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A NOTE ON NECESSARY CONDITIONS OF HYPOELLIPTICITY

FOR SOME CLASSES OF DIFFERENTIAL OPERATORS WITH

DOUBLE CHARACTERISTICS

NGUYEN MINH TRI

Abstract

We construct explicit formulas for fundamental solutions and global non-smooth

solutions at degenerate points of some classes of differential operators with double

characteristics. A new elementary proof for non-hypoellipticity is given.

§1. Introduction

In this paper we will construct explicit formulas for fundamental solutions
and global non-smooth solutions at degenerate points of the following operator

where (x, y) e R2; a,b,c e C, Reα Reft Φ 0; i = yf—T; k is a positive integer, and
Xι = (d/dx)-ibxk(d/dy), X2 = (d/dx) - iaxk(d/dy). The operator <?*;* was
studied in [1] when k is odd and in [2] when k is even. For more complete
references and generalization we refer to [3], [4], [5], [6], [7] and therein references.
We will treat only the case Re a < 0. The case Re a > 0 can be considered
analogously. Recently in [8], [9] we considered a model of the Grushin operator,
that is the case when a = — 1, b = 1, and the Kohn-Laplacian on the Heisenberg
group. The paper is organized as follows. In §2 we give some definitions of
notations used in the paper, and establish some auxiliary lemmas. In §3 we state
and prove the main results.

§2. Auxiliary lemmas

We will use the following notation

(z, m) = z(z + 1) (z + m - 1) = ^ f e ^ f or z e C, m e N.
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We denote by C a general constant which may vary from place to place. For
two complex numbers z\,z2 e C we define z\2 as eZllnΣι and if z\ = reιφ, —π <
φ<π then lnzi = \nr + iφ. Now let us recall the following lemma from [8],

LEMMA 1. Assume that ω\,ωi e C> Reω^ > —1. Then we have

(sin# + / c o s 0 ) s i n 0 d 0 = W Λ . . Γ / 1 „
Jo Γ(l + ((ω3 - ωi)/2))Γ(l + ((ω3 + ωx)/2))

Proof. We refer to the proof in [8]. •

LEMMA 2. Assume that ω\,ω2,coi e C, Rewi, Rew2>0, Reω3 > —1.
Then

(1) \\wιsmθ+icosθ)ωι{w2smθ-icosθ)ω2smω3θdθ
Jo

(2) f (wi sin (9+1 cos fl)ωi (w2 sin β+1 cos (9)ω2 sinω3 0 rfβ
Jo

where F\(θL,β,β' ,y, x, y), F2((x,β,β/ ,γ, γr

yx, y) are the first and second two-variable
hyper geometric functions of Appel [10] defined as

FΛoL β B' y x v) - (*m + »)(βm)(β'n)lΊ[cc,p,p,γ,x,y)-

Fria β β' y y' x v) -

Proof Define the left side of (1), (2) by F(ωi,ω 2,ω3, w\, w2),
G(ω\, ω 2, C03, w\, w2). It is clear that F, G are analytic functions of (w\, w2) when

1, Rew2 > 0. First we prove the formula (1). We have

dm+nF(ωuω2,ω3,wuw2)

J π

(-ωum)(-ω2,n)(wιsinθ + icosθ)
0

x (w2 sin θ - i cos θ) ωi~n sinω3+m+n θ dθ

= (-l) l w + Λ (- ω i ,m)(-ω 2 ,/i)F(ωi-m,c» 2 -Λ, ί

(D\—m
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By using Lemma 1 we deduce that

dm+nF(ω\, ω 2 , ω 3 , w\, w2)
{-ιγ

= (-ω\,m)(-ω2,n)F(ω\ - m,ω2 - w,ω3 +m + n, 1,1)

= (-ωum){-ω2,ή) Γ(sin<9 + /cosβ)ωi"m(sin6>- icosβ)"2""sinω 3 + m + nθdθ
Jo

= Γ (-ωum)(-ω2,n)(smθ + icosθ)ωι-m~ω2+n sinω3+m+n θdθ
Jo

π2-^ 3 + m + ^(-ωi,m)(-ω 2 ^)Γ(ω 3 + 1 +m + n)
~~ Γ(l + n + ((ω3 + ωi - ω2)/2))Γ(l + m + ((ω3 - ωi + ω2)/2))'

Hence the desired formula follows.
Now we proceed to prove the formula (2). We can repeat the above proof

with F replaced by G. The only difference is

(-ω\,m)(-ω2,n)G(ω\ - m,ω2 - τz,ω3 + m + /ι, 1,1)

= (-ωum)(-ω2,n) Γ(sin0 + /cos/9)ωi-m(sin<9 + /cos6>)ω2~wsinω^m+nθdθ
Jo

= Γ(-ωi,m)(-ω2,«)(si
Jo

4-

~ Γ(l + ((ω3 + ωi + ω2)/2))Γ(l + m + n + ((ω3 - ωi - ω2)/2))'

Hence the desired formula follows. •

COROLLARY 1. Under the assumptions of Lemma 2, if moreover ω\ +ω2 +
ω3 = —2,

[ V i sin/9 + /cos 6>)ωi (w2 sinθ - /cos /9)ω2 sinω3 θdθ
Jo

= 2 π Γ ( ω 3 + l)

=

" (wi + w2)
ω 3 + 1Γ(l + ((ω3 + ωi - ω2)/2))Γ(l + ((ω3 - ωλ + ω2)/2))'

Proof By Lemma 2 we have

[ (wi sin θ + i cos (9)ωi (w2 sin (9 - / cos θ)ωi sinω3 θ dθ
Jo

_πΓ(ω 3 + 1)^(1 + ω 3 , - ω i , - ω 2 , - ω i , - ω 2 , ( l - ιvi)/2, (1
2-3Γ(l + ((ω3 + ωi - ω2)/2))Γ(l + ((ω3 - ωλ + ω2)/2))
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Now using the following relation (see [10, p. 15])

F2(a,β,β',β,β',x,y) = (l-x-yΓ«

gives the desired result. •

COROLLARY 2. Under the assumptions of Lemma 2, if moreover ω\ + &>2 +
cc>3 or —ω\ — a>2 + ω^ is some even negative integer then

f V i sinθ + /cos0)ω i (w2 sin0 + /cos0)ω 2 sinω3 θdθ = O.
Jo

Proof Indeed, in that case 1 4- ((e»3 + ω\ + coi)/!) or 1 +
((i»3 — coi — (O2)/2) will be a pole of the function Γ(.). Π

§3. Main results

In the case Re a < 0, and Re b > 0 we will consider a function of the
following form

* £ # ( * » *) = (*Λ*+ 1 - '•(* + i ) 7 ) α ( - « ^ + 1 + /(* + i)y)pχy.

If Re a < 0, Re Z> < 0 and a Φb then we will consider the following function

Ekίl(χ> y) = (-bχk+ι + W + i)y)"(-aχk+ι + i(k + i)y)βχy.

In the resonance case a = b, Re a < 0 we consider the following function

R™ r(x, y) = x>(-axk+ι + i(k + l ) ^ ) ' e «*+1/(-« *+1+<(*+iW.

It is clear that the differentiating of Fk'a'l(x,y) and E%'%'ζ(x,y) formally differ
from each other by a factor — 1. Note that

Xx {-axk+x + i(k + l)y) = (k+ \)(b - a)xk, jri(*jc*+1 - i(k + \)y) = 0,

X2(-axk+ι + i(k + l)y) = 0, X2(bxk+ι - i(k + l)y) = (k+ \){b - a)xk.

Therefore we have

Gt'FkfaJ^y) = (bxk+i-i(k+ \ k x β λ 2

x {[(* + \)2{b - a)2*β + (k+l)(k + γ){b - a)bβ

-(k+ \)a{b - a)<x.y - γ(γ - \)ab

-{k+ \)c{aa + bβ)}x2k+2 + (k+ l)2γ(γ - l)y2

+ i[-(k+l)2(k + γ)(b-a)β

+ {k+ l)2c(a + β) + (k+ \)2{b - a)aγ

-l)(a + b)]xk+ιy}.
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Hence in the non-resonance case a φ ft we formally have G^hFl^Λ{x,y) —
- G a

k ' X ; β J ( χ , y ) = θ i f ' "
7 = 0, α = 0, β = 0, the solution is a constant.
γ = 0, c = k(b-a), α = 0, yS arbitrary / 0.

γ = 0, c = 0, α arbitrary ^ 0 , β = 0.

7 = 1 , α = 0, β = 0, the solution is the linear function x.

γ = l? c = (b- a)(k + 1), α = 0, β arbitrary ^ 0.
y = l , c = — (ft — a), α arbitrary ^ 0 , β = 0.

γ=l, a = (c-(k+l)(b-a))/((k+l)(b-a))=:a2, β =-(c + (b - a))/
((k+l)(b-a))=:β2.

In the resonance case a = b we can consider R^'r(x, y) as the limit of
E£aβb°(χ>y)> Eκtb\χiy) w h e n *->«• τ h u s w e w i π h a v e

k + 2
or 7 = 1 , ,

and the formal equations G£a

cR«ι'a
η"°(x, y) = 0, G^a

eR^Λ{x, y) = 0.

THEOREM 1. Assume that k is odd. If Re a < 0, a«6? Re & > 0 then

b

'
b

(-a))) { ' y ) ' «'< l

Π ) GkMb-a)Fkβa^ y)=0if Rey5 > -fc/(fc + 1).

Ill) Ga

k:

b

0Fk«;^(x,y)=0ifRex> -k/{k + 1).

If Rea < 0, ReZ> < 0 and aφb then

IV)G,α;X' J0(x,j)=0.
If Reα < 0 then

V) G%R™'\x,y) = 0.

Proof. I) We begin by noting that if k is odd and Reα < 0, and Reft > 0
then (bxk+ι - i(k + \)y)a and {-axk+x + i(k+l)y)β e C™(R2\(0,0)) for every a
and β. Let us introduce the following "polar coordinate"

k-\-\ k-\-\

^ dxdy = ̂ —-\smθ\-k/{k+ι) dpdθ.
K 1

x p(sinθγl\ y ^cosθ, dxdy ^
K, "τ~ 1 K ~τ~

Here we use the following notation (sintf)^ = sign(sin#)|sin#|r for every r e R.
Note that the map (x, y) —> (/?, 0) is not a diίfermorphism along the line x — 0.
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But it is good enough for us because in the future we will use it only for
integration, and if necessary we can take integrals as a limit. It is easy to verify
that plk+2 = x2k+1 + (k+\Ϋy2. Let us write F£(x,y) = Fg$'°(x, y). First
we prove that F£(x, y) e L%k+2)/k)~τ(R2) for any small positive τ. Indeed, since
F£(x, y) e C°°(Λ2\(0,0)) it suffices to prove that F£(x, y) e L«k+W-τ(Bε), where
Bε = {(*, y)\p(x, y) < ε}. We have

[ \FΪ(x,y)fk+2Vk)-τdxdy < C Γ \άnθ\'k^k^ dθ [ pk+\p-ψ+2)/k)~τ dp
JBε J-π JO

<c\ p~ι+τkdp
Jo

< oo.

Note that Fl(x, y) φ L<£2)/k(R2). Let R2 = {(x, y) e R2\p(x, y) > a}. By ap-
plying Green's formula we have

f f(x,y)Gb

k

 α_cv(x,y)dxdy

= [ v(x,y)Gα

k'
b

cf(x,y)dxdy
J R £

2

(3) - f v(x, y){(Vι - iαxkv2)Xλf{x, y) + icxk-χv2. / ( * , y)} ds

+ f fix, y){vi - ibxkv2)X2vds =: f V(f, v, k, α, b, c) dxdy
Jp=ε jR ε

2

- f v(x, y)Bx (/, k, α, b, c)ds+\ f(x, y)B2(v, k, α, b) ds
Jp=ε Jp=ε

for every v(x, y) e C{f(R2), f(x,y) e C°°(/?2\(0,0)), where v = (vi, v2) is the unit
outward normal to dR2. Replace f(x,y) in (3) by F^(x,y) we obtain that

f Fl(x,y)Gb

k

 α_cv(x,y)dxdy

(4) = f V(Fk

ι,v,k,α,b,c)dxdy
jR t

2

- ί v(x, y)Bx {Fι

k, k, α, b, c)ds+\ Fk

ι (x, y)B2(v, k, α, b) ds.
Jρ=ε Jp=ε

The first integral in the right side of (4) vanishes. We now compute the third
integral in the right side of (4). It is easy to check that

ds\dBt = 3 - i - (ε

2 |sin θ\-2k/ik+l) cos2 θ + ε2k+2 sin2 θ)1/2 dθ and
/c T" 1
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( χ 2 k + ι ( k + l

287

\8B;

Hence

It follows that

dθ.

, ,

If
I Jp=ε

Fι

k{x,y)B2{v,k,a,b)ds <c\ \Fl(x,y)\. (N + |v2. x
k\)ds

<Cε\ (\sinθ\ + \cosθ\)dθ-^0 as ε -> 0.
J-π

Next we evaluate B\(F£,k,a,b,c). We have

Bλ(Fl,k,a,b,c) = cxk-\bxk+x - i{k+\)yYλ{-axk+λ + /(£ + l)^)^1"1

x (Λ; 2 ^ 2 + (Jk + \)2y2)(xAk+1 + (ifc + 1) 2^ 2)~ 1 / 2.

Therefore applying Corollary 1 with ω\ — βx — 1 = — (c + (fc 4- l)(b — a))/
α)), ω2 = α1 = (c-fc(i-fl))/((A:+l)(i-£i)), ω3 = - ( l / ( * : + 1 ) ) ,

2 = b we obtain

- v(x, y)B\ (F£ , ̂ , a, b, c) ds
Jp=ε

= -—C— Γ |sin6
K + I J_π

x (b\sinθ\ -icosθ)Xiv(ε,θ)dθ

(6)

sin^l -icosθ)a'dθ

- a) - c)/((k + \){b

Now from (4), (5), (6) we deduce that

-fl)))
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{GtfF*(x, y), v(x, y)) = (Fk

ι (x, y), Ga

k:

b_cv(x, y))

= limf F*(x,y)Ga

k

 b_cυ(x,y)dxdy
e~*υ Jp>ε

4(b-a)ι/{k+1)πΓ(k/(k+l))

Hence G£*Fg$'°(x, y) = ^4^'^(x, 7).

II) Assume that Rey5 > -k/(k+ 1). We then have F%f£(x,y) =
(-axk+λ+i(k+\)y)β eLp

loc(R2) for every 1 <p < -(k + 2)/((ik +Ί)RejS) if
Re/? < 0 and F^$(x, y) e L%C(R2) if Rey? > 0. It is easy to compute that

- a)xk-\-axk+λ + i(k + l)y)β~ι

x {-βx2k+2 + ia{k + (k+ l)β)xk+ιy + k(k + l)y2}

_ a)(-β(k + 1) sin2 θ + ia{k + kβ + β) cos 6>|sinθ\ + kcos2 θ)

x \θ\{h-

x ( | | ^

and

|(|vi| + |V2. A)F^\ds\p=ε < Cε^k+^ι+Re^\(-a\sinθ\ + icosθ)β\dθ.

Using the assumption that Re^ > -k/(k+ 1) we deduce that

- ί v(x, y)Bι{FΪβJX a, b,k(b - a)) ds + \ F£'/J(X, y)B2(υ, k,a, b)ds->0
Jp—ε Jp—ε

as β - 0. Hence Ga

k'
b

k{b_a)F°k'fJ(x, y) = 0.

III) The proof of this part is the same as the proof of part II) with — a,β
replaced by b, α.

IV) We note that if k is odd and Reα < 0, and ReZ><0 then
(-bxk+ι +i(k+\)yY and {-axk+ι + i(k+ \)y)β e C°°(J?2\(0,0)) for every α
and β. Therefore we can repeat all the arguments in part I). The only dif-
ference is

- f v(x, y)Bx (E^°, k} a, b, c)ds+\ E«β'°{x, y)B2(v, k, a, b) ds
Jp=ε Jp=ε

k+
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Applying Corollary 2 with ωx = βx - 1 = -(c + (k + l)(ft - a))/{{k + l)(b - a)),
a>2 = oc\ — (c — k(b — a))/((k + l)(ft — a)), C03 = —l/(k + 1), H>I = —α, w>2 = —ft

we obtain

k + ι j^sin (-asm +/cos

Now clearly we have G^E^ab (XJΌ = ^

V) Argue as in part I) we arrive at

p=ε ' J/?=ε

2u(0,0)

k+l

The last equality is a consequence of (7) when we let b -* a. Therefore
we conclude that G£"R%u

a

ηu°(x,y) = 0. This concludes the proof of
Theorem 1. Π

COROLLARY 3. If either Reα < 0, Reft > 0, c = -(k + l)(ft - a)N, or

Re a < 0, Reft > 0, c = ((k + l)N + k)(b — a), where N is a non-negative integer,
or Re a < 0, Reft < 0, then G^b

c is not hypoelliptίc (nor analytic hypoelliptic).

Proof Indeed, if Re<z < 0, Reft > 0, c = -{k+ l)(ft - a)N, or Rea< 0,
Reft > 0, c - ((k + 1)JV + k)(b - a) then Γ((k(b -a)- c)/((k + l)(ft - a))) = 00
or Γ(c/((k + l)(ft - a))) = 00 => ̂  * = 0 =» G£*F%$'°(x, y) = 0 . If Reα < 0,
R e f t < 0 , then G^bE^lf^0(x, yj = 0 in the non-resonance case or
G£°R%'a

ηι'°(x,y) = 0 in the resonance case. Π

THEOREM 2. Assume that k is odd. If Re a < 0, α^d Re Z? > 0

dδ(x, y) = g,bdδ(x, y)

dx ' k'c dx '

( ^ i ) ^ ) ^ 1 ^ ^ = 0 i/ Re/? > - ( * + 2)/(fc + 1).

-^f&l&y) = ° '/ R e α > -(k + 2)/(k+ 1).
Reα < 0, ReZ? < 0 and a φ b then

7/rReα<0

V) GZa

cRZ'*>\
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Proof. I) Let us write F%{x,y) = FgfyΛ(x, y). As in the proof of

Theorem 1 it is easy to check that F£(x,y) e L{£c

+2)/{k+ι))~\R2) for any small
positive τ. We see that

axk(v\ — iv2bxk. Fj*(x, y).—-JΓ— <

(8)

Next we have

Γ
<Cε\

J—π dy
as ε —> 0.

F£(X, y).(v\ - ibxkv2). — y — ds

= ^ _ _ Γ dv^θ) sini/(*+i) 6>(-α|sin0| + /cos0)^-1(ft|sin0| - /cos0)°
k + 1 J -π dx

x (αsin2 θ - i(ab + l)|sin0| cos6> - bcos2 θ) dθ

2(dv(0,
-γ-—- sin1/^"1"1) 0(—α|sin0|
-1 Jo

- icosθ)*2

x (αsin2 0 - ι(α* + l)|sin0| cos/9 - ftcos2

jj:

δ(l).

Now let us compute B\(Fjj:,k,a,b,c). We have

4- - a)y2)

)V 2)" 1 / 2U ^ e^ + ίcosfl/ 2" 1

= xk(-axk+ι + /(it

x ((c + b)x2k+2 -

x (x4k+2 + (fc + 1)V2)

x (A|sin0| - / ) ( | | )

x ((c + ft) sin2 θ - i(ab + l)|sin0| cos0 + (c - a) cos2 0).

Note that u(e, 0) = υ(0,0) + ε(sinθγ/{k+x\dv(0,0)/dx) + o(ε). It follows that

- [ v(x,y)Bι(F2,k,a,b,c)ds
Jp=ε

v(0 0) Γπ

= — ' ' sign(sin0)(—α|sin0|
(k + l)ε ) _ π

-icosθY2

(10) x ((c + b) sin2 (9 - i(ab + I)|sin6»| cos6» + (c - a) cos2
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2(3i>(0,<

T^Io S i Γ

x {-a\sinθ\ + icosθ)βl~\b\smθ\ - icosθ)*2

x ((c + b) sin2 θ - i(ab + l)|sin0| cosfl + (c - a) cos2 έ») dθ + o(l).

We see that the first integral in the right side of (10) vanishes since the integrand
is an odd function of θ. Therefore summing (8), (9), and (10) and applying
Corollary 1 with ωx = β2 - 1 = -(c + {k + 2)(b - a))/((k + l)(b - a)), ω2 = α2

= (c-(k+l)(b-a))/((k+l)(b-a)), ©3 = 1/(^+1), w, = -a, w2 = b
yields

(11) — f v(x, y)Bλ (F>, k, a, b, c)ds+\ F2

k(x, y)B2(v, k, a, b) ds
Jp=ε J p=ε

2(c+b-a)(dv(0,0)/dx)

[
Jo

k+l

4πΓ((k+2)/(k+l))

By (4) with F^(x,y) replaced by F£(x,y) and (11) we deduce that

(Ga

k'
b

cFΪ(x,y),υ(x,y))

= {F2

k{x,y),Ga

k:1cv{x,y))

= limf Fk

2(x,y)Ga

k'
b_cv(x,y)dxdy

=4πΓ((k+2)/(k+l)){dv(0,0)/dx)

It follows that Ga

k:

b

cFk

a^\x,y) = Ba

k'
b

c(dδ(x,y)/dx).

II) Assume that Reβ > -(k + 2)/{k+ 1). We then have F^(x,y) =
x{-axk+ι + i(k + \ ) y ) β e Lfoc(R2) for every l<p<-(k + 2 ) / ( l + (k'+

if Reβ < -\/{k + 1) and F^(x, y) e L?oc{R2) if Rey? > -\/{k + 1). It is easy
to compute that
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= xk(-axk+1 + i(k + l)y)β~ι x {-((/c + l)(b - a)β - a)x2k+2

+ i(k + l)((ifc + \)a{b - a){β + 1) - a2 - \)xk+ιy + (k + I) 2

x ( (*+ \)(b -a) - a)y2}(x4k+2 + (k + I)2y2y1/2\ =\p=ε

2 θ + i((k + \)a{b a){β + 1) a2x {-{{k +\){b- a)β - a) sin2 θ + i((k + \)a{b - a){β + 1) - a2 - 1)

x cos0|sin0| + ((k+l)(b -a)- a)cos2θ)(smθ)kJ{h+ι)

x ( - icoSθ)β-\ε4k+2\smθ\{4k+2mM) + ε2k+2cos 2θ)~

and

= | s i n / 9 |

Therefore we deduce that

(12)

J f \ Γ» / T~Ό β 1 7 T / Ί ι 1 \ / ϊ \ \ ϊ

υ(x,y)B\(Fk'Qb,k,a,b, (k + \){b — a))as
p—ε

+ ί F^(x,y)B2(v,k,a,b)ds
Jp=ε

ε(k+l)(β+l)v^

x cos^|sinθ\ + ((k+ I)(b — a) — a) cos2 θ) sign(sinθ)

x (-fllsin^ + zcos^)^"1

The integral in the right side of (12) vanishes for every ε since its integrand is an
odd function of θ. Therefore using the assumption that Re/? > — (k -h 2)/(k + 1)
we see that the expression in the left side of (12) tends to 0 as ε tends to 0.
Hence G f c

α;J t + 1 ) ( i_α ) JF^ 1(x ) 3;)=0.

III) The proof of this part is the same as the proof of part II) with — a,β
replaced by b, α.

IV) We note that if k is odd and R e α < 0 , and ReZ?<0 then
(-for*+1+i(Jfc+l)j;)α and (-axk+x + i(ifc+ \)y)β e C°°(/?2\(0,0)) for every α
and β. Therefore we can repeat all the arguments in part I). The only dif-
ference is
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- f v(x, y)Bλ{E%%>\k,a,b, c)ds+\ E%'fyι(x, y)B2(v,k,a,b) ds
Jρ=ε Jp=ε
f \

Jρ=ε Jp=ε

b-a)(dv{0,0)/dx)

Jo
smι/{k+i)θ(-a\smθ\ + icosθ)β2-\-b\sinθ\ + icosθ)ai dθ.

Applying Corollary 2 with ωλ = β2 - 1 = - ( c + (k + 2){b - a))/((k + ί)(b - a)),

ω2 = a2 = (c-(k+l)(b-a))/((k+l)(b-a)), ω3 =-l/(k+I), w, = -a,

w2 = -b yields

2(c + b-a)(dv(0,0)/dx)

(13) " h + l

x ff si
Jo

Now clearly we have G£*E%fy°(x,y) = 0 .
V) Argue as in part I) we arrive at

f
p—ε Jρ=ε

f R ^
Jρ=ε

)/dx) t*

1 Jo
2e{dv{0,0)/dx) t* ι/(M)

JJo
x {-aύnθΛ- iCosθ)η2~ιeK2Smθ/{-asmθ+ιcosθ) dθ = 0.

The last equality is a consequence of (13) when we let b —• a. Therefore
we conclude that G%a

cR
κ

k

2^ι(x, y) = 0. This concludes the proof of Theorem
2. ' ' D

C O R O L L A R Y 4. If either R e α < 0, R e 6 > 0, c = -((k + 1)A^ + l)(b - a) or

Reα < 0, Re£ > 0, c = (k + \){b — a){N + 1) where N is a non-negative integer,
or Reα < 0, ReZ? < 0, then G^b

c is not hypoelliptic (nor analytic hypoelliptic).

Proof. Indeed, if either R e α < 0, ReZ> > 0, c= -((k + l)N + \)(b - a) or

R e α < 0 , Refe>0, c = (k+ l)(b - a)(N + 1) then Γ(((k+l)(b - a) - c)/
((k + \)(b - a))) = oo or Γ((c + b - a)/((k + 1)(6 - α))) = oo => βfc = 0 =>
^ X 2 i t ' (^ ^) = ° If Re ̂  < 0, Re έ < 0, then ^ ^ ^ 2 ' ! (x, y) = 0 in the
non-resonance case or G^R^1' (x, j) = 0 in the resonance case. •

THEOREM 3. Assume that k is even and Reα < 0, Reb > 0.
If c=(k+l)(b- a)N +((2k+l)(b- a)/2), where N is an integer, then

^ . i r a i ^ i . O / \ _ π r^a,bF0L2,β2Λ( \ _ Λ
Uk, c rk,a, b i X ' y) — U ' îk, c rk, a,b i X ' W ~ U '
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jf c = (k + l)(b — ά)N + (k(b — a)/f2), where N is an integer, then

Gk,cFklaβb'°(χiy) = Ak,bAχ>y)> GkbcFκibι(*>y) = BΐbΛdδ^

Proof. lΐc={k+ \){b - a)N + ((2k + \)(b - a)/2), or c = (k +
+ (k(b - a) 12), then (k/(k + 1)) + 2β} and ((it + 2)/(it + 1)) -f 2β2 are inte-
gers. Therefore Fg$'°(x,y), F%$\x,y) e C°°(/?2\(0,0)). Again we have

small positive τ. First we prove the theorem for F£ιfy . As in the proof of
Theorem 1 we can show that

Fklfy°(x> y)B2(v, k> a,b)ds^0 as ε -> 0.
J p=ε

Next we have

- f v(x,y)Bι(F^a

βl'°,k,a,b,c)ds

c [π

K + 1 J-π

x

x ( -

Γ (sin^
1 J-π+ 1 J-π

x

If c = (k + 1)(6 - α)N + ((2fc + 1)(6 - a)/I) then the integrand in the right side of
(14) changes sign when we replace θ by θ — π. Therefore the integral vanishes.
Hence G£*Fg$'°(x, y) = 0. If c = (k + l)(ft - a)W + (ifc(δ - α)/2) then it fol-
lows that

α?(0,
1 J-π ±

= _2CP(0,0) r(^ g )- i/(fe+i)(_ f l s i n g + / c o s g ) A - i ^ ^ g , / c o s g ) « i r f g

/c" + 1 Jo

Therefore Ga

k'
b

cF^°(x, y) = Λ«;^(x, 7 ) .
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Next we prove the theorem for Fj*2fg'ι(x, y). As in Theorem 2 we have

- I v(x, y)Bx(Fgfy\k,a,b,c)ds+\ F*ffiι(x, y)B2(v,k,a,b)ds ->
Jp=ε Jp—ε

b-a){dv{0,0)/dx)

+ icos θ)βl~\b sin θ - icos θ)"2 dθ.f (sin6>)
J-π

If c = (k+l)(b- a)N + ((2k+l)(b- a)/2) then the integrand in the right side
of (15) changes sign when we replace θ by θ — π, therefore the integral vanishes.
Hence Ga

k'
b

cF^Λ(x,y) = 0. If c = (k + \)(b - a)N + {k(b -ά)/2) then we
deduce that

(c + b-a)(dv(0,0)/δx)

k+l

f (sin
J-π

2{c + b-a)(dv(0,0)/dx

["(si
Jo

k+\

sin θ) ψM\-a sin θ + icos 0 ) A 2 " ! (b sin 6> - /cos θ)"2 dθ

If follows that Ga

k*F%$ι (JC, 7) - ^;*(aδ(x, y)/dx). D

COROLLARY 5. Assume that k is even and R e α < 0 , R e £ > 0 . If
c=(k+l)(b- a)N + (((2k + 1)(6 - Λ))/2) , wAer̂  TV w an z/ife^r, /Â w G^'c

ό w
«oί hypoellίptίc (nor analytic hypoellίptic).

Remark 1. Altogether Corollary 3, Corollary 4 and Corollary 5 give all the
values k,a,b,c, where G^b

c is not hypoelliptic, as stated in [1], [2].

Remark 2. Since G^b

c is invariant under the translation ( c, j>) -+ (x,y + Jo)
it is easy to have the fundamental solutions or singular solutions at points (0, y0)
in all cases considered above.
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