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ON THE ORR-SOMMERFELD TYPE EQUATIONS, II
CONNECTION FORMULAS

By ToSHIHIKO NISHIMOTO

§1. Introduction

In the previous paper [3], the author studied the asymptotic properties of
solutions of the fourth order ordinary differential equation of the form

, Ay dy dy _
(1.1) € W—{Pa(% G)W—H)Z(x’ G)W-I'pl(x; e)y} =0

in a certain bounded region Dy :
Dy |xl<M, 0<e<e <1,

where M and ¢, are positive constants, and constructed the asymptotic expansions
of fundamental systems of solutions of (1.1) in several subregions of Dy. The
above equation is one of the generalized form of the Orr-Sommerfeld equation
which appears in the analysis of the stability problems of viscous fluid, and by
this connection we call the equation (1.1) Orr-Sommerfeld type equations.

To understand the asymptotic nature of a solution in the whole region Dy,
we have to obtain the linear relation between two fundamental systems defined
in different subregions of Dj, and this is the purpose of this paper.

We assume throughout this paper the following conditions.

(i) The functions p;(x, ¢) have the asymptotic expansions in power series of
¢ with polynomial coefficients :

(12) P 9= 3 pu@er,  (=12,3)
uniformly in |x| <M.
ii) All of the turning points are simple, that is, the order of zero of the

polynomial p,o(x) are one, and are contained in Dy.
We call the following equation the reduced equation of (1.1):

2
13 Prol) T2+ a2+ (=0

This is obtained from (1.1) by letting ¢ zero.
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In the section 2, we summarlize the results of the previous paper [3] and
especially introduce the notion of the regions of admissibility, which are subre-
gions of Dy containing no turning point in their interiors. For each region of
admissibility, the asymptotic expansion of a fundamental system is constructed
and characterized. In the section 3, we construct a fundamental system of
solutions in the direct neighborhood of a turning point, the so-called inner solu-
tions. In the last section, the connection matrices between two fundamental
systems are considered. There exist five types of the connection and leading
terms of their connection matrices are calculated.

Acknowledgements: The author wishes to express his heartiest thanks to
Professor W. Wasow for his valuable advice and encouragement in the course
of preparing this paper.

§2. Solutions in a region containing no turning poeint.

As in the previous paper [3], the differential equation (1.1) is equivalent to
the vector equation of the form:

@1 L —p(x, oy,
where
i y
ye el Y ,
Vs ¥’
2 ey®
0 € 0 0
0 0 e 0

Pl o= 0 0 1

c

Dilx, €) Do, &) palx, €) O

The regions of admissibility are conveniently introduced by using the notions
of the canonical regions. The notion of the canonical regions was firstly intro-
duced by Evgrafov and Fedoryuk [1] when they established the existence theorem
of the W-K-B approximation of the second order ordinary differential equations.

In the complex x-plane, we plot the turning points which we denote by a,,
d,, ***, . From each turning point a,, we describe the Stokes curves:

Re &(a,, x)——-Reg:k VPl dx=0.

Then the x-plane is divided by these Stokes curves into a finite number of
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simply connected unbounded regions which are called Stokes regions by Wasow
[5]. The canonical region is a union of an appropriate number of adjacent
Stokes regions, which is bounded by the Stokes curves, and contains no turning
point in its interior. The configuration of Stokes curves in the complex x-plane
and the family of canonical regions are all determined by ps(x). Various pro-
perties of the canonical regions or examples are given in [1] and [5].

Let a be one of the turning point. Since the turning point is simple, three
Stokes curves start from a and tend to infinity or another turning point. Let S
be one of these Stokes curves, then there exist at least one canonical regions
C[D] such that the turning point a is on the boundary of C[D] and the Stokes
curve S is going into the interior of C[D].

Now the region of admissibility with respect to {a, S} is the region Dy[x,
a, 7] which is defined in [3], section 4. We denote this region simply by D[S, a]
in this paper. This region is, roughly speaking, obtained by the following
manner (as an example, see Fig. 1).

(1) Let Dy[Cl=DynCLD].

(2) We delete from Dy[C] the neighborhood of a: the domain of influence
Na,

Na={x: |x—a| = Ne?3? 0<e=¢,} (N, constant).

(3) If there exist another turning points on the boundary of C[DJ, their
small neighborhoods of the form {x: |x—a]=p, p const.} are deleted.

Fig. 1.

(4) Lastly, certain neighborhoods of the Stokes curves that bound the ca-
nonical region C[ D] are deleted.

By this construction of the region of admissibility, we proved the following
existence Theorem ([3], Theorem 5.2).

THEOREM 2.1. There exists a fundamental system of solutions Y (x, €) of the
equation (2.1) wn the region Dy[S, a] whose asymptotic expansion has a form
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: O U Ve
P Pa Ux, a) 0
0 1 1 1,
*/Zpso(x) \/Zpao(x)
Y(x, e)~
—Pm(x) — Pao(x) 1_ 3 _ _1_
p30(x) pso(x) \/ 2 ,\/2' )
“hao(x) N 0 Vox, a, ¢
oe)  0() J&;@L \/ psozoo

Here 2 by 2 matrix Uyx, a) 1s a fundamental system of solutions of the reduced
equation (1.3) and V(x, a, €) 1s defined by

2.3) Vo(x, a, e)=r(@)ps(x)” ¢
\/ 30 31( ) z 20
(ool )5 .
z \/-—ao—— 31 P20
0, exo[ {2+ D ) a]

where r(a) 1s some constant, and b is such that p,(b)=+0.

To calculate the connection matrix between two fundamental systems of
solutions defined in different regions of admissibility, we have to characterize
more precisely the matrices Uy(x, a) and V(x, q, €).

(1) Uy(x, a) consists of two linearly independent solutions of (1.3) which
have convergent expressions in a neighborhood of a of the form

y =1+ gdi(x—a)‘,
(2.4)
YO =(x—a)"*{1+ 2} e(x—a)},

where d, and e, are constants.
Here we assume that A is not an integer in spite of the fact that for Orr-
Sommerfeld equation A becomes zero and for its adjoint equation A becomes two.
(2) For Vy(x, a, ¢), the constant r(a) is determined so that at x=a,

?_Pa()
b 2Pae(x)
Such a constant 7(a) can be obtained as follows.
Da0(x)/2D30(x) be of the form

pzo(x)
2pso(x)

7(a) expg dx=(x—a)**{14+-0(x—a)}.

Let the rational function

=g+ 3

(x at) ’
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where A, are constants and ¢(x) is a polynomials. Here we suppose that a=a,
and A,=2/2. Then r(a) is such that

r@=fexp | qdn}-6—ay {1 (-=5-)"

(3) The branch of the function &(q, x)zrx/pso(x) dx is determined in
a
Dy[S, a] by the condition

ImS:«/pso(x)'dpo on S.

We do not specify the branches of other multivalued functions appeared in
Uyx, a) or Vyx, a, ), but are determined appropriately. We denote by
Y{S, a, CLD]} fundamental systems of solutions thus defined to emphasize that
it is characterized by the turning point a, Stokes curve S and the canonical
region C[D].

§3. Solutions in the neighborhood of a turning point.

For each canonical region, there corresponds the region of admissibility where
we constructed the asymptotic expansion of the fundamental system of solutions
of (2.1). Now in this section, we obtain asymptotic solutions of (2.1) in the direct

neighborhood of a turning point.
Let a be one of the turning points. By the stretching and shearing trans-

formations

(€R))

x—a=se%?,
Y=00)W,  2(c)=diag{e"?, &** 1, "%},

the equation (2.1) becomes

dw
3.2) —dg——A(S, aw,
where
0 1 0 0
0 1 0
A(s, &)= ,

0 0 1
Dilx, €)e®? polx, &) palx, €)e™* 0

x=se*3+a.

If we rewrite the functions p;(x, ¢) in prower series of ¢ with coefficients of
polynomials of (x—a) and put x—a=se*? then the matrix A(s, ¢) can be expanded
in power series of ¢/® with polynomial coefficients of s. We construct the solu-
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tions of (3.2) in the form
(3.3) W(s, &)= io Wi(s)e¥'?.

Then each W,(s) must satisfy

34 Lo —agom,
3.4y d;‘s’l — AW+ A(W,,  etc.,
with
o 1 0 0
0 0 10
AO(S): ’
0o 0 0 1
0 on(a) psol(a)s 0
0 0 0 0
0 0 0 0
A= 0 0 0l
n 2
pul@) pu@s LS

The differential system (3.4) is equivalent to the fourth order differential
equation.

d'w , d*w dw | _
(35) b @55+ b))} =0.
If we put
Daola)
= 3 ! 1/3 b 2: 7’
=pu'(@)"'s P (@

then (3.5) becomes

(3.:6) d‘w __{ d*w dw }:0'

dzt z dz? +4 dz
The differential equation (3.6) can be solved easily by the Laplace integral.
Let us define w;(z) by

— l A-2 _._1_ 3
3.7 w (@)= Sc]t exp(zt 3 t)dt,

(=12 --,6)



ORR-SOMMERFELD TYPE EQUATIONS II 239

Where the contour C, are as in the Fig. 2. By the same analyses as for the
well known Airy function, we can calculate their convergent expressions in the
neighborhood of z=0 as well as the asymptotic expansions for large absolute
values of z.

Cs
Gs

Fig. 2.

The asymptotic properties of w,(z) are as follows (for details, see Nishimoto

[4D):

yE2 2 2 8
wl(g):—ﬁz?'%exp{—gz%}{l—lﬂ(z : )}, larg z| <=,

-Am 2 2 3 _3 7
wq(2z)= ;«/7727 'i‘exp{—gzz}{l—l—O(z 2 },%<argz<Tﬂ,

_ T o

3 2
ws(z)z—2%/727"%exp{-§—z%}{1+0(2‘% }, 3 <arg z< 3

( )__em__e_m_p(l_l)zl-l{l-w(g*)} —r<arg z<—7r~
WAE =T o ’ 37
( )—MF(Z~1) 2] 40(zY)}, - <ar z<——57r
Wl = o i SRR
elm_e-lm 2 s T
wy(2)= —— Q=12 {1+0(z")}, — & <arg z<=,

271 3
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The sets of functions {1, we(2), ws(2), wi(2)}, {1, ws(z), ws2), ws(z)} and
{1, w,(2), wi(z), w,(2)} are fundamental systems of solutions of (3.6).
We construct W{(s) from {1, we(2), ws(z), wi(2)} by

1 we wy wy

0
W (s)= ,
wsll w3ll wlfl

0 wé3) wé?,) w ;3)

and analogously W, W from {1, ws(2), wy(2), ws(2)}, {1, wi(2), wi(2), wa(2)}
respectively. Clearly W{(s) (i=1, 2, 3) are fundamental systems of differential
system (3.4). Let IT,, Il, and II, be connection matrices defined by

3.8 WPE=WweI,, WPEO=WPEIl,,
WP =W,

then we have

1 0 1 0 1 0 0 0
0 1 0 o™ 0 w* 0 1
H1: ’ \Hz— ’
0 0 0 —a* 0 0 -1
0 1—w®* 1 —1 0 11— 1 —1
3.9
1 0 0 0
0 1 0 1
II,=
0 0 0 —1
0 1~ 1 —@™

Once the global solutions of the homogeneous equation (3.4) are obtained as
above, the nonhomogeneous equation (3.4)’ can be globally analyzed, and, in
particular, we can obtain the growth order of solutions as s tends to infinity.
By using these results, we can construct, as for more general equation in Nishi-
moto [27], the inner solutions in a certain region of s-plane, which overlaps in
the x-plane with a region of admissibility Dy[S, a] for all sufficiently small e.
We can prove the following theorem as in [2].

THEOREM 3.1. Let ¥® (1=1, 2, 3) be the sectors defined by

ZP: - —g— <arg(ps’(@)’s)<m,
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so: T <arglpi@9<

2P —g<arg(ps’(@)?s)< —g—

Then there exist fundamental systems of solutions W (s, ¢) of the differential
system (3.2) such that W(s, ¢) have the asymptotic expansions in the regions
D[E®, a] depending on ¢ (Fig. 3):

DLED, al={s: |s|=so} {s: s,=|s|<0c™"*, args €D,

(0, positive constant),
such that

WP {E+O0(e)} for |s|=s,

3.10 (s, )=
(310 WG @ {Wé”{E—!—O(sze“a)} for se=<|s|<de-vs,

Fig. 3. D[X®, q]

The region D[XP, a] are neighborhood of x=a in the x-plane which shrink
to a as ¢ tends to zero, but overlap with some Dy[s, a]. We denote the solu-
tion Y(x, e)=2(e)W (s, ¢) of (2.1) by Y{X®, a}.

§4. Connection formulas

In this section, we calculate the leading terms of connection matrices between
two fundamental systems defined in the section 2 and 3. According to Evgrafov
and Fedoryuk [1], it is sufficient if we can obtain the following four types of
connection matrices to know asymptotic behavior of Y {S, a, CLD]} in the region
Dy except neighborhoods of turning points:

<1) Y{S) (12, CED]} = Y[:S; aly C[D]} ‘Ql ’
) Y {S., a,, CLD]} =Y {S,, a;, CLD1} 2,
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where &(a;, x) and &(a,, x) have the same branch in the canonical region C[ D],
(3) Y{S) a; C(Z)ED]}:Y{S) a’ C(l)[D]}‘Qél;
4@ Y{S,, ¢, C®[DI} =Y {S,, a, CP[DI} 2,

(lateral connection matrix).
We add to these the central connection matrix in order to know asymptotic
expansions at turning points

) Y{S, a, C[D}=Y{ZD, a} 4 for some i.

These connection matrices do not depend on x but may depend on e. The
lateral connection matrices are determined after the calculation of the central
connection matrices.

Let the 2 by 2 matrix C(a,, a,) be the connection matrix between two funda-
mental systems of solutions of the reduced equation (1.3) defined by (2.4) at
regular singular points a; and a,. And we introduce the quantity 7(a, x, €) by

p'sx(x)
S

o 0= T

Then the calculations of the connection matrices 2;, £, and £, are straight
forward by using asymptotic expressions of fundamental systems.
(1) Connection of type 1 (for an example, see Fig. 4):

CRY) Y{S, a,, CLD}=Y{S, a, CLDL} 2, .

Here both of the regions of admissibility Dx[S, a,] and Dy[S, a,] are almost
the same, but different a little bit in the neighborhoods of a;, and a, (Fig. 4).

Fig. 4. Real curve Dy[S, a;], dotted curve Dy[S,%a,]
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Now we can assume that there exist positive constants ¢_. and ¢, such that
—o_<Reé&(a,, ¥)<o.

for all x in Dy[S, a,JN\Dx[S, a,], and let ¢ be min {o_, ¢,}. From the defini-
tion of Y{S, a, C[D]}, the branches of &(a;, x) and &(a,, x) differ in sign. Then
if we change the branch of &(a,, x), the third column and the fourth column of
Y{S, a,, CLD]} must be exchanged, or it must be rewritten as

1000
0100
000 1]
0010

Y{S, a,, CCDN}I” with I'=

If the branches of other multivalued functions in both fundamental systems are
taken identical, we have

£,=Y{S, a;, CLDN} 'Y {S, a,, CLD}

Voof, a,)™ Uy(x, a,) 0
= E+0O r
[ 0 Volx, ay, )7t ]( (E))[ Volx, a,, €) ]
_[ Clay, a,)(E,+0(e) Ui'(x, a))Vo(x, as, )0(e)
LV @, 0710, @)06) Vilx, @, & EAOE) V%, as, €)

where F is the 4 by 4 unit matrix and E, is the 2 by 2 unit matrix, and more
over
Volx, a1, &) N (E;+0(e)Vo(x, as, €)=r(a,) r(as)
x[ exp [—n(a;, az, €)J(1+0(e)) O(e) exp {—7(as, x, &)—n(a,, x, &)} ]
O(e) exp {n(as, x, &)+7(az x, &)} exp [7(a;, as, I1+0()) '
In this case we have 5(a, x, e)=n(a,, x, €) since the branches of &(a;, x) and
&(a,, x) were made identical. Since £, does not depend on x, we can take as x

in the above expressions an appropriate point of the intersection D[S, a;]N
Dy(S, a,]. Thus we have established

Clas, a)(E+0(e) O exp(—L)]
4.2) 2,= ’
Og[e exp(—%)} I'(ay, as, €)

where
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I'(a,, a,, e)=r(a) *r(ay)

O[e exp(——z—:—)] {exp [—n(ai, a2, &)1} (140(¢))

{exp [7(as, as, )T} 1+0(e)) 0[5 exp(_%)]

Here and hereafter O,[ g(¢)] means 2 by 2 matrix whose entries are of the order
g(e) as ¢ tends to zero.
(2) Connection of type 2 (Fig. 5):

4.3) Y{Ss, a,, CLD} =Y {S;, ay, CLD1} £, .

Here the branches &(a,, x) and &(a,, x) are the same (Fig. 5). Let o be the
positive constant defined by

o=min {o,, ¢_}
where ¢, and o_ are such that
—o_<Reé&a,, x), Reé&(a,, x)<o+
for all x in Dy[S, a.dN\Du[S,, a.].

Fig. 5. Dy[S1, ailN\Dul[Ss, az]

Then we have from the same calculation as we did for £2,,
Cla, @)(EtO(E)) oz[e exp (— %)]

4.4 Q,= s
ofeexo (L) e, a9
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where

I'y(a,, a,, €)=r(a,)"'r(a,)

fexp [— (@, @, I A+0E), O[e eXp(_%)]
X .
0[5 eXp(—%a“)] ’ {exp [7(as, az, &)1} 1+0(e))

(3) Connection of type 3 (Fig. 6)
4.5) Y{S, a, C¥[D]}=Y{S, a, C’[D]} 2s.

/A

Fig. 6-1. Dy®[S, a] Fig. 6-2. Dy®[S, a]

We define positive constant ¢ as before
o=min(o,, 0.)
where o, and ¢_ are constants such that
—o.<Ref(a, x)<0o,
for all x in Dy[S, al"\Dyx®[S, a]. Then we have
E,+0,[€] 02[8 exp(——{—)]

(4.6) Q,= s
0. [s exp(——g—)] I,(e)

where
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1+ 0(e) O[e exp(—% ]
I'(e)=

O[e eXp(—%)] 14-0(e)

(4) Central connection :
4.7 Y{S;, a, CP[DN}=Y {2, a} 4P  (i=1,2,3),

where the Stokes curves S,, S, and S, start from a in the direction arg z=
arg py' (@) (x—a)=r/3, = and —r/3 respectively (Fig. 7). Since the two regions
D[S, a] and D[XY®, a] are overlapped for all sufficiently small ¢, we can
apply the matching method to obtain A°(1=1, 2, 3) (Fig. 8.

WS, d

@
t
A

Ss S
Fig. 7. Fig. 8.

Let us denote the entries of the first row of Y {S,, a, C’[D]} by »?¥, y®,
y® and y. From the asymptotic expansions of Y {S,, a, C'’[ D]} defined in
the section 2, these functions have expressions in the neighborhood of x=a,

yP=14+0(x—a)+O0L(x—a)"*%c],

YO =(x—a)"*{14+0(x—a)+O0L(x—a)"**c]},
’”ﬁ’sﬂdx
a 13

(3)——-v§2_ / -2 — i_‘s—
Y= 50’ (@)” 7 (x—a)z 1 exp

X {14+ 0(x—a)+0[(x—a) *2e]},

Yy =— Vezfp30’(a)' - (x—a) ‘;_‘Texp(-— SZ@ dx)

X {1+0(x—a)+O0[(x—a)~**c]}.
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On the other hand, from the Theorem 3.1, the entries of the first row of

Y{Y® a} which we denote by 7, ¥, * and 7% have asymptotic expres-
sions for large absolute values of z

FO=e% {14+0(s%)},

FO =5 wy(2) {(1+0(s%))

elrz
271'1

4
3

F(Z Dz"H{14-0(z"H)+0(s2e' %)},

=¢
37“’=8’;_ wy(2) {1+0(s%"*)}
zs';_ i/_zz 4exp(2 ){l+0(z'3’2)—r0(s251’3)}

FO = w,(2) {1+ 0(s%))

elm 2

=— e%——zT'%exp(——iz”z_) {14+0(z"*%)+0(s2e%)}
2w 2 ’

where z=[p,y'(a)] " s.

From the general theory, we know that A is asymptotically diagonal.
Then putting x—a=ne"** or s=xe */*?, which belongs to both regions D[S;, a]
and D[XV, a], into the above expressions and comparing 7 with y*, we have

“.8), AD—diag e, e FTADCY, 5T CY, 5T CY
X {E4+0(e"®)},
where
1
2i o (@) 51D ¢ ety
C= (exff_p;".f,r%}@_l) , Cf="""pu'(a)
(2+5)

CPR=A2r1 e py/(a) "6
Analogously we have
. -4 -2 ) a1 . i1 .
4.8); A =diag {¢7 3, ¢ 3 ““VCE, e 6 CP, ¢35 & CY

XA{E+0(®)}, (=2, 3)
where
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() [¢}) @ 9 pA ’ SCLLN
3=Cs, Cg =+2r ¢ ps’(@) s,

(2+5)
2

CE=V2m 1ps/ (@) s

CO=CY® <3>_\/2— —Amvy 1A\ (a+5)
99 —Cg9, Lgg= T e py’(a) T e,

(2+5)

CR=—2r *py’(a) "6 .

We remark that the terms O(e'/®) in the above expressions comes from the terms
O[(x—a)~%%¢] in the expressions of y, but more delicate analyses may give us
as inm [2] these terms are O(¢'/®) in place of O(e/®,

(5) Lateral connection at a simple turning point :

Y{S,, a, CVLD]} =Y {S,, a, C®[D]} 20,
(4.9) Y{S,, ¢, CP[D]} =Y {S;, a, CV[D]} 2,
Y{S;, a, C¥[D} =Y {S,, a, CP[D1} 28 .
Since we have from (4.7) and (3.10)
Y{S;, a, COLD]} =Y {2D, a} AD=Q2(e)W(s, e)A®
=QEE+OE M WPAD  (=1,2,3),
then
(E+0(9} WP A= {E+0(/)} WP A0,
but this equation and (3.8) give us
QP=ADT D AD{E+0('%)}.
Similarly we have
QP=AD"I® A E+0()},
QP=ADT®AD{E+0(e®)}.

From the formulas (3.9) and (4.8), and since Y{S;, a, C’[D]} have asymptotic
expansions in power series of ¢, we have following formulas for the lateral

connection matrices :

1 0 0 0
0 1 0 51+1/2i(1_222zi)ﬁ-1

Q2P= {E+0(e)},
0 0 0 —1

0 E—z—uze«)mﬁ __1 ie—Zm



(4.10)
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1 0 0 0
0 e—zlm 0 81+1/2(e2m__e—27ri)ﬁ«1
2p= {E4+O(e)},
0 0 0 —iet™
0 __5—/2—1/2w—21m‘8 w—xm ie'““
1 0 0 0
0 1 0 6“1/2(822’”—‘1)‘8'1
2P= {E+0Ce)},
0 0 0 et
0 e*yxHg 1 1

where f=+/21 ps/(@)*V/2{['A—1)}

(1]

[2]
£31]
[4]
£s]
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