ON DiSCRETE SUBGROUPS OF A LYE GROUP

By Hiraku TOYAMA.

The l-dimenslional commutatlve Lie
group ( , whether a vector group or a
circle, can he approximated by discreta
subgroups. Or in other words, we can
constriuct an infinite sequence.

N » n ssess Of discrete
é&bgr%ﬁps,ggo that fgr any glven open
subset U of ¢ almost all except a
finite number of them have & non-empty
intersection with U .

This feact holds clearly for n-di-
mensional commutative Lis groups, because
they can be decomposed into vector grour
and eircles.[i] '

-In this paper the author intsnded
to discuss this problem of spproximation
by discrete groups for non-commutative
Lie groups. The main result obtalined is
the following

Theorem 1. Let ( be a connected
Lie group with the dlscrete center, then
1t cannot te approximated by & sequsace
of discrets subgroups.

Proof. In G we construct s cano-
nical system of coordinates of the first
kind,[2] where any l-parameter subgroup
can be written as follows: §{t)=at (itl<«)
In accordance with it, there exists an
open subset J ; every point of which
lies on one and only one l-parameoter
group.

Let the commutator Xy X'y~
written in a power series

cez2e0

he

Yy = Cloxylor e

and for a sufficiently small sphere S
it can be written [3]

(Xyx™y ) = Ce X"yl O (v9) r=max (il by)
and thereforse

}Iyx"g”‘] <:mi‘n. (1x], M}O'

At first we assume tha% such s se-
quence really exists.

Let @& be an arbitrary point in S
and U (a) be some neighborhood of a .
We designate by C; one of elements. of &:
whose distance from ¢ 1s the smallast,
Then for any x ¢ 503L

P S LA EA T B P R
hence X x'C7'==€ that la, C; commutes

with every element of Sn g .

We denote the l-parameter subgroup
Cob(1th< o) by A, then-4, cuts a
boundary B of S in a polnt ¢/ . Be-
sause B 1s compact, {C'Y hes ab lessu
one limiting polnt C , or we can choose
a subsequencse { )} which converges to

C o -

Lev % be an srbitrary point ind
and s1/{a) Dbe an arbiirary neighborhood
of & , then by the above sasumpbion(

has a non-empty Interssctlon with §¢

((=dfi+)-), Let % be one of §. which
lies in Uy 48 0, comouves with
i 8 Cff eonmutes wiih %& »
R E.
~ -~
. G =Gl

We can supposs

b ¢
o ks e
e i = §
for a sultabdly chosen siement @Mch:?;
and for every polnt p on of (4] <)
é'“,',, C‘&' o P
Y 00 i !
because ((,|—> 0, then by the continuldy
of multiplization

$p= Pt

Rencs we can conzlude that p com-
mutes with every.elemsnt of 5 and by
the connectedness of G , with every
elsment of (f

Thus G must neve a pon-discrete
center. This conclusicn conbradlcts owp
assauwnption of the discrete center.
qee «Qa

The above problem of approximstlion
roemains unsolved for Lie groups with
non-digcrete csuter., In ths followlng
we wlill show two sxemplesz of non~commi-
tative Lie groups with non-dlscrets csne
ter, the first of them being approxime-
ble by discrste subgroups and tho second
being not approximalis. .

The fiirst example, Iet iy
*dimenaional group of matricost
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matrlces:
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where ’@/z, 4.5, bo3 are integers and A
a real number. Then can be appro-
ximated by a sequence 9J» , when A—> 0.

The second example: ( consists
of matrices:
a” a/z o
o) o 0
o 0 as,
where Qu, 233 are feal positive and Gz
real. Such a matrix is denoted simply

by (A, A2, Gz jo If {Qu, Qg, iz )

{Q; + | ) belongs to a discrete sub=
group % , then a sultable conjugate
suogroup c9 ¢ contains a=(a, 0 dss),
If €9 ¢! ‘ecentains an elements =

(81 B2, €3){{z0)we make & commutator of ¢
and ‘2™ ,

a8 a =1, b (i—as) 1)

Let M tend to —— oo 1n the case 4, >/ ,
and to +e¢2 1in the case Q;< | , then
it converges to ( I, b,2, / .
Hence C9¢™' is net discrete and the
seme for ¢ . Thserefore $ does not
econtain such a element € ( £, =+ 0 ),
and is commutative, which cannot approxi.
mate G‘ @

However, our problem 1s completely
solved for compact Lie groups:

Theorem 2. Every non-commutative
compact Lle group is not approximable by
finite subgroups,

Proof is easily established, 1if we
conalder the Levi decomposition of Lie
groups, and the commutativity of sclvable
compact Lie groups,

(%) Recelwved March 7, 1848,

(1) L.Pontrjagin,Topological groups, p.l170.
(2) loc.eit.p.187.

(3) loc.cit.p.236.
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AN ELEMNTARY METHOD TO DERIVE THE
NORMAL FORY OF N-DIMENSIONAL REAL
EUCLIDEAN ROTATION

By Takizo MINAGAWA.

It is a well-known theorem that n-
dimensional real orthogonal matrix A
can be transformed into a direct-product
of several 2~dimenslonal rotatlons and,
if 1t exlsts, vne reflsction, In this
paper an elementary geometrlc method is
explained. The essential point of this
method 1s to find the fixed planes of
the rotation.

et 3:"6; z,-u ’ a')b’c)"‘ be resl
vectors in n-dimensional real euclidean
space Ry , and let A,B,C, ... be real
orthogonal (n,n)-matrices, while small
Greek letters mean real mumbers. We
use the ordinary symbole of matrix-cal-
culus, l.e., @ and A mean the trans-
posed onea, A' is its inverse and
is the unit-matrix.

THEOREM. Let A  be any real ortho-
gonal matrix, 1.e., A=A", Suppose that
X'AX with Ixl=1, attains the maximum

value A for x= Q 4 where ja) =1,
Then Al=1  and
a. if A=1, Aa=%;

be if A=-1, A=-E;

¢, if -i<A<l, Aa-2\Mara =0,

i.0., & and AQ

spen A fixed plane of A ,

Proof. Put
= max CAX,
(1) A jx1=1

Then it 1s svident that IAl =1, Since
the unit-sphere S" in R. is compact,

there oxists at least one vector A&
with &)= 1 , where

(2) X = dAQ,

We know that lIi-Igl ={xy| if and .
only if x and y° are linearly de-
pendent, Therefore if A=1, Aa=0,
l.2., @ 1s a fixed point. If A=-1,
we have X'AX=-i for any x, Jxl=1,
1.0 A=-FE ., Pinally-if -l1<a<l

two wectors & and Aa are linearly

37





