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THE GROWTH OF SOLUTIONS OF SECOND ORDER LINEAR
DIFFERENTIAL EQUATIONS WITH MEROMORPHIC COEFFICIENTS*

Z0oNG-XUAN CHEN

Abstract

In this paper, we investigate the growth of infinite order meromorphic solutions of
second order differential equations with transcendental meromorphic coefficients. For
most of meromorphic solutions, we obtain some precise estimates of their hyper-order.

1. Introduction and results

Throughout the presentation, we use the standard notations of the Ne-
vanlinna theory (e.g. see [10, 13]). In addition, we use notations A(f) and
AM1/f) to denote respectively the exponent of convergence of the zeros and the
poles of meromorphic function f(z), o(f) to denote the order of growth of f(z)
and u(f) to denote the lower order of f(z). In order to express the rate of
growth of meromorphic function of infinite order, we recall the following def-
inition (e.g. see [18]).

DerFINITION 1. Let f be a meromorphic function, then we define the hyper-
order a,(f) of f(z)

oa(f) = i_m10g+ log* T(r, f)'

r—o logr

For the second order linear differential equation

(L.1) f"+A4@)f" +B()f =0,

it is well known that let A(z) or B(z) be transcendental, if f; and f, are two
linearly independent meromorphic solutions of (1.1) then by [7, Lemma 3], there
is at least one of f},f; such that it’s order is infinite. In [12], S. Hellerstein,
J. Miles, and J. Rossi proved that if A(z) and B(z) are entire functions with
o(B) < 0(A) <1/2, then any nonconstant solution of (1.1) has infinite order.
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For the case where o(B) < g(A4) < 1/2, the above assertion was proved in [9] by
G. Gundersen. For higher order linear differential equations with entire co-
efficients of small growth, J. K. Langley investigated the zeros of infinite order
solutions in [17]. Then for a great deal of meromorphic solutions with infinite
order, more precise estimates for their rate of growth is a very important as-
pect. Ki-Ho Kwon investigated the problem and obtained the following result
in [15]:

THEOREM A. Let A(z) and B(z) be entire functions such that o(A) < o(B)
or d(B) <a(A) <1/2. Then every solution f(#£0) of (1.1) satisfies o2(f) =
max{o(4),c(B)}.

In [16], Ki-Ho Kwon investigated the hyper-order a,(f) of solutions of (1.1)
where 4 = hi(2)ef®), B = hy(z)e2?, P(z),Q(z) are polynomials satisfying deg P
=deg Q, hi,h, are entire functions satisfying o(h;) < degP. In [5] Zong-Xuan
Chen and Chung-Chun Yang investigated the hyper-order of infinite order entire
solutions of higher order linear differential equation with entire coefficients.

In this paper we will consider the hyper-order of meromorphic solutions of
the general differential equations with meromorphic coefficients. It is easy to see
that most of meromorphic solutions of (1.1) satisfy

(12) Wn-loglogN(r,l/f)

Jlim Togr < max{o(4),d(B)}.

For the solution satisfying (1.2), we obtain the more precise result o,(f) =
max{o(4),0(B)} than o,(f) > max{c(4),0(B)} in Theorem A.

THEOREM 1. Let A(z) and B(z) be meromorphic functions such that
max{c(4),A(1/B)} < 6(B) < +0.

If the equation (1.1) has meromorphic solutions, then every meromorphic solution

f($#0) satisfies o2(f) = o(B).

Furthermore, if f satisfies

Eﬁ—loglogN(r, 1/f)

(1.3) Tim ogr

<a(B),

then a,(f) = o(B).

THEOREM 2. Let A(z) and B(z)(#0) be meromorphic functions such that
max{o(B),A(1/4)} < u(4) < o(4) < 1/2.

If the equation (1.1) has meromorphic solutions, then every meromorphic solution

f(#£0) satisfies o2(f) = o(A).
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Furthermore, if f satisfies

(1.4) HM < a(A4),
r— logr

then oy(f) = o(A).

2. Lemmas that are needed for the proof of Theorem 1

LemMa 1 ([8, Theorem 4]). Let f be a meromorphic function, and let o > 1
and ¢ > 0 be given real constants. Then there exists a set E; = (0,00) that has
finite linear measure and there exists constant B > 0 that depend only on o, such
that for all z satisfying |z| =r ¢ E), we have

f(j)(z)
f(2)

Lemma 2 ([15]). Let g(z) be a nonconstant entire function of finite order.
Then for any given ¢ > 0, there exists a set Hy < (0, 00) with dens Hy = 1 such that

(22) M(r,g) = exp{r"®}
for all re Hy.

(2.1)

< B(T(or, f)r*log T(ar, f))’, (j=1,2).

For a set H < [0, o), the upper and the lower densities of the H are defined
by

mgzmm(”_r:[o”]_)
and
dens H = QQM
r—oo r

where m(F) is the linear measure of a set F.

LemMA 3. Let w(z) be a meromorphic function with A(1/w) < a(w) < +o0.
Then for any given ¢ >0, there exists a set Hs < [0,+00) with dens H; =1
such that

(2.3) M(r,w) > exp{r°®-}
holds for all r e Hj.

Proof. Set w(z) =z*g(z)/d(z), where k is an integer, g(z) is an entire
function, d(z) is the canonical product (or polynomial) formed with the nonzero

poles of w(z), hence A(d) = o(d) = A(1/w) < o(w) and a(g) = o(w). By Lemma
2, for any given &(0 < 2¢ < g(w) — A(1/w)), there exists a set H, < [0,+00) with
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dens H, = 1 such that
(2.4) M(r,g) > exp{r°"™~%}, (reH,).

Now take a point z, satisfying |z,| = r € H, and |g(z,)| = M(r,g). Since there is
R(>0) such that for r > 0, we have

(2.5) |d(z,)| < exp{r*(1/¥)+e},
Set an H; = H, — [0, R], then dens H; = 1. By (2.4) and (2.5),

M(r,w) = |zfg(z,)/d(z)| = exp{r°™=¢}.
hOldS for |Zr| =re H3'

LemMA 4. Let F(r), G(r) are nondecreasing functions on [0,00) such that
F(r) < G(r) for r ¢ E4, where the set E4 < [0,00) that has finite linear measure.
Then

mlog F(r) < FIHlog G(r)’

r—w  logr r—o logr
FIHlog log F(r) < —lﬁbg log G(r) .
r—o  logr r—o  logr

Proof. Set the linear measure of the E4, mEs =6 < +o00. For any given

sequence {r,} = [0,4+) (20 <r <r,<---,r, — ), there exists a point r, €
[Pn, 7n + 28] — E4. From
logF(rs) _ logF(ry) _ _ logG(ry)

logr, ~ log(r, —25) ~ logr, +log(l — (2d/r))’
we have
—log F(ry) —— log G(r})
—et\Un) -7 n
}an}o log ry =% logr! +log(1 — (26/r}))

!
mlOg G(’/‘n) < I-—IOg G(r)
n—oo  logr! r—o  logr

Since the sequence {r,} = [0,+00) is arbitrary, we have

—li—rHIOgF(r) < —Elog G(r)'
r—o  logr r—ow logr
Similarly, we have
fnTlOg log F(r) < mlog log G(r) .

r—o  logr r—oo  logr
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LemMma 5 (see [6]). Let f(z) is a meromorphic function, f(0) # co. Then for
t>1 and r > 0, we have
T(r,f) < C:T(ar, f') + log* (zr) + 4 + log" | £ (0)],

where C.(>0) is a constant depending only on t.

LemMmA 6 ([14, Theorem 12.4]). Let f be an entire function with o(f) = oo.
Then f can be represented in the form f(z) = g(z)e"® where g(z) and h(z) are
entire functions such that

02(f) = max{o2(g), 2(e")}

ox(g) = Hljn--loglogN(r, 1/9) _ EloglogN(r, 1/1) .
r—c0 logr r—oo logr

LemMa 7. Let A(z), B(z) be meromorphic functions of finite order. If f(z)
is a meromorphic solution of (1.1) and satisfies

(2.6) EloglogN(r,l/f)
r—0o0 logr

then a,(f) <o.

< max{o(4),0(B)} =0,

Proof.  Set f(z) = w(z)e"?) = zK(g(2)/d(z))e"?), where w(z) = z*(g(z)/d(z)),
k is an integer, h(z) is an entire function, g(z) and d(z) are canonical products
(or polynomial) formed respectively with the nonzero zeros and nonzero poles of
f(z). Since the poles of f(z) can only occur at the poles of A(z) and B(z),
hence o(d) = A(1/f) <o.

If A(f) =0(N(r,1/f)) < 40, then o(w) < +00 and

(2.7 m(r,%) = O(logr) (j=12).
If A(f) = +oo, then o(w) = A(f) = o(g) = +00. By (2.6) and Lemma 6 for
any given ¢ > 0, we have
log T'(r,g) <r°**, logT(r,d) < (o+¢)logr
for sufficiently large r, hence
log T(r,w) < M{r°*?}
and
(2.8) m(r,w? /w) = O(logrT(r,w)) < M{r’*?} (j=1,2)

for |z| = r outside a set E; = [0,+00) with finite linear measure, where M(>0) is
some constant.
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Substituting f = we” into (1.1), we obtain
"
w

i !
(2.9) —(h")* = (1”w—+2—h'+h") +A(%+h’> +B.

w

Using the similar reasoning as in the proof of Tumura-Clunie’s Theorems [10,
pp. 67-69], we can get

(2.10)  m(r,h') < M, {m(r, %') + m(r, %) +m(r, A) + m(r, B) + S(r,h’)}

for |z| =r outside a set E; — [0,4+00) with finite linear measure, where M; is

some positive constant.
By (2.7) (or (2.8)) and (2.10), we know that for r¢ E;UE; (r — +0),

(2.11) m(r,h') < My(2{r° e} + 2r°* + S(r, k")),
where M, is some positive constant. By Lemma 5, we have
(2.12) T(r,h) = m(r,h) < M3(m(2r,h’) + log2r).

Since Lemma 4 and S(r,h’) = o{m(r,h’)} as r — +o0 possibly outside a set of r
of finite linear measure, we get o2(f) < ¢ from (2.11) and (2.12).

LemMma 8 ([4]). Suppose that w(z) is a meromorphic function with o(w) = f <
0. Then for any given ¢ > 0, there is a set Ey = (1,4+00) that has finite linear
measure and finite logarithmic measure, such that

Iw(z)| < exp{r’*}
holds for |z| =r¢[0,1]U Eg,r — o0.

3. Proof of Theorem 1
Suppose that o and B are real numbers satisfying
3.1 max{o(4),A(1/B)} < a < f < a(B).

If f(z) is a meromorphic solution of (1.1), then by (1.1) it is easy to see that
a(f) = . By (1.1), we have

') f'2)
[ /(@)

By Lemma 1, there is a set E; = [0,+00) with a finite linear measure such that
for all z satisfying |z| = r ¢ E;, we have

0
(33) ]ffj(z())

+14(2)|

(3.2) 1B(z) < ’

<T@ NP, (=12).
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By Lemma 8, there is a set Eg = (1,400) with a finite linear measure such that
for all z satisfying |z| =r ¢ [0,1]U Eg, we have

(3.4) |4(2)] < exp{r*}.

On the other hand by Lemma 3, we know that there is a set H3 < [0,+0c0)
with dens H; = 1 such that

(3.5) M(r, B) > exp{r*}

holds for all re H;. Now set an H = H3 — ([0,1]U E; UEs), then dens H = 1.
For all re H, we have by (3.1)—(3.5)

exp{r’} < 2rexp{r*}[T(2r, /)],
exp{(1 +o())"} < [T2r, /)’
as r — +oo. Therefore by (3.6), o2(f) = f holds. Since f is arbitrary, we get

3.7) o2(f) = o(B).

Furthermore, if f(z) satisfies (1.3), then by Lemma 7 and (3.7), we get a2(f)
= o(B).

(3.6)

4. Lemmas that are needed for the proof of Theorem 2

LemMa 9 ([8]). Let w(z) be a transcendental meromorphic function with o(w)
=o0<+4ow. LetT ={(k1,J),...,(km, J,)} denote a finite set of distinct pairs of
integers that satisfy k, > j, =0 for i=1,...,m, and let ¢ > 0 be a given constant.
Then there exists a subset Ey = (1,400) with finite logarithmic measure such that
Sor all z satisfying |z| =r ¢ [0,1]UEy, and (k,j) e T, we have

WO(2) W ()] < P14,
Also there exists a subset Eq < [0,400) with finite linear measure such that for all
z satisfying |z| =r ¢ Ey, and (k,j) €T, we have
Iw®) (2)/w (z)| < rk-Dlo+e),

Lemma 10. Let f(z) be a meromorphic function with A(1/f) < o(f) = 0.
Then there exists a set Hyg < [0, 00) with dens Hyg = 1 such that for r € Hyg, there
is a point z, satisfying |z,| =r and

(4.1) [f @)/ f (@) <.
Proof. Set A(1/f)=a < 0. We first suppose that A(f) = co, then
(4.2) Tim o8n(n U)o

r—ao logr
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There exists {r,}(r, — ) satisfying r, > n and
(4.3) n(ra, 1/1) 2 r'Zl(oc+l) = (nrn)a-‘—l-

Set a set H{y=J.~[rm,nrs]. Now we take {R,} such that nr,/2 < R, < nry,
then

—m(HIIO n [Oa r])

ey
(4.4) dens H{, = rlilg ;
> T Pl N0, R} _ H(l _g) -
H— 00 Rn n—00

For r e H|,, there is an n such that r € [r,,nr,]. By (4.3) we get

(4.5) n(r, %) > n(r,,,%) > r*tl

On the other hand, for any &(0 < 3¢ < 1), there is R(>0) such that for r > R,

(4.6) rel < %,n(r,f) < e
hold. Set a set Hjo = H|,N[R,+), then densHyp = 1. For re Hyy by the
residue theorem and (4.5), (4.6), we have

1 f’(z) _ 1 ot wte 1,
T - LRl ) R R s

So, from (4.7) it is easy to see that there is a point z, with |z,| =r such that
|f'(z)/f(z;)] > 1/r. Hence (4.1) holds.

Now we suppose that A(f) < +oo. Then by A(l/f) < 40, f can be ex-
pressed in the form f = we” such that o(w) = f < co and A is a transcendental
entire function. By Lemma 9, we know that there is a set Eg < [0,4-00) with
linear measure mEg < oo such that for |z| =r ¢ Eg, we have

w'(z)

(4.8) ‘ =

p+1
e < Pl

Since A’ is a transcendental entire function, there is R(>0) such that for r > R,
we can take a point z, satisfying |z,| =r ¢ [0, RJU E; and

(4.9) W' (z,)| = M(r, ") > rP*2,
By (4.8), (4.9) and

w'(2)

w(z

’ f(2)
[

> @) -

)

we get
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f ! (z/)
f(z)

for re [R,+00) — E5. Set a set Hyp = [R,+00) — Eg, then it is easy to see that
dens Hip = 1. Hence (4.1) holds for r e Hio.

1
> -
r

LemMma 11 ([3]). Let g(z) be an entire function of order o where 0 < 0 < 1/2,
and let ¢ >0 be a given constant. Then there exists a set Hy < [0,+00) with
dens Hyy > 1 — 20 such that for all z satisfying |z| =r € Hy1, we have

(4.10) lg(z)| = exp{r°°}.

LemMa 12. Let f(z) be a merorﬁorphic function with A(1/f) <a(f)=0<
1/2. Then for ¢ > 0, there exists a set Hyy < [0, 00) with dens Hy; > 0 such that
for all z satisfying |z| = r € Hi2, we have

(4.11) 1/ (2)] = exp{(1 + o(1))r"*}.

Proof. Set f(z) = z*g(z)/d(z), where k is an integer, d(z) is a canonical
product (or polynomial) formed with the nonzero poles of f(z),a(d) = A(1/f) <
a(f),9(z) is an entire function with o(g) =0 < 1/2. By Lemma 11, for a given

&0 < 3¢ <o — A(1/f)), there exists a set Hyj < [0,400) with dens Hy; > 0, such
that for all z satisfying |z| = r € Hy1, (4.10) holds. And there is R(>0) such that

(4.12) |d(z)] < exp{r*(1/N+e}

holds for r> R Set an Hj; = Hyj; N[R,+), then densHy; > 0. For all z
satisfying |z| = r € Hy,, we get by (4.10) and (4.12)

lf(Z)| > exp{ra—e _ rl(l/f)-\‘—e} — CXp{(l + 0(1))'.6—8}‘

LemMma 13 ([1]). Let f(z) be an entire function of order o(f) = 0o < 1/2 and
denote A(r) = inf,, log|f(z)|, B(r) = supy,_, log|f(z)|. If o <a <1, then

logdens{r : A(r) > (cosma)B(r)} > 1 _g

where

togdens(#?) = lim ([ (/1)) 1ogr

r—oo

and
fogdens(#t) = T (|| Gun 0/ ) f10gr

where xy(t) is the characteristic function of a set H.
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LemMa 14 ([2]). Let f(z) be entire with u(f) =u < 1/2 and p < o = o(f).
If n<6<min(o,1/2) and 6 < o < 1/2, then

logdens{r: A(r) > (cosna)B(r) > r’} > C(a,9, ®),
where C(o,0,0) is a positive constant depending only on o, 6 and a.

Lemma 15. Let A(z), B(z) be meromorphic functions such that B # 0 and

max{o(B), A(1/4)} < u(A) < o(4) < %

If f(#£0) is a meromorphic solution of the equation (1.1), then o(f) = co.

Proof. Assume that f(z)(#0) is a meromorphic solution of (1.1), then
f is transcendental by B # 0. Now suppose that o(f) < co. We set f(z) =
g(z)/ d(z), where g(z) is an entire function, d(z) is the canonical product (or
polynomial) formed with the nonzero poles of f(z). By the fact that the
poles of f(z) can only occur at the poles of 4, B, it follows that o(d) <
max{o(B),A(1/4)} = p < u(A4). Since

T(r,f') <2T(r, f) + O(logr),

T(r,f") < 2T(r, f') + m(r, f,—) < 4T(r, f) + Olog ")

and
i
—A=L_1+BL
A fl + f/’
we can get
(4.13) T(r,A) <cT(r,f)+ T(r,B) + O(logr),

where ¢ is a constant. By (4.13) and o(B) < f < u(4), we conclude u(f) >
u(d). By f=g/d we have T(r,f) < T(r,g)+ T(r,d) + O(1). For any given
(0 < 2¢ < u(f) — o(d)), T(r,f)=r*N=¢ and T(r,d) <r°@+ hold for suffi-
ciently large r, hence (1 — o(1))r*)=¢ < T(r,g) + O(1), so u(f) < u(g). If u(f)
< u(g), then by g = fd, we have

rO=¢ < T(r, f) + T(r,d) < T(r, f) + re@+e,
(0 < 21 < u(g) — u(f) < ulg) —a(d))
and
(1 = o(1))r*9=2 < T(r, f)

for sufficiently large r, hence u(f) > u(g). This is a contradiction. Therefore,
u(f) = u(g) > B. Similarly, we can get o(f) = a(g).
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From the Wiman-Valiron theory (see [l11, 13]), there exists a subset
E <= (1,00) with finite logarithmic measure /m(E) < oo, such that for a point
z satisfying |z| =r ¢ E and |g(z)| = M(r,g), we have

g9'(z) (Vg(r))

4.14 —====)(1+0(1)),
(4.14) o= (1) ey
where v,(r) denotes the central-index of g(z). By Lemma 9 we know that for
any &(0 < 2e; < u(A) — p), there exists a subset Ey < (1,400) with ImEg < o,
such that for all z satisfying |z| =r ¢ [0,1]U Ey, we have

s 1) g
By u(g) = u(f) = u(4), there is R(>1) such that
(4.16) vy(r) = r#-—=

holds for r > R. Hence for a point z on which |g(z)| = M(r,g), and |z| =r ¢

[0, RJUEUE,, we have by (4.14)
-1 4 z
u+am—(%2)§8}

£10_gd@ d@) _ v
@ 9@ da@)  z

By (4.15)-(4.17), we get

(4.17)

(4.18) %?: ”gir) (1+o(1)).
By (1.1) and (4.18), we get
vg(r) _f"@)
(4.19) —A—"Z—(l +o0(1)) = m+ B(z).

Set A(z) = a(z)/h(z), where a(z) is transcendental and A(z) is the canonical
product (or polynomial) formed with nonzero poles of A(z). Then a(h) = A(h) =
A(1/4) < B, pu(a) = u(4) < o(A4) =o(a) < 1/2. We can choose a,0 such that

(4.20) f<a<d<u(d).

By Lemma 13 (if u(a) = o(a)) or Lemma 14 (if u(a) < a(a)), there exists a subset
H < (1,0) with logarithmic measure /m H = oo such that for all z satisfying
|z| =re H, we have

(4.21) la(z)| = exp{r’}.

By Lemma 8, there exists a set Eg < (1, 00) with logarithmic measure /m Eg < oo,
such that for all z satisfying |z| = r ¢ [0, 1] U Eg, r — oo, the following estimations
hold:

(4.22) |B(z)] < exp{r’}, |h(z)| <exp{r}.
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By Lemma 9, there exists a subset Eg = (1, 00) with Im Eg < oo, such that for all
z satisfying |z| =r ¢ [0,1]U Ey, we have

f"(2)
/(@)

where M is a constant. It follows from (4.19)-(4.23) that as re H -
([0, RJUEU Es U Es) (Im([0, R]UEU EgU Eo)) = ), r — o0,

(4.24) vy(r) — 0
holds. But (2.24) contradicts (4.16). Therefore o(g) = 0, i.e. o(f) = oo.

(4.23) <M

5. Proof of Theorem 2

Assume that f(z)(#0) is a meromorphic solution of (1.1), then o(f) = o by
Lemma 15. We can rewrite (1.1) as
(5.1) —A(z) = f"(2)/f'(2) + B(2) f(2)/ f'(2).

By Lemma 1, there is a set E; < [0, 00) with a finite linear measure such that for
all z satisfying |z| = r ¢ E;, we have

(5-2) LF"@)/f' @) < rTCr, )]
We can choose «,p such that
(5.3) max{c(B),A(1/4)} =B <a < p < a(d).

By Lemma 8, there is a set Eg < [0,+00) with a finite linear measure such that
for all z satisfying |z| =r ¢ Eg,

(5.4) |B(z)| < exp{r®}

holds. By Lemma 12, there is a set Hj; = [0, +00) with dens Hj; > 0 such that
for all z satisfying |z| = r € Hjy, we have

(5.5) |4(z)| = exp{(1 + o(1))r*}.
Hence by (5.1)-(5.5), for all z satisfying |z| =re Hyp — ([0,1]UE; UEy)
(dens{le - ([0, 1] UE; UEg)} > 0), we have

(5.6) exp{(1 +o(1))r’} < r[T(2r,f’)]2 + exp{r*}

f(2) ‘
f'(2)

By Lemma 10, there exists a set Hjp < [0,+00) with dens Hjp = 1 such that for
r € Hy, there is a point z, satisfying |z,| =r and

(5.7) |f(z)/f' )] <.
By (5.6) and (5.7), we know that for re HoN(Hiz— ([0,1JUEUEy))



220 ZONG-XUAN CHEN
(dens(Hyo N (Hyz — ([0,1)U Ey U Eg))) > 0), we have
(5.8) exp{(1 4+ o(1))r*} < r[T2r, f')]* + exp{r*}r

< 2rexp{r*}[T(r, f))*.
Hence, a5(f') = p. Since p is arbitrary and

T(r,f") <3T(r, f) + O(logrT(r, f))
holds possibly outside a set of r of finite linear measure, combining Lemma 4 we
get 02(f) = a(4).
Furthermore, if f satisfies (1.4), then by Lemma 7, we have o>(f) < (A4).
Hence a,(f) = a(4).

6. Examples

ExampLE 1. The equation
1 1
M+ (2cotz -2z — E)f’ — (422e222 + (22 +E) cotz + 1>f =0

have a solution f = (l/sinz)eezz, where g(B) =2, 0(4) =1, A(1/4) = A(1/B) =
1, and a2(f) = 2.

Acknowledgement. The author would like to thank the referee for valuable
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