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^o Let r«ί> ba a eontinuous function
ifying the Llpβohitε condition of

( 0

(1.1) OdlΓ)

(uniformly for small £ ), which we βhall
denote as Lip oc s/ίx; and lot ita Fourier
aerlee be

(1«2)

If <r
κ
α; denotes the Tejer mean of

(1,2) and 0 <<x< 1, then by the well known
S. Bernstein's theoreα (*-), it holds
that

(1.3) f(χ)

uniformly* But this does not hold gene-
rally if σt- 1 and we have only to see (*
that

(1.4)

This Is also well known as Bernstein's
result. Regarding with this matter,
Prof. A. Zygmunα has recently proved the
following the or em o (*)

I. £f f-(χ) satisfies the Llpschitz
condition

(1.5) ίixrk)-j-(x)= O(lίl)

and its Fourier series be of powei series
type, then

In § 2 of the present paper we shall
diacuss the condition for the validity of
(1 6) and give « slightly general theorem
(Theorem 5 )

β

Recently R. Salem and A. Zygmund haβ
shown thaU*)

II. If OL > o and

uniformly, where 5^«> denotes the n-th
partial sum of (le2)» then

(1 «8} Ju) - J
Λ
u) » 0 ftΓ*-) ,

•fcx), £^(κl oelng respectively the conj
gate runetion pj H*) arid the p̂ rtlaJl.
sum of |hβ conjugate series Qf ^ J

We now ask the following question: under
the assumption that

0(>L*) uniformly,(1.10)

does it hold that

0f*r"') uniformly,

where <cκ) is the Fβjer means of (1 9) ?
If 0<<χ< 1, then the question is

affirmatively answered. For, by the
well known de la Vallee Poussln theorβίni >,
-W<> belongs to Lip*

 s
 If (1.10) holds,

0_<<*<i 1, Then by the Prlvaloff *s the or em ί*)
+ίχ) also belongs to Llp«x

 #
 and then

(1.11) hold by tha S. Bβrnstβin^s theorem*
But If oc=̂  \

9
 then the above fact

fails to be true. This Is seen by the
following simple example;

(1.12)

(1.13) £ X ).

For denoting partial sums and Pejβr
means of (1.12) "and (1.13) by Sn.ws ^

(x
j

respectively, we hav®

-S
k
M)

(1.7) Din"")



= -L
Σ, ft>-/
--a.

Since S^vs/n vx/t? is uniformly bounded*
and on th© other hand*

tho second term of the right hand ©t&β
βθing θ(l/n) uniformly

9
 while the fir-st

term is of the order nΓ'i j *
 g

 at JC»
0, Wo shall now prove that if •H^^ΪA'p
1 and (1,10) hold£ for * » 1. then
(lell) holds and -fix) e Lip l {Theorem

If -J-(χ) e Llpa* 0 <e* < 1 e
Lipσ(. This is the Pri^aloff theorom
ab£.yβ usβde This does not holds whon
Λ'"* l We shall gitf© the nocessary and
efficient condition for the validity of
this fact if * a l

d
 (Theorem 2 ) ,

It is to b© remarked that the above
three questions are very closely connec-
ted and the condition that

(1.14) J ^ OU)
J

uniformly with respect tor^
plays υhθ central role

β

g,
o
 We shall prove the following

theorem &wt& the proof of which is es-
sentially same as fchβ that of X

e
 But

for completeness aake
p
 we shall give it®

Theorem L
o
 In order t h £

uniformly, under the assumption that
•fix) * up L

 9
 it is necesβapy and auf»

ficient that the conditϊorr (l.I4Tliolds
uniformly in x

We have

-ft*}* J-J
d t

say* Then since Ήκ>eIAp 1© f(χ,t)*O(itl)

and

(2.3) I,<

Therefor©

ί2
β
4)

aay» We shall now estimate the values
of X

3
* which is done by the precisely

similar arguments in Zyggnund theorem I.
Since -fuythlp l

p
 i-W is absolu-

tely continuous and I H(xn £, M
almost everywhere

β
 And then we have

The second moan value theorem shows

( t<ϊ <>τι )
o
 Hence putting this into the

right hand side of (2*5)* we get

(2.6) I
3
-0

Since it is ©asily verified that the last
term of the left hand side of (2Λ) dif-
fers from

rc/n.

by th@ term of order Qt't">)
 s
 putting

(2
β
6) into (2*4) we finally get

Γ
tc/rv

Thus the necessary and sufficient
condition for the validity of (2»1) is
that

0(1)

uniformly in x
t
 which is equivalent to

that (l
β
14) holds uniformly

β
 Hence our

theorem is proved
o



5. Theorem 2. Let *<*•> « Lip 1
Then the necessary and sufficient coridi-
i?ϊ©n that the conjugate function F<χ)
also belongs to Lip 1 is that (1.14)
holds uniformly in x.

^ϊhi""c on jugate function of *-**> is
by definition

t/x

&nd hence

Since -Hx) e U p 1, we have

(8.1) !*
-2k

The first term of the right hand side
equals to

say. Then we have easily

(3 4)

For J f . we have

13.S)

The seoond term of the Fight of (3
β
3) is

clearly

(3.6)

Putting (3.4)., (3.5) and (3.6) into (3.G)
we have finally

o(k)

from which our theorem results.

^β In this section we shall give,
in the case <*=1, the sufficient condi-
tion for the validity of (l ll) under
the assumption (l lO Before it w<i
shall prove the following

o

uniformly.
Take an arbitrary number o <p < I

and consider the series

(4.1) Σ.
where A Jίx.) is the n-th term of the Fou-
rier 8®rieβ of J tx) » We denote the
(C.I) mean of (4.1) as r

n
u) and writ©

Now w© take « and «' such that oψ
From (4.1), by dθ la Valleβ Poussln

/
s

theorem
 (
V

9
 ft*>* Lipσί-% and hence by ths

well known theorem

Thus

which tends to 0 as n*oo9 m-*oo9 Thus
the series (4.1) i s uniformly conver-
gent and we denote I t s 3um<pr*>. Writing



tfeβ partial βun of (4.1) as AΛ*> , we
h

' t X

Since

we e&n

by (4.1), whieh is

•Therefore by dβ la Vallee Pouasin s the-
orem <f5(χ> t uif» ί/-̂ ) and by Priyaloff 3
bhaorei?: the conjugate ί'unction f u j be-
longs to Lip(l-5 ), from which i t result
thaxi

(4.2) φcx)~ rn(*)

holds uniformly, τ^(x) belong the (C.I)
means of the conjugate Fourier series of
$><*•)

Now, denoting n-th term of the con-
jugate Fourier series of /<*> as β

 (x} 9

- ψ
M
j*i\Δ (~ -fc

which iβ, by (4.2)

which proves the theorem.
Next we now consider the additional

condition for that

(4,3)

Then we get

Theorem 4̂e. If H*) £• Lip 1 and
(4.1) holda uniformly^ then (4.3) holds
uniformly and further £iχ> e Lip 1.

By r.heorem I, (1.14) holds uniform-
ly and cnus by theorem 2 J CXJ e Lip 1.
This proves the latter part of the- theo-
rem* Next sine© f-rχ) and F<*) belongs
to Lip 1, and the conjugate function of
Tι*) is ̂ /Λ) , again by theorem 2

Γ
1

and hence by Theoremuniformly in x
1, (4.3) holda.

Lastly we mention that by using
theorem 2, we have the following gene-
ralization of Zygmund s Theorem I*

Theorem 5 If foo cωuC JLXS belong
to Lip 1, than (1.6) holds.

For if j ix) and fcx) -belong to Lip
1, then by Theorem 2 (1.14) holds unifo-
rmly, and hence Theorem 1 shows our con-
clusion.
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