Euclidian space R***¢. We denote by {I, ], K} the
standard quaternionic structure given in R*"** by

0 —E: C—E 0
0 0 :
E 0 i 0 —E
(3~1) I= ) ]: """" »
0 E E 0
0 0
—E 0 0 E
0 E
0
—-E 0
K= : ,
0 E"
: 0
—E 0.

E being the unit matrix of degree n+1. For simplicity, we dsnote coordinates
of a point or components of a vector in R*"** by (x, y, z, w), where x=(x7, -+, x"),
y=(@°, -+, y"), z=(2°, ---, z") and w=W", ---, w"). We denote simply by N=
(x, , z, w) the outer normal vector of S****® at each point (x, y, z, w)eS*"*%
Let 7,: S**** — R*"*¢ be the natural isometric imbedding. Then a triple {£, », {}
of vectors defined by IN=1,&, I[N=1,7 and KN=i,{ form a Sasakian 3-structure
on S*"*% where 1, is the differential of 1, (see [8], and [13]). Let g be the
induced metric on S**** and V a Riemannian connection on S***?® with respect
to g. We now put p=V§, ¢=Vy and §=VC.

Consider the well known Hopf fibration #: S*"*®* — HP™ over the quater-
nionic projective space HP™. Then the Riemanniarl metric g of HP™ is inducgd
by #(X, V). #=g(Xt, VL) for any vector fields X and ¥ tangent to HP", X
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being the unique horizontal lift of X. Then # is a Riemannian submersion (see
[81], [12]) and # gives arise a quatermomc Kaehlerian structure of HP™ for Whlch
each canomcal local ba51s {F, G H} of HP™ is glven by FX_n*(goX ) GX=
n*(¢X") and HX=r«(6X%) for any vector field X tangent to HP™ (see [8]). As
stated in § 1, HP™ is a quaternionic space form of constant Q-sectional curvature 4.

Let i be the natural isometric immersion of the n-dimensional unit sphere S™
into S*"*** given by i(x)=(x, 0, 0, 0)=S***® for any point xS". Then i is totally
geodesic. We denote by T.(S™) the tangent space to S™ at a point x in S™ and
by ix the differential of the immersion i. Then iw(T,(S™)) is a linear subspace
of the horizontal space at i(x) in S***3, because any element (u, 0, 0, 0)=T,(S")
at i(x)=(x, 0, 0, 0) is trivially orthogonal to £§=(0, x, 0, 0), »=(0, 0, x, 0) and {=
0,0, 0, x) at i(x). With respect to the quaternionic structure of R*"** restricted
to S***2, we see that T,(S™) L I(T2(S™)), T=(S™) LJ(T=(S™)) and T.(S") L K(T»(S™))
and that each of T,(S™), I(T.(S™), J(T.(S™) and K(T,(S™) is contained in the
horizontal space at i(x) in S***® for any point x in S®, where we have identified
T,(S™) with its image by ix.

Let = : S® — RP™ be the natural projection of S™ onto the n-dimensional real
projective space RP™. Then, it is easily see that = coincides with the restriction
#|S™ of # to S™. Let us now define the natural isometric immersion 1: RP" —
HP™ by i(x)=(x, 0, 0, 0) in terms of homogeneous coordinates. Then 1 is also a
totally geodesic immersion. We see easily that RP™ is totally real and totally
geodesic as a submanifold of constant curvature 1 immersed in HP™ Similarly,
a real projective space RP™ of dimension m (m=n) is connected and complete
and that it is a totally real and totally geodesic submanifold of constant sec-
tional curvature 1 immersed naturally in HP™. We call such a RP™ the standard
totally real submanifold of HP™ and its immersion, i. e., the standard wmmersion
by 1: RP™— HP™,

§4. Proof of the main theorem.

In this section, we discuss a rigidity of totally real submanifolds immersed
in a quaternionic projective space HP™ and give a proof of our main theorem
stated in §0.

Let M™ be a connected and complete submanifold of dimension n immersed
in HP™ by f: M™— HP™ Denote by M" the universal covering manifold of
M™ and by #:M™— M™ the covering projection. Assume M™" is totally real and
totally geodesic. By (2.6), M™ is a real space form of constant curvature 1 and
hence M™ is so. Then, as is well known, M™ is the unit sphere S®. Let #:S4"+3
— HP™ be the Hopf fibration and i: S® — S***® the natural isometric immersion
stated in §3. Consider a composite mapping @=%o1: S®* — HP™ which is an
immersion. Then, as is well known, HP™ is frame homogeneous in the sense of
quaternionic geometry, that is, for any two points p and ¢ of HP™", there exists
an automorphism ¥ : HP® — HP™ such that ¥ (p)=q and the differential ¥y of
¥ maps an arbitrary given symplectic frame of HP™ at p into another arbitrary
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given symplectic frame of HP™ at gq.

Let x be arbitrary point in S"=M". Take a canonical local basis {F, é, 24}
around the point @(x) and an anothor canonical local basis {£”, GN’ A’} around
the pomt S n(x) We take now an arbitrary symplectic frame {e,, ---, e,, Fe,,

, Fe,, Ge,, - Gen, He,, -, He,} of HP™ at @(x) in such a way that e, -,
ey are tangent to O(S™). We take next an arbitrary symplectic frame {e], ---, e,
Fre, . Fe, G e, -+ G e, e, -, He} of HP™ at feo#(x) in such a way
that ef, ---, e}, are tangent to fo ﬁ(S"). Since HP™ is frame homogeneous in the
sense of quaternionic geometry, there exists an automorphism ¥ of HP™ such
that ¥ o @(x)=f < #(x), Txeo=¢}, VsFe,=F'¢,, UsGe,=G'¢e,, and ¥yHe,=H'e,
which imply that (@ o @)y,=(f ° #)x,. Thus, identifying ¥ - @ with @, we can
assume that f - #(S™) intersects to @(S™) and that at a point of fo #(S")N\@(S™)
the tangent space of M™ immersed in HP™ coincides with that of RP™ imbedded
in HP". Since both M™ and RP™ are complete and totally geodesic in HP™", the
image of S™ by f e # coincides with that of S by @. Therefore, when M™ is
simply connected, M™=S" and f=f#=@. When M" is not simply connected,
M"=RP" and f.#=@. Thus we obtain our main theorem because of Theorem
2.2.

Remark. Let M**¢) be a real 2n-dimensional complex space form of con-
stant holomorphic sectional curvature ¢ and M™ a totally real submanifold of
dimension m (m=n) immersed in M®*@). If M™ is totally geodesic, then M™ is
a real space form of constant curvature &/4 (see [1], [3], [11] and [16]).

Let M™ be a connected and complete submanifold immersed in the complex
projective space CP™ of complex dimension » with constant holomorphic sectional
curvature 4. Assume M™ is totally real and totally (geodesic). Then M™ is
a real space form of constant curvature 1. It is easily verified that the m-
dimensional real projective space RP™ (m=n) is a standard example of such
totally real submanifolds of CP™, which is totally geodesic (c.f. [1]). Therefore,
by the same argument as stated above, we can prove that M™ is congruent to
S™ or RP™ in the sense of Theorem 4.1.
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