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THE GROWTH OF SOLUTIONS OF SECOND ORDER LINEAR

DIFFERENTIAL EQUATIONS WITH MEROMORPHIC COEFFICIENTS*

ZONG-XUAN CHEN

Abstract

In this paper, we investigate the growth of infinite order meromorphic solutions of

second order differential equations with transcendental meromorphic coefficients. For

most of meromorphic solutions, we obtain some precise estimates of their hyper-order.

1. Introduction and results

Throughout the presentation, we use the standard notations of the Ne-
vanlinna theory (e.g. see [10, 13]). In addition, we use notations λ(f) and
λ(\/f) to denote respectively the exponent of convergence of the zeros and the
poles of meromorphic function f(z), σ(f) to denote the order of growth of f(z)
and μ(f) to denote the lower order of f(z). In order to express the rate of
growth of meromorphic function of infinite order, we recall the following def-
inition (e.g. see [18]).

DEFINITION 1. Let / be a meromorphic function, then we define the hyper-
order σ2(f) of f{z)

, 2 ω = Ί g ,

r-*oo logr

For the second order linear differential equation

(1.1) f" + A(z)f' + B(z)f = 0,

it is well known that let A{z) or B(z) be transcendental, if fx and f2 are two
linearly independent meromorphic solutions of (1.1) then by [7, Lemma 3], there
is at least one of f\,f2 such that it's order is infinite. In [12], S. Hellerstein,
J. Miles, and J. Rossi proved that if A(z) and B(z) are entire functions with
σ(B) < σ(A) < 1/2, then any nonconstant solution of (1.1) has infinite order.
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For the case where σ(B) < σ(A) < 1/2, the above assertion was proved in [9] by
G. Gundersen. For higher order linear differential equations with entire co-
efficients of small growth, J. K. Langley investigated the zeros of infinite order
solutions in [17]. Then for a great deal of meromorphic solutions with infinite
order, more precise estimates for their rate of growth is a very important as-
pect. Ki-Ho Kwon investigated the problem and obtained the following result
in [15]:

THEOREM A. Let A(z) and B(z) be entire functions such that σ(A) < σ(B)
or σ(B) < σ(A) < 1/2. Then every solution / ( # 0 ) 0/(1.1) satisfies σ2(f) >
max{σ(A),σ(B)}.

In [16], Ki-Ho Kwon investigated the hyper-order σ2(f) of solutions of (1.1)
where A = h\{z)ep^z\ B = h2{z)eQ^\ P(z),Q(z) are polynomials satisfying degP
= degβ, h\>h2 are entire functions satisfying σ(hj) <degP. In [5] Zong-Xuan
Chen and Chung-Chun Yang investigated the hyper-order of infinite order entire
solutions of higher order linear differential equation with entire coefficients.

In this paper we will consider the hyper-order of meromorphic solutions of
the general differential equations with meromorphic coefficients. It is easy to see
that most of meromorphic solutions of (1.1) satisfy

^loglogA^l//)
r-^oo logr

For the solution satisfying (1.2), we obtain the more precise result σ2(f) =
max{σ(A),σ(B)} than σι(f) > max{σ(^4),cr(^)} in Theorem A.

THEOREM 1. Let A(z) and B(z) be meromorphic functions such that

mzx{σ{A),λ(l/B)} < σ{B) < +oo.

If the equation (1.1) has meromorphic solutions, then every meromorphic solution
/ ( # 0 ) satisfies σ2(f) > σ{B).

Furthermore, if f satisfies

then σ2(f) = σ(B).

THEOREM 2. Let A(z) and B(z)(ψO) be meromorphic functions such that

max{σ(5), λ{l/A)} < μ{A) < σ(A) < 1/2.

If the equation (1.1) has meromorphic solutions, then every meromorphic solution
/ ( # 0 ) satisfies σ2(f)>σ(A).



210 ZONG-XUAN CHEN

Furthermore, if f satisfies

(1.4) ^ l o g l o g Λ Γ M / / )
v J A - ^ O O logr

then O2(f) — σ{A).

2. Lemmas that are needed for the proof of Theorem 1

LEMMA 1 ([8, Theorem 4]). Let f be a meromorphic function, and let α > 1
and ε > 0 be given real constants. Then there exists a set E\ a (0, oo) that has
finite linear measure and there exists constant B > 0 that depend only on oc, such
that for all z satisfying \z\ = r φ E\, we have

(2.1) <B{T{θLrjy\ogT{zrJ))\ ( 7 = 1,2).

LEMMA 2 ([15]). Let g(z) be a nonconstant entire function of finite order.
Then for any given ε > 0, there exists a set Hi <= (0, oo) with densH^ = 1 such that

(2.2) M{r,g) > e x p K ^ " * }

for all r e Hi.

For a set H a [0, oo), the upper and the lower densities of the H are defined
by

= hm
r-+oo

and

. „ Γ m(i/Π[0,r])
densH = hm— — -

where m(F) is the linear measure of a set F.

LEMMA 3. Let w(z) be a meromorphic function with λ(l/w) < σ(w) < +oo.
Then for any given ε > 0, there exists a set H^ <= [0, +oo) with densH^ = 1
such that

(2.3) M(r,w)>Qxp{rσ^-£}

holds for all r e H3.

Proof Set w(z) = zkg(z)/d(z), where k is an integer, g{z) is an entire
function, d(z) is the canonical product (or polynomial) formed with the nonzero
poles of w(z), hence λ(d) = σ(d) = λ(l/w) < σ(w) and σ(g) = σ(w). By Lemma
2, for any given ε(0 < 2ε < σ(w) - λ(l/w)), there exists a set H2 cz [0, +00) with
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densH2 = 1 such that

(2.4) M(r, g) > exp{rσ^-ε}, (r e H2).

Now take a point zr satisfying \zr\ = r e H2 and \g(zr)\ = M(r,g). Since there is
R(>0) such that for r > 0, we have

(2.5) \d(zr)\ <

Set an H3=H2- [0,Λ], then densH3 = 1. By (2.4) and (2.5),

M(r,w) > tfg(zr)/d(zr)\ > exp{r σ ^" £ }.

holds for \zr\ = re H3.

LEMMA 4. Let F(r)9 G(r) are nondecreasing functions on [0, 00) such that
F(r) < G(r) for r φ £4, where the set £4 <= [0, 00) that has finite linear measure.
Then

r^co logr r^co log Γ

τ — log log F(r) -p— log log G(r)
lim < lim .
r̂ oo logr r-+oo logr

Proof Set the linear measure of the £4, mE^ =δ < +00. For any given
sequence {rn} a [0, +00) (2δ < n < r2 < , rn —> 00), there exists a point r̂  e
[rw,rM + 25] - £ 4 . From

) ^̂  logF(r^) ^̂  logG(r^)
- log(r;; - 2δ) ~ logr; + log(l - (7δ/r'n))'

we have

logr« «-.cologr̂  +log(l - (2δ/r'n))

-̂>oo logr

Since the sequence {rn} c [0,+oo) is arbitrary, we have

r->oo logr r-*co logr

Similarly, we have

-^- log log F(r) —- log log G(r)
lim < lim ;

r-^oo l o g r r->oo log T
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LEMMA 5 (see [6]). Let f{z) is a meromorphic function, /(0) Φ oo. Then for
τ > 1 and r > 0, we have

T(rJ) < CτT{τrJr) +log+(τr) + 4 + log+|/(0)|,

where C τ(>0) zs # constant depending only on τ.

LEMMA 6 ([14, Theorem 12.4]). Let f be an entire function with σ(f) = oo.
Then f can be represented in the form f(z) = g(z)eh^ where g(z) and h(z) are
entire functions such that

σ2{f) = max{σ2(g),σ2(eh)}

=

lOgr r-̂ oo log Γ

LEMMA 7. Let A(z), B(z) be meromorphic functions of finite order. If f(z)
is α meromorphic solution 0/(1.1) and satisfies

(2.6) ^ l o g l o g Λ ^ l / / ) ^ m a χ { σ { A U { B ) } =

r̂ oo logr

ίAe/2 σ2(f) < σ.

Proof Set f(z) = w(z)eh^ = zk(g(z)/d(z))eh^z\ where w(z) = z/ :(^
/: is an integer, A(z) is an entire function, g(z) and d(z) are canonical products
(or polynomial) formed respectively with the nonzero zeros and nonzero poles of
f(z). Since the poles of f(z) can only occur at the poles of A(z) and B(z),
hence σ(d) = λ{\/f) < σ.

If A(/) = σ(N(r, 1//)) < +oo, then σ(w) < +oo and

(2.7) m^Γ,—J=O(logr) (7=1,2).

If λ(f) = +oo, then σ(w) = λ(f) = σ(gf) = +oo. By (2.6) and Lemma 6 for
any given ε > 0, we have

log Γ(r, 0) < r σ + ε, log Γ(r, d) < (σ + e) log r

for sufficiently large r, hence

l o g Γ ( r , w ) < M { r σ + ε }

and

(2.8) m(r, w ω /w) = O(logrΓ(r, w)) < M{rσ+ε} (j = 1 , 2 )

for |z| = r outside a set Eη <= [0,+oo) with finite linear measure, where M(>0) is
some constant.
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Substituting / — weh into (1.1), we obtain

(2.9) -(h'f
w w

Using the similar reasoning as in the proof of Tumura-Clunie's Theorems [10,
pp. 67-69], we can get

(2.10) m{r,h') < Mx\m(r,^) + m(r,^\ + m(r, A) r,B) r,h')\

for \z\ = r outside a set E'Ί c [0, +oo) with finite linear measure, where M\ is
some positive constant.

By (2.7) (or (2.8)) and (2.10), we know that for rφEΊUE^ ( r ^ + o o ) ,

(2.11) m(r,hf) < M2(2{rσ+ε} + 2rσ + ε + 5(r,A;)),

where Mi is some positive constant. By Lemma 5, we have

(2.12) Γ(r,Λ) = m(r,h) < M3(m(2r,h') +log2r).

Since Lemma 4 and S(r,h') = o{m(r,h')} as r —> +oo possibly outside a set of r
of finite linear measure, we get σι(f) < σ from (2.11) and (2.12).

LEMMA 8 ([4]). Suppose that w(z) is a meromorphic function with σ(w) = β <
oo. Then for any given ε > 0, there is a set E% c (1, +oo) that has finite linear
measure and finite logarithmic measure, such that

holds for \z\ = r φ [0,1] U £ 8 , r -> oo.

3. Proof of Theorem 1

Suppose that α and /? are real numbers satisfying

(3.1) max{σ(A),λ(l/B)} < α < β < σ(B).

If f(z) is a meromorphic solution of (1.1), then by (1.1) it is easy to see that
σ(f) — °° ^y (1-1), we have

(3.2) \B{z)\ <
fV)

\A{z)\

By Lemma 1, there is a set E\ c= [0,+oo) with a finite linear measure such that
for all z satisfying \z\ =rφE\, we have

(3.3)
/ω(z) (7=1,2).
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By Lemma 8, there is a set E% a (1, +oo) with a finite linear measure such that
for all z satisfying \z\ = r φ [0,1] U E&, we have

(3.4) μi(z) |<exp{r α } .

On the other hand by Lemma 3, we know that there is a set H$ <=. [0, +00)
with densH-i = 1 such that

(3.5) M(r,B)>exp{rβ}

holds for all r e H3. Now set an H = H} - ([0,1] U Ex U E5), then densH = 1.
For all reH, we have by (3.1)-(3.5)

(3.6)

as r —> +00. Therefore by (3.6), σι{f) >β holds. Since β is arbitrary, we get

(3.7) σ2(f)>σ(B).

Furthermore, if f(z) satisfies (1.3), then by Lemma 7 and (3.7), we get σι{f)
= σ(B).

4. Lemmas that are needed for the proof of Theorem 2

LEMMA 9 ([8]). Let w(z) be a transcendental meromorphic function with σ(w)
— σ < +oo. Let Γ = {(k\,j\)y..., (km,jm)} denote a finite set of distinct pairs of
integers that satisfy kt > j ι > 0 for i = 1,.. ., m, and let ε > 0 be a given constant.
Then there exists a subset Eg cz ( l,+oo) with finite logarithmic measure such that

for all z satisfying \z\=r φ [0,1] I) Eg, and (k,j) e Γ, we have

\w{k\z)/wu\z)\ < r^-^σ-χ+ε\

Also there exists a subset Eg a [0,+oo) with finite linear measure such that for all
z satisfying \z\ .= r φ Eg, and (A:, j)eT, we have

\w{k\z)/wU)(z)\ <r

{k-J){σ+εl

LEMMA 10. Let f(z) be a meromorphic function with λ(l/f) < σ(f) = oo.
Then there exists a set H\o <z [0, oo) with densH\o = 1 such that for r e H\$, there
is a point zr satisfying \zr\ = r and

(4-1) \f(zr)/f'(zr)\<r.

Proof Set λ(\/f) = α < oo. We first suppose that λ(f) = oo, then

(4.2) Ί i n T f
r->oo logr
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There exists {rn}(rn —> oo) satisfying rn > n and

(4.3) n { r 2 ^ + x

Set a set H[o = \J^=i[fn,nrn]. Now we take {/?„} such that nrn/2 < Rn < nrn,
then

(4.4)

For r e H[o, there is an n such that re [rn,nrn]. By (4.3) we get

(4.5) •ΆMrΛ^'
On the other hand, for any ε(0 < 3ε < 1), there is R(>0) such that for r > R,

(4.6) r*-χ<l-,n{rj)<r«+*

hold. Set a set i/io = H'w Π [R, +00), then densHw = 1. For r e H\o by the
residue theorem and (4.5), (4.6), we have

(4-7) ^
:|=r/ω

= i ( r , i ) - n(rj) >

So, from (4.7) it is easy to see that there is a point zr with \zr\ =r such that
\f\zr)/f(zr)\ > 1/r. Hence (4.1) holds.

Now we suppose that λ\f) < +oo. Then by λ(\/f) < -hoo, / can be ex-
pressed in the form / = weh such that σ(w) = β < oo and h is a transcendental
entire function. By Lemma 9, we know that there is a set Eg c [0, +oo) with
linear measure m ^ < oo such that for \z\ = r φ Eg, we have

(4.8)
w'(z)

w(z) < r
,β+ι

Since h1 is a transcendental entire function, there is JR(>0) such that for r > R,
we can take a point zr satisfying \zr\ = r φ[0yR][JEg and

(4.9)

By (4.8), (4.9) and

we get

f'(z)
>\ti{z)\-

w(z)
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f'(Zr) 1
r

for r e [R, +00) - Eg. Set a set H\0 = [R, + 00) - Eg, then it is easy to see that
densHio = 1. Hence (4.1) holds for r e H\o

LEMMA 11 ([3]). Let g(z) be an entire function of order σ where 0 < σ < 1/2,
and let ε> 0 be a given constant. Then there exists a set H\\ <= [0,+00) with
densHn >\—2σ such that for all z satisfying \z\ = r e H\\, we have

(4.10) |g(z)

LEMMA 12. Let f(z) be a meromorphic function with λ(\/f) < σ(f) = σ <
1/2. Then for ε > 0, there exists a set Hn <= [0, 00) with densHn > 0 such that

for all z satisfying \z\=r e H\2, we have

(4.11) | / (z) |>exp{( l+o(l)K- ε } .

Proof Set f(z) = zkg(z)/d(z), where k is an integer, d(z) is a canonical
product (or polynomial) formed with the nonzero poles of f(z),σ(d) = λ{\/f) <
σ(f),g(z) is an entire function with σ{g) = σ < 1/2. By Lemma 11, for a given
ε(0 < 3ε < σ — A(l//)), there exists a set Hn a [0, +00) with densHn > 0, such
that for all z satisfying \z\ = r e Hn, (4.10) holds. And there is R(>0) such that

(4.12) |</(z)|

holds for r>R Set an Hn = Hn ΓΊ [Λ,+oo), then densHn>0. For all z
satisfying \z\ = r e H\2, we get by (4.10) and (4.12)

\f{z)\ > exp{rσ-ε - rWΛ-*} = eχp{(l + o(l))rσ~e}.

LEMMA 13 ([1]). Let f(z) be an entire function of order σ(f) = σ < 1/2 and
denote A(r) = inf|z)=r log|/(z)|, B(r) = sup|z ( = r log|/(z)|. If σ < α < 1, then

where

logdens{r : A(r) > (cosπoc)B(r)} > 1

logdensjH) = M M (/#(0/0 dt) A°g'

and

where χH(t) is the characteristic function of a set H.
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L E M M A 1 4 ( [ 2 ] ) . L e t f ( z ) b e e n t i r e w i t h μ ( f ) = μ < 1 / 2 a n d μ < σ = σ ( f ) .
If μ<δ < min(σ, 1/2) and δ < α < 1/2, then

log dens{r : A(r) > (cosπoc)B(r) > rδ} > C(σ,<5,α),

where C(σ,δ, α) is a positive constant depending only on σ, δ and α.

LEMMA 15. Let A{z),B(z) be meromorphic functions such that BφO and

max{σ(B),λ(l/A)} < μ(A) < σ(A) < i .

If f(φϋ) is a meromorphic solution of the equation (1.1), then σ(f) = oo.

Proof Assume that f(z)(φθ) is a meromorphic solution of (1.1), then
/ is transcendental by BψO. Now suppose that σ(f) < oo. We set f(z) =
g{z)/ d(z), where g(z) is an entire function, d(z) is the canonical product (or
polynomial) formed with the nonzero poles of f(z). By the fact that the
poles of f(z) can only occur at the poles of A, B, it follows that σ(d) <

= β < μ(A). Since

T(r, f") < 2T(r, /') + m ( r,J— ) < 4Γ(r, /) + 0(log r)

and

we can get

(4.13) T(r,A) < cT(r,f) + T(r,B) + O(logr),

where c is a constant. By (4.13) and σ(B) < β < μ(A), we conclude μ(f)>
μ(A). By / = g/d we have T(r,f) < T(r,g) + T(r,d) + 0(1). For any given
ε(0 < 2ε < μ(f) - σ(d)), T(r, f) > r^-" and T{r,d)<rσ^+ε hold for suffi-
ciently large r, hence (1 - o(l))ι *<Λ-β < T(r, g) + 0(1), so μ(f) < μ(g). If μ(f)
< μ(g), then by g = fd, we have

rM)-χ < T{rJ) + T(r,d) < T(r,f) + rσ^+ε',

(0<2ει<μ(g)-μ(f)<μ(g)-σ(d))

and

^ ^ < T(rJ)

for sufficiently large r, hence μ(f) >μ(g). This is a contradiction. Therefore,
μ(f) = μ{g) > β. Similarly, we can get σ(f) = σ(g).
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From the Wiman-Valiron theory (see [11, 13]), there exists a subset
is c (l,oo) with finite logarithmic measure lm(E) < oo, such that for a point
z satisfying \z\ = r φ E and \g(z)\ = M(r,g), we have

(4-14) τ§ =

where vg(r) denotes the central-index of g(z). By Lemma 9 we know that for
any £2(0 < 2β2 < μ{A) — β), there exists a subset Eg a ( l,+oo) with imEg < 00,
such that for all z satisfying \z\ = r φ [0,1] U Eg, we have

(4.15)
d'(z)

d(z)
rβ-i+e2

-1 d'{z)

By μ(g) = μ(f) > μ(A), there is R(> 1) such that

(4.16) vg{r)>r^~*

holds for r > R. Hence for a point z on which \g(z)\ = M(r,g), and \z\ = r φ
[0, QUEUE,, we have by (4.14)

(AM\ f'^)_g'{z) d'{z)_vg{r)
( 4 1 7 ) /&—&)-!&- —

By (4.15)-(4.17), we get

(4, 8 ) CΆ.ψ,
By (1.1) and (4.18), we get

(4.19) <V«<Γ>-

d{z)

-A-

Set A(z) = a(z)/h(z), where a(z) is transcendental and h(z) is the canonical
product (or polynomial) formed with nonzero poles of A(z). Then σ(h) — λ{h) =
λ{\/A) <β, μ(a) =μ{A) < σ{A) = σ(a) < 1/2. We can choose oc,δ such that

(4.20) β < Oί <δ

By L e m m a 13 (if μ{a) = σ(a)) or L e m m a 14 (if μ(a) < σ(a)), there exists a subset
H a ( l , o o ) with logarithmic measure imH = oo such that for all z satisfying
\z\ — r e H, we have

(4.21) \a(z)\ > e x p { / } .

By Lemma 8, there exists a set E% c (1, oo) with logarithmic measure lmE% < oo,
such that for all z satisfying \z\ = r φ [0,1] \JE%, r —> oo, the following estimations
hold:

(4.22) \B{z)\ «}, |Λ(z)|<expK}.
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By Lemma 9, there exists a subset Eg c (1, oo) with imEg < oo, such that for all
z satisfying \z\ = r φ [0,1] UEg, we have

(4.23) < rM

— r ?

where M is a constant. It follows from (4.19)-(4.23) that as reH —

([0,R}UE[JEz{JE9) (lrn{[0,R]UEUEsUE9)) = oo), r -> oo,

(4.24) v,(r)->0

holds. But (2.24) contradicts (4.16). Therefore σ(g) = oo, i.e. σ(f) — oo.

5. Proof of Theorem 2

Assume that f(z)(φθ) is a meromorphic solution of (1.1), then σ(f) = oo by
Lemma 15. We can rewrite (1.1) as

(5-1) -A(z) = f"(z)/f'(z) + B(z)f(z)/f'(z).

By Lemma 1, there is a set E\ a [0, oo) with a finite linear measure such that for
all z satisfying \z\ = r φ E\, we have

(5-2) \f"(z)/f'(z)\<r[T(2r,f')}2.

We can choose α,/? such that

(5.3) max{σ(£), λ(l/A)} = β < α < p < σ(A).

By Lemma 8, there is a set E% <= [0, +oo) with a finite linear measure such that
for all z satisfying \z\ = r φ E%,

(5.4) |β(z)|

holds. By Lemma 12, there is a set Hn <= [0,+oo) with densHn > 0 such that
for all z satisfying \z\ = r e Hn, we have

(5.5) M(z)|>exp{(l + 0 ( l ) K } .

Hence by (5.1)-(5.5), for all z satisfying \z\ = r e Hϊ2 - ([0,1] U£Ί UE8)
(dens{Hi2 - ([0,1] U£Ί U^s)} > 0), we have

(5.6) exp{(l + o(l))r"} < r[T(2r,f')}2

By Lemma 10, there exists a set i/io <= [0,+00) with densH\o = 1 such that for
o, there is a point zr satisfying \zr\ =r and

(5-7) \f(zr)/f'(zr)\<r.

By (5.6) and (5.7), we know that for r e Hmf) (Hl2 - ([0,1] U£Ί
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(dens(Hw Π {Hn - ([0,1] U Eλ U E%))) > 0), we have

(5.8) exp{(l + o(l))r»} < r[T(2r, f')}2 + exp{rα}r

<2rexpK}[Γ(2r,/')]2.

Hence, σ^/') > p. Since p is arbitrary and

T(r,f')<3T(r,f) + O(logrT(r,f))

holds possibly outside a set of r of finite linear measure, combining Lemma 4 we
get σ2tf) > σ{A).

Furthermore, if/satisfies (1.4), then by Lemma 7, we have σ2(f) <σ(A).
Hence &2{f) = σ(A).

6. Examples

EXAMPLE 1. The equation

[ - 2z - lΛf - Uz2e2zl + (iz + ̂  cotz + \\f = 0

have a solution / = (l/sinz)*^2, where σ(B) = 2, σ{A) = 1, λ(l/A) = λ(l/B) =
1, and σι(f) = 2.

Acknowledgement. The author would like to thank the referee for valuable
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