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A NOTE ON NECESSARY CONDITIONS OF HYPOELLIPTICITY
FOR SOME CLASSES OF DIFFERENTIAL OPERATORS WITH
DOUBLE CHARACTERISTICS

NGUYEN MINH TRI

Abstract

We construct explicit formulas for fundamental solutions and global non-smooth
solutions at degenerate points of some classes of differential operators with double
characteristics. A new elementary proof for non-hypoellipticity 1s given.

§1. Introduction

In this paper we will construct explicit formulas for fundamental solutions
and global non-smooth solutions at degenerate points of the following operator
G;::f = XhX, + iexk1 %,
where (x, y) € R* a,b,ce C,Rea-Reb#0;i=+v—1; kisa positive integer, and
X, = (3/0x) — ibx*(3/dy), X2 = (9/dx) — iax*(0/dy). The operator G’ was
studied in [1] when k is odd and in [2] when k is even. For more complete
references and generalization we refer to [3], [4], [S], (6], [7] and therein references.
We will treat only the case Rea < 0. The case Rea >0 can be considered
analogously. Recently in (8], [9] we considered a model of the Grushin operator,
that is the case when a = —1, b =1, and the Kohn-Laplacian on the Heisenberg
group. The paper is organized as follows. In §2 we give some definitions of
notations used in the paper, and establish some auxiliary lemmas. In §3 we state
and prove the main results.

§2. Auxiliary lemmas

We will use the following notation

(z,m)=z(z+1)--~(z+m—1)=r(lz_#—;)m) for ze C,meN.
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We denote by C a general constant which may vary from place to place. For
z

two complex numbers z,z2 € C we define z;> as ez and if z; = re'?, —n <
¢ <7 then Inz) =Inr+ip. Now let us recall the following lemma from ([8].

LemMMA 1. Assume that wy,w; € C, Rews > —1. Then we have

279a w3 + 1)
T(1 + (w3 — 1)/2))T(1 + ((w3 + @1)/2))

J (sinf + icosH)“' sin® 0dl =
0

Proof. We refer to the proof in [8]. O

LEMMA 2. Assume that wi,wr, w3 € C, Rew;, Rew, >0, Rews; > —1.
Then

(1) J (wy sin @+icos 0)“* (wy sin §—i cos 6)“? sin® 0 d6
0

_ al(w3+ 1) Fa(w3+1, —wy, —w2, 1+ (@3 — 01 +02) /2), 1+ ({03 +01 —w,) /2), (1-w1) /2, (1-w2)/2)
20T (14 ((w3+w1 —@2)/2))T (14 ((w3 — w1 +@2)/2)) ’

(2) r(wl sin 0+icos 0) ! (wy sin 8+icos 8)“? sin“* 0 df
0
_ nr(w3+ l)Fl (603—|-1, -1, —2, 1+((w3—w1 —602)/2), (1 —W1)/2, (1 —Wz)/Z)
20T (14 ((w3+ w1 +w2)/2)) T (14 (w3 — w1 —w2)/2)) ’

where Fy(o, 8,8, 7,x, ), Fa(a, B, B, 7,9, x, y) are the first and second two-variable
hypergeometric functions of Appel [10] defined as

(@ m+ ) (B, m) B\ 1)
m+my(Lm)(Lay 7
@m 4 n)(Bm)(Bor)
Gm o (Lm) )~ Y

Proof. Define the left side of (1), (2) by F(wi,ws,ws3,wi,ws),
G(w1, w2, w3, wy,wz). It is clear that F, G are analytic functions of (w;, wy) when
Rew;, Rew; > 0. First we prove the formula (1). We have

Fi(a, 8,87, %,9) =Y

BB 8,77, % 3) =Y

m-tn
0" F (wy, w2, w3, Wi, Wa)
m n
owitow}

=(=1)"" x J (—wy,m)(—wy,n)(wy sinf + icos ) ™™
0

x (wysin @ — icos 6)”* " sin® " 9 d

= (=1)"" (=01, m)(—w2,n)F(w) — m,wy — 1,3 + m + n,wi, wy).
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By using Lemma 1 we deduce that

m+n
min 0" F (w1, 02,03, w1, W)
owitow}

(=1

(w1, w2)=(1,1)

= (_wl’m)(_a)Ln)F(wl —m,w; —hn,03 +m+n, 1’ 1)
n
= (—wy,m)(—wy,n) J (sin@ + icos §)“ " (sin @ — i cos §) > " sin®* """ 0 dO
0
n
- J (=1, m) (=3, n)(sin 6 + i cos )1~ sip@+min g 4
0

r2=(@stmn) (oo m)(—cp,n)T (w3 + 1 +m +n)
T T +n+ (03 + 01 — @) /2)T(1 +m+ (03 — 0 +@2)/2))

Hence the desired formula follows.
Now we proceed to prove the formula (2). We can repeat the above proof
with F replaced by G. The only difference is

(—wl,m)(—Q)2,n)G(CD1 — m,w,; — n,w03 +m+n, 17 1)
(4
= (—wy,m)(—ws,n) J. (sin @ + icos §) ™" (sin O + i cos 6) > " sin® " 0 dO
0
n
= J (—wy, m)(—wy,n)(sin @ + i cos O) '~ sin® T 9 4
0

_ n2= @t (_go1 m)(—wp, n)T (w3 + 1 4 m + n)
T T+ (w3 4+ 01 + @) /2)T (1 +m+n+ (03 — 0 — 2)/2))

Hence the desired formula follows. O

COROLLARY 1. Under the assumptions of Lemma 2, if moreover w; + w; +
w3 = =2, then

J (wy sin@ + icos 6)“' (wy sin @ — icos §)“* sin® 6 d6
0

_ 22T (w3 + 1)
(w1 +w2) (1 + (@3 + @1 — @2)/2))T(1 + (03 — 01 + @2)/2))

Proof. By Lemma 2 we have

J (wy sin@ + icos 6)“! (wy sin @ — i cos §)“* sin® 6 d6
0

_ (w3 + DR (1 4+ 03, —01, —02, =01, —wy, (1 = w1)/2, (1 — wy)/2)
- 20T(1 + (w03 + @1 — 02)/2))T(1 + (w3 — 01 + @2)/2)) '
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Now using the following relation (see [10, p. 15])

FZ(a7ﬂaﬁ’$ﬁ7ﬁ/axa y) = (1 —X— y)_a
gives the desired result. O

COROLLARY 2. Under the assumptions of Lemma 2, if moreover w; + w;+
w3 or —w) — Wy + w3 is some even negative integer then

J (w1 sin6 + icos 0)”' (wy sin @ + i cos 6)“? sin“* d6 = 0.
0

Proof. Indeed, in that case 14 ((w34+w;+wy)/2) or 1+
((w3 — w1 — @7)/2) will be a pole of the function I'(.). O

§3. Main results

In the case Rea <0, and Reb >0 we will consider a function of the
following form

Fel)(x,y) = (bx ! —i(k + 1)y)*(—ax**! + ik + 1) p)’x.
If Rea<0, Reb< 0 and a # b then we will consider the following function
EPPI(x,y) = (=bx*! ik + 1)y)*(—ax*! +i(k + 1) y)Px7.
In the resonance case a = b, Rea < 0 we consider the following function
RETY(x, y) = x7(—ax* ! ik + 1) y)ner*™/(caxt il t)y),

It is clear that the differentiating of Fk“f J(x,y) and E,:‘f 2 (x, y) formally differ
from each other by a factor —1. Note that

X1 (—ax** ik +1)y) = (k + 1)(b — a)x*, X1 (bx*' —i(k +1)y) =0,
Xo(—ax* +i(k +1)y) = 0, Xa(bx**' —i(k + 1) y) = (k + 1)(b — a)x*.
Therefore we have
GEPFEl] (x,y) = (bx**! — ik + 1) )" (—ax**! + i(k + 1) y)P~'x772
x {[(k + 1)2(b — a)*aB + (k + 1)(k + y)(b — a)bpB
— (k+ Da(b—a)ay — y(y — 1)ab
— (k + D)c(an + bB)|x**2 + (k + 1)*p(y — 1)y?
+i[—(k +1)*(k +y)(b— a)
+ (k+1)2c(@+pB) + (k+ 1)(b — a)ay
+ (k+ 1)y(y — D)(a +b)]x** y}.
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Hence in the non-resonance case a # b we formally have G,f:fF,z f J(x,p) =

—GEPED I (x, y) =0 if
y=0, a =0, =0, the solution is a constant.

y=0, c=k(b—a), a=0, B arbitrary # 0.

y=0, c=0, o arbitrary # 0, f=0.

y=0, a=(c—k(b—a)/(k+1)(b—a)) =1, B=—c/((k+1)(b—a)) =B

y=1, a =0, =0, the solution is the linear function x.

y=1, c=(b-a)(k+1), a=0, § arbitrary # 0.

y=1, ¢=—(b—a), o arbitrary # 0, f=0.

y=1, a=(c—(k+1)(b—a)/(k+ )b -a) =0, B=—(ct(b-a)/
((k+1)(b - ) =: Bs.

In the resonance case a=»b we can consider R;’’7(x,y) as the limit of
E,fy‘f I;’O(x, ¥), E,:‘Zaﬁ g’l(x, y) when b — a. Thus we will have

=0.97=— k . o= — ¢ —
y=Un= k+l_‘771’ R 1
k+2 c

or y=1l,np=-— K2,

k1 M KT TR

and the formal equations G"“R;""°(x, y) =0, GL4RE:™ (x, y) = 0.

THEOREM 1. Assume that k is odd. If Rea <0, and Reb > 0 then

) GEIFS(x,y)
N/ (k+1)

— = TG e TE=a ") = AE30 )
) Gl oFily(x,9) =0 if Ref> —k/(k+1).
D) GEoFE (x,») =0 if Rea > —k/(k+1).

If Rea< 0, Reb< 0 and a+#b then
IV) Gg Byl (x,y) = 0.

If Rea < 0 then
V) GEiRIM (x,y) =0.

Proof. 1) We begin by noting that if k is odd and Rea < 0, and Reb >0
then (bx**! —i(k +1)y)* and (—ax**! + i(k + 1)y)* € C*(R?\(0,0)) for every
and B. Let us introduce the following ‘“polar coordinate”

k+1 k+1
p

k+1

x = p(sin B)i_L/(kH), y= P cos 0, dxdy=

. |sin 0] K/**D dpdp.

Here we use the following notation (sinf)’, = sign(sin0)|sin6|" for every r e R.
Note that the map (x, y) — (p,6) is not a differmorphism along the line x = 0.
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But it is good enough for us because in the future we will use it only for
integration, and if necessary we can take integrals as a limit. It is easy to verify
that p2k+2—x2"+2+(k+12 y?. Let us write Fl(x,y)=F&/%(x,y). First
we prove that Fl(x, y) e L;o’:“)/ k- *(R?) for any small positive 7. Indeed, since

Fl(x, y) € C*(R*\(0,0)) it suffices to prove that F; (x, y) € L{*+2/0~7(B,) where
B, = {(X, y)lp(xa y) < 8}‘ We have

J |FL(x, y)| €207 axdy < CJ |sin g] K/ *+D dg[ PR (p Ry R0 g

3

< CJ p~ " dp < 0.
0

Note that F)(x,y) ¢ L*/*(R?). Let R?={(x,y) e R*p(x,y) = ¢}. By ap-

I
plying Green’s formula ‘e have

|, £ 6L ot ) sty

= | o0e 96221 (3, 9) sy

3

(3) - v(x, y){(n1 — iaxkvz)le(x, )+ iexk=1y,. f(x,»)} ds
Jp=¢
+ f(x, »)(v1 — ibx*vy) Xovds =: J V(f,v,k,a,b,c)dxdy
Jp=¢ R?
- v(x, y)Bi1(f,k,a,b,c)ds + J f(x,y)Ba(v,k,a,b)ds
p=¢

J p:g

for every v(x, y) € C(R?), f(x,y) € C°°(R2\(O 0)), where v = (v, v2) is the unit
outward normal to 6R?>. Replace f(x,y) in (3) by Fl(x,y) we obtain that

|, e GE 2 o, ) sy

3

@) = J 2 V(F},v,k,a,b,c)dxdy
R

— J v(x, y)By (Fkl,k, a,b,c)ds + J Fk1 (x, y)B2(v,k,a,b)ds.
p=¢ p=¢

The first integral in the right side of (4) vanishes. We now compute the third
integral in the right side of (4). It is easy to check that

1 Lo )
ds|ap, = k+1 (6%|sin 0] 2/0AD) 6os? 0 + 242 sin? 0) Y246 and
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x 2t (k+1)y
(x¥+2 4 (k +1)2y2)1/2 ’ (x4+2 4 (k + 1)%y2)1/2

0B,

"|aBe = (v, V2)|aB£ = —<

Hence

(2 4 (k +1)%y%) 72 ds|gp, = 1 Jlr ce |sin 0/ ao,

It follows that

] F,J(x,ywz(v,k,a,b)dsscj EL G )l (] + v ) ds
p=¢ p=¢

(5)
< CsJ (Isin 6| + |cos6])d8 — 0 as ¢ — 0.

—n
Next we evaluate B (Fkl,k, a,b,c). We have
Bi(Fl,k,a,b,c) = ex* " (bx**' — ik + 1)) (—ax**!' + i(k + 1) y)h !
x (2 4 (ke + 12 (%2 4 (k 4+ 1)2y?) 12,
Therefore applying Corollary 1 with wy =8, —1=—(c+ (k+1)(b—a))/

(k+1)(b—a), wr=01=(c—k(b—a))/((k+1)(b—a)), ws=—(1/(k+1)),
wi = —a, w, = b we obtain

—J v(x, y)B (Fkl,k,a, b,c)ds
p=¢

= _ﬁ—l‘[ |sin 6]~/ **1 (—g]sin 6] + i cos 6)#1 7!
x (blsin 0] — icos 6) "' v(e, 6) dO
_ ——"—J (v(0,0) + 6(1))|sin 6] V/<+D
©) kv1),

x (—alsin 8] + i cos §)P1~" (b|sin 6] — i cos )™ dO

__20(0,0)c

T J sin™ /4D 9(—asin 0 + i cos )11

0
x (bsinf —icos )™ db + o(1)

o 4(b— a)V* (k) (k + 1))
~ T((k(b—a) = ¢)/((k+1)(b—a)))T(c/((k+1)(b - a)))

Now from (4), (5), (6) we deduce that

v(0,0) + o(1).
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= limj Fl(x, y)G,‘::fcv(x, y) dxdy
=&
' 4(b - a)" "Vl (k/(k + 1))
~ T((k(b—a)— o)/ (k+ )b —a)T(c/(k+1)(b—a)
Hence G,’:”fF,z";@’O(x, y) = A,‘j:fé(x, »).
IT) Assume that Ref > —k/(k+1). We then have F,g’ﬁ’g(x, y) =
(—ax* + ik + 1) p)P e L2 (R?) for every 1<p< —(k+2)/((k+1)Rep) if

loc

Ref < 0 and F,g’ﬁ’: (x,y) € LL(R?) if Reff>0. It is easy to compute that
Bi(FQP) ke a,b, k(b — )| -,
= (k+1)(b — a)x* N (—ax**" +i(k + 1) p)P!
x {=px**2 ialk + (k + 1DR)x 1y + k(k +1)y%)
x (4 (k1))
= 2+ DB (p — a)(—p(k + 1) sin? @ + ia(k + kB + ) cos O]sin 6] + k cos? 6)
x |sin 6] * /D (_g|sin 0] + i cos )F !

x (e%+2sin el(4k+2)/ (k1) 4 g2k42 (502 9)—1/2

v(0,0).

and
(w1l + Iva. XEDERED ds|,_, < CektDATRD) | (glsin 0] + icos 0)| db.

p=¢ =

Using the assumption that Ref > —k/(k + 1) we deduce that

—J v(x, y)By (F,g’fj’l?,k, a,b,k(b—a))ds+ J F,g’(f’f(x, y)By(v,k,a,b)ds — 0
p=¢ p

=&

as ¢ — 0. Hence G,fy’,f(b_a)Flg’ﬁ’f(x’ y) =0.

III) The proof of this part is the same as the proof of part II) with —a,f
replaced by b,a.

IV) We note that if k is odd and Rea<0, and Red <0 then
(=bx** +i(k+ 1)y)* and (—ax**! +i(k + l)y)ﬁ e C*(R?\(0,0)) for every «
and f. Therefore we can repeat all the arguments in part I). The only dif-
ference is

-] etomi g ket st | B n5)Bao ke d
p=¢ p=¢
= —%J sin™/*+D g(—asin @ + i cos )P~ (—bsin 6 — i cos )™ dO + 6(1).
0
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Applying Corollary 2 with w; =, — 1= —(c+ (k+ 1)(b—a))/((k+ 1)(b — a)),
wy=0u1 = (c—k(b—a))/(k+1)(b—a)), w3=—1/(k+1), wy=—-a, wp=—b
we obtain
2v(0,0)c
D =
Now clearly we have G,:’:fE,f,’f I;’O(x, y) =0.

J sin™/® D g(—asin 6 + 1cos )P~ (b sin 0 + i cos 6)* df = 0.
0

V) Argue as in part I) we arrive at

—J v(x, )Bi(R; 0k a a,c) ds—l—J R0 (x, y)By(v, k, a,a) ds
p=¢ p=¢
_ _21;{((101)0] sin/+1) 6(_qsin 0 + i cos )" !
0

x e sin@/(—asm6+icosb) do + 6(1) _ 6(1).

The last equality is a consequence of (7) when we let b — a. Therefore

we conclude that G} ”R,’:‘a"' (x,y) =0. This concludes the proof of

Theorem 1. O

CorOLLARY 3. If either Rea<0, Reb>0, ¢c=—(k+1)(b—a)N, or
Rea <0, Reb >0, c=((k+1)N +k)(b — a), where N is a non-negative integer,
or Rea <0, Reb <0, then G,‘::f is not hypoelliptic (nor analytic hypoelliptic).

Proof. Indeed, if Rea<0, Reb>0, c=—(k+1)(b—a)N, or Rea< 0,
Reb >0, c=((k+1)N +k)(b— a) then T'((k(b—a)—c)/(k+1)(b—a))) =
or T(e/((k +1)(b - 2)) = @ = AP =0= GEPFA (x, ) = 0. If Rea <0,
Reb <0, then G,? CE,:‘ ‘aﬁ 5 (%, ) 0 in the non-resonance case or
GUiR, :0(x, ) =0 in the resonance case. O

THEOREM 2. Assume that k is odd. If Rea <0, and Reb > 0 then
D GRSl (x,)
_ 4nT((k+2)/(k+1))
(b—a) " “IT((k+1)(b—a) =)/ (k+1)(b—a)T ((c+b—a)/(k+1)(b—a)))
. 65(x, y) —: B% b aé(x’ y)
ox ke ox

) G hinyo- a)Fk’a’b (x,¥) =0 if Ref>—(k+2)/(k+1).
) GPP,  Féds (%,9) =0 if Rea> —(k+2)/(k+1).
If Rea< 0, Reb< 0 and a+#b then
V) GPLER 2 (x, ) =
If Rea < 0 then
V) GRIRZ™(x,y) = 0.
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Proof. 1) Let us write FZ(x,y) = F,fzaﬂbz (x,y). As in the proof of

Theorem 1 it is easy to check that F2(x, )ELIOICC“L2 /D)= *(R?) for any small

positive 7. We see that

J ax®(vy — ivpbx*. F2(x, y).ﬁv(x, Y) ds
p=t dy
®) .
SC&‘J M‘dﬁ—m as ¢ — 0.
O

Next we have

J F2(x,).(v1 — ibx*vy). %ﬂ ds

p=¢

1 J 00(e,0) 1/ 6(—alsin 6] + i cos )"} (b|sin ] — i cos 6)™

Tk+1), ox
©) x (asin® @ — i(ab + 1)|sin 6] cos @ — bcos? 0) dO
- @}(y_{(),—‘__()i/_ax_)J sin!'/**Y) g(—qlsin 0] + i cos 0)%~" (b|sin 6] — i cos 6)™
0

x (asin® @ — i(ab + 1)|sin 0| cos § — bcos* ) dO + 5(1).
Now let us compute B;(F?,k,a,b,c). We have
Bi(F?,k,a,b,0)l,.,
= xF(—ax*" + ik + 1) p)P 7 xR — ik + 1))
x ((¢ 4 b)x¥*? —i(k + 1)(ab + 1) yx**' + (k 4+ 1)*(c — a)y?)
x (X2 4 (k+ 1)), = 7 (sin @) €1 (~alsin 6] + i cos 6) 2!
x (b|sin 0] — i cos 6) (%+2[sin | H+D/KHD) | 242 0662 gy =1/2
x ((c + b)sin® @ — i(ab + 1)|sin 6] cos 6 + (¢ — a) cos? 6).
Note that v(e, 8) = v(0,0) + &(sin6) Y “*1) (00(0,0) /0x) + 6(¢). Tt follows that

— J v(x, y)By (sz,k, a,b,c)ds
p=¢

- (Z(S_’ (1);8 J sign(sin 6) (—alsin 6] + i cos 0)%7! (b|sin 0] — i cos )

(10) x ((c + b)sin® @ — i(ab + 1)|sin 6] cos 6 + (¢ — a) cos? 0) d6



NECESSARY CONDITIONS OF HYPOELLIPTICITY 291

~ 2(0v(0,0)/0x) J" sin!/+D)g
K+l ),

x (—alsin 6] + i cos )71 (b|sin 6] — i cos )
x ((c + b)sin® @ — i(ab + 1)|sin 0] cos 6 + (¢ — a) cos? 0) dO + o(1).

We see that the first integral in the right side of (10) vanishes since the integrand
is an odd function of 6. Therefore summing (8), (9), and (10) and applying
Corollary 1 with oy =4, —-1=—(c+(k+2)(b—a))/((k+1)(b—a)), w2 =a
=(c—-k+1)b-a)/(k+1)b-a), w3=1/k+1), w=-a, wr=0b
yields

(11) —J v(x, y)B (sz,k, a,b,c)ds —i—J sz(x, Y)Ba(v,k,a,b)ds
p=¢ p=¢

2(c+b—a)(0v(0,0)/0x)
k+1

X J sin'/**D @ (—q|sin 0] + i cos 0)52_l(b|sin 0] —icos0)* dO+ o(1)
0

_ 4nl((k+2)/(k+1))
(b—a) "I ((ke+1)(b—a)—o)/((k+1)(b—a))T ((c+b—a)/((k+1)(b—a)))
x —60(6(20) +o(1).

By (4) with F}(x, y) replaced by FZ(x,y) and (11) we deduce that

(GPLFR(x, ), 0(x, »))
= (F(x, ), G’ o(x, »))

= limJ F2(x, y)G,‘(’”fcv(x, y) dxdy
p=e

4nl((k+2)/(k+1))(8v(0,0)/0x) '
(b—a)"*IT(((k+1)(b—a)—c)/((k+1)(b—a)))T((c+b—a)/((k+1)(b—a)))

It follows that GPF2! (x, y) = Bpl(d(x, y)/ox).

II) Assume that Ref > —(k+2)/(k+1). We then have F,g"f’bl (x,y)=
x(—axk! ik +1)y)? e L? (R?) for every 1 < p < —(k+2)/(1 + (k + 1)Ref)
if Ref < —1/(k + 1) and F{'2,) (x, y) € LE.(R?) if Refp > —1/(k+1). Itis easy
to compute that
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Bi(FQPy ka,b, (k+1)(b - a))|,—,
= x*(—ax*! +i(k + 1))’ x {=((k + 1)(b - @) — a)x***
+i(k +1)((k + Da(b — a)(B+1) —a® = Dx* Ty + (k + 1)
x ((k+1)(b —a) — a) y*}(x**2 + (k + 1)23’2)_1/2|ng — G2+ 1)p
X (=((k+1)(b—a)p — a)sin® 0 + i((k + Da(b — a)(B+ 1) —a* - 1)
x cos Olsin 0] + ((k + 1)(b — a) — a) cos? 6)(sin g)i/(kﬂ)
x (—alsin 6] + i cos )P (e*+2[sin 6| K2/ K+D) | g2k42 552 g)~1/2

and

F,g’f:’bl B;(v,k,a,b) ds|p=g

k+2+(k+1)B
= - E—k:_—l— |sin 6] 1/(k+1)(—a|sin 0] + icos H)ﬂ(|sin 0| — ibcos 6) Xov(x, y) db.

Therefore we deduce that
_ J o(x, )Bi(FP) ke, a,b, (k + 1)(b — a)) ds
p=¢
0,5,1
+J Fiwy (X, )Ba(v, k,a,b) ds
p=¢

(k+1)(B+1) n
= %J_ (= ((k+1)(b—a)p—a)sin*0

+i((k+ Da(b —a)(f+1) —a® - 1)
x cos 0|sin 0] + ((k + 1)(b — a) — a) cos* 6) sign(sin 0)
x (—alsin 0] + icos 0)’3“' do + 0(8k+2+(k+1)Reﬂ)‘

(12)

The integral in the right side of (12) vanishes for every ¢ since its integrand is an
odd function of 6. Therefore using the assumption that Ref > —(k +2)/(k+ 1)
we see that the expression in the left side of (12) tends to 0 as ¢ tends to O.
Hence G,?:f’k+1)(b_a)F,2’£‘; (x,)=0.

IIT) The proof of this part is the same as the proof of part II) with —a, S
replaced by b,a.

IV) We note that if k is odd and Rea <0, and Reb <0 then
(=bx**! 4 ik +1)p)* and (—axk! +i(k + 1)y)f € C*(R?\(0,0)) for every «
and f. Therefore we can repeat all the arguments in part I). The only dif-
ference is
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_ J o(x, )Bi(E02! K a,b,¢)ds + J EZS2 N (x, y)Ba(v, k,a,b) ds
p=¢ p=¢
. 2(c+b—a)(@v(0,0)/6x)
k+1

X J sin!/**Dg(—alsin 0] + i cos )"~ (—b|sin 6] + i cos 6)* d6.
0

Applying Corollary 2 with w; =, — 1= —(c+ (k+2)(b—a))/((k+ 1)(b — a)),
m=w=(—(k+1)(b-a)/(k+1)(b-a), w3=-1/(k+1), w =-aq,
wy = —b yields

2(c+ b — a)(0v(0,0)/0x)
- k+1

(13) .
X J sin!/®*Dg(—alsin 0] + i cos 0)% 7" (=b|sin 6] + i cos 6)* dO = 0.
0

Now clearly we have G,f’fE,f‘;ﬂl;’O(x, y) =0.
V) Argue as in part I) we arrive at

—j o, P)BURE™ kyaya,c) ds + J R (x, y)By(v, k0, ) ds
p=¢ p=¢
_, _ 2¢(0v(0, 0)/5X)J sin!/®+Dg
kvl Jo

x (_a sin @ + i cos 0)112—le1c2 sin 0/(—asm G+icos ) do = 0.

The last equality is a consequence of (13) when we let » — a. Therefore
we conclude that G,‘::fR,’c‘f‘;"z’l(x, ) =0. This concludes the proof of Theorem
2. O

COROLLARY 4. If either Rea <0, Reb >0, c=—((k+1)N+1)(b—a) or
Rea <0, Reb >0, c=(k+1)(b—a)(N+ 1) where N is a non-negative integer,
or Rea <0, Reb <0, then G,f:f is not hypoelliptic (nor analytic hypoelliptic).

Proof. Indeed, if either Rea <0, Reb >0, c=—((k+1)N+1)(b—a) or
Rea<0, Reb>0, c=k+1)(b—a)N+1) then T'(((k+1)(b—a)—c)/
(k+1)(b—-a))=0 or TI(c+b—a)/((k+1)(b—-a))) =00 = B,‘j:f =0=
GELFEIP (x, ) =0. If Rea <0, Reb <0, then GUPESZ ! (x,y) =0 in the

1 .
non-resonance case or G, ¢R;>"™"(x,y) =0 in the resonance case. O

THEOREM 3. Assume that k is even and Rea < 0, Reb > 0.
If c=(k+1)(b—a)N + ((2k+1)(b —a)/2), where N is an integer, then

b ,B1,0 b B, 1
GEPE I (x, 9) =0, GPIFEI (x, ) =0.
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If c=(k+1)(b—a)N + (k(b—a)/2), where N is an integer, then
G,f"fF,f"‘;i"o(x, y) = A bé(x ), G,f”ch,ZZa”ﬂg’l(x, y) = BZ:?(@&(X, ¥)/0x).
Proof. Ifc=(k+1)(b—a)N+(2k+1)(b—a)/2),orc=(k+1)(b—a)N

+ (k(b—a)/2), then (k/(k+1))+ 2/)’11 and ((k+2)/(k+1))+2p, are inte-
gers. Therefore F,f“;/i;’o(x ), F,:"ab2 (x,y) € C*(R?\(0,0)). Again we have

Fk“'a/;,‘ (x, )eLfolcch2 /- ‘(R*) and F,f‘zalz2 (x, y)eL((k+2)/(k+1 ‘(R*) for any

small positive 7. First we prove the theorem for Fk“ ‘aﬂb 0. As in the proof of
Theorem 1 we can show that

J F;‘éﬁ‘o(x, y)Ba(v,k,a,b)ds — 0 as e — 0.
p=¢
Next we have

_ J o(x, )Bi (F&h 0 k,a,b, ) ds
p=¢

=— J (sinf); I/kﬂ)( asinf + icos )P
-7

>~
+

x (bsin@ — icos )™ v(e, 0) dO

(14 = J (v(0,0) + 5(1))(sin ) 3/ ¢+

x (—asinf + icos )P~ (bsin 6 — icos )™ d6

4
=— j (sinf), 1/kﬂ)( asinf + icos )P
-

X (bsin® —icos0)™ df + o(1).

Ife=(k+ 1)(b —a)N + ((2k 4+ 1)(b — a)/2) then the integrand in the right side of
(14) changes sign when we replace 8 by § — n. Therefore the integral vanishes.
Hence GplFi'P°(x,y) =0. If ¢ = (k+1)(b—a)N + (k(b— a)/2) then it fol-
lows that

_cz(i?)] (sin0)3"/**(~asin@ + icos )P~ (bsin @ — icos 6)* df
- ___zjl’(f’lo)J (sin)"/* (—asin @ + icos )1 (bsin 6 — icos §)* db
0

= Ap(0,0).

Therefore GPF%(x, y) = APLo(x, ).
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Next we prove the theorem for Fkazalzz’ (x,»). As in Theorem 2 we have
—j o(x, ) Bi(F K a,b,c) ds+j F2le Y (x, y)Ba(v,k, a,b) ds —
p=¢ p=¢

(¢ +b—a)(0v(0,0)/0x)

(13 T k+1

x J (sin0) /") (—asin @ + icos )"~ (bsinf — i cos ) db.

If c=(k+1)(b—a)N + ((2k+ 1)(b — a)/2) then the integrand in the right side
of (15) changes srgn when we replace 6 by 6 — n, therefore the integral vanishes.
Hence GUPF2/2'(x,y)=0. If c¢=(k+1)(b—a)N + (k(b—a)/2) then we
deduce that
(¢ +b—a)(dv(0,0)/0x)
B k+1

x J (sin )/ ) (—asin 6 + icos )"~  (bsin g — icos 6) d

2(c + b — a)(00(0, 0) /0x)
B k+1

X J (sin 6) l+/(k+l)(-a sin 6 + icos 8)% ! (bsin 0 — icos 6)* db
o +

0v(0,0)
.6 0v(V,
B, p

If follows that GoPF/2h>!(x, y) = BPb(d(x, y)/ox). O

COROLLARY 5. Assume that k is even and Rea <0, Reb>0. If
c=(k+1)(b—a)N+ ((2k + 1)(b —a))/2), where N is an integer, then G,i‘f is
not hypoelliptic (nor analytic hypoelliptic).

Remark 1. Altogether Corollary 3, Corollary 4 and Corollary 5 give all the
values k,a,b,c, where Gk . s not hypoelhpt1c as stated in [1], [2].

Remark 2. Since G“ b is invariant under the translation (x, y) — (x, y + »,)
it is easy to have the fundamental solutions or singular solutions at points (0, y,)
in all cases considered above.
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