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MINIMAL H; ACTIONS AND SIMPLE QUOTIENTS OF A
DISCRETE 6-DIMENSIONAL NILPOTENT GROUP

PAauL MILNES

Abstract

A simple C*-algebra 1s mtroduced that 1s generated by a minimal effective action of
the (discrete, nilpotent, non-abelian) Heisenberg group Hj on the torus T2 It appears
as a simple quotient of the group C*-algebra C*(He4) of a 6-dimensional discrete
nilpotent group He 4, and also as a C*-crossed product generated by an action of Z2 on
T?® The rest of the infinite dimensional simple quotients of C*(Hg,4) are identified and
displayed as C*-crossed products generated by minimal effective actions, and also as
matrix algebras over simple C*-algebras from groups of lower dimension.

1. Introduction

In 3 dimensions there is a unique (up to isomorphism) connected, simply
connected, nilpotent Lie group, which we call G; (following Nielsen [N]); Gj
(= R® as a set) is the Heisenberg group with multiplication

(k,mn)(k',m',n") = (k+ k" +nmnm' ,m+m' ,n+n").

The faithful irreducible representations of the lattice subgroup H3 (= Z3 as a set)
of G3 generate the irrational rotation algebras Ag. In 4 dimensions there is also
a unique such connected group Gy, and in 5 dimensions there are 6 such groups
Gs,, 1 <i<6. The main thrust in [MWI, MW2] was to find cocompact
subgroups Hy < G4 and Hs, < Gs,, that would be analogous to H; = G3, and
then for these H’s to identify the infinite dimensional simple quotients of C*(H),
both the faithful ones (generated by a faithful representation of H) and the non-
faithful ones, and also to give matrix representations over lower dimensional
algebras for as many of the non-faithful quotients as possible. In the course of
this work, it was observed that all flow presentations of simple C*-algebras that
arose used actions of abelian groups, namely, Z or Z2, or subgroups of them. It
was also observed in the 5-dimensional setting that one of the groups, Hsg,
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MINIMAL H3; ACTIONS 307

differed from another, Hss, just by having one more (non-trivial) commuta-
tor. The same is true for a pair of 6-dimensional groups, He 7 and He 4. For
these last 2 groups, the relevant commutator is at a ‘higher level’, i.e., its value is
not in the centre of the group; this makes a greater change in the multiplication

formula. Furthermore, the C*-algebras Ag"‘ generated by faithful irreducible
representations of Hg 4 are simple quotients of C*(Hg4) and have flow pre-
sentations with Hs acting on T2.

In §§2 and 3 of the present paper, these aspects of He 4 are given in some
detail, and A2’4 is shown to have another flow presentation, this time by an
action of Z2 on T°. A2'4 is also shown to have an automorphism of order 4,
that is analogous to the Fourier automorphism of the irrational rotation alge-
bra. In §4, the rest of the infinite dimensional simple quotients of C*(Hg 4) are
identified and displayed as C*-crossed products generated by minimal effective
actions, and also as matrix algebras over simple C*-algebras from groups of
lower dimension.

Preliminaries

To present the results and proofs of the paper, we need notation for
semidirect products and C*-crossed products; the discussion which follows is quite
standard, appearing in [MW1], [Z-M] and many other places.

Suppose that N and K are discrete groups, the identity of each of them being
denoted by e. Suppose that there is a homomorphism s — o; from K into the
automorphism group of N. Then G = N x K becomes a group, the semidirect
product of N and K, with the multiplication formula

(t,8)(t',s") = (tog(t'),ss).

We will usually write s(¢) instead of o,(¢).

Conversely, if N is a normal subgroup of G with quotient group K = G/N
suitably embedded as a subgroup in G, then G is canonically isomorphic
to a semidirect product N x K, whose automorphisms are determined by G,
os(t) = sts™! (product in G).

Now replace N by a C*-algebra 4 with identity 1 and assume that we have a
homomorphism s +— o; from K into the automorphism group of 4. Then, for
f and g in the Banach space /!(K,A4), the convolution product f *g and in-
volution f* are defined by

frg(s") =Y f(9)oslg(s™'s") and  f*(s) = as(f(s™)");

sekK

with these definitions, #!(K, ) becomes a Banach *-algebra. The C*-crossed
product C*(A,K) is defined to be the enveloping C*-algebra of /'(K, A4).

For ae A and s e K, the d-functions a; and J; in fl(K,A) = C*(4,K) are
defined by as(s) =a, as(s’) =0 otherwise, and J(s) =1 (the identity of A),
ds(s') =0 for s' #s.
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2. The nilpotent group H 4

Let A = 2™ for an irrational 6, and let unitaries U, ¥V and W and subsidiary
operators X and Y satisfy the commutation relations

CR U, vi=Xx, [V, W)=Y, [UY]|=i=[X,W],
[ {and[U W]=1=[UX]=[V,X]=[V,Y]=[W,¥]=[Y,X].

Let Ag4 denote the C *-algebra generated by these unitaries, concrete (Fepre-
sentations of which are given in §2. Note that U, V and W generate Ao ; the
unitaries X and Y have been introduced only to control the notation.

A “discrete group construction” in [MW1] shows how to construct a group
from unitaries like these; use (CR) to collect terms in the product

WY wkxivmund Yy wk x/ v o,

then the exponents give the multiplication for a group He4 (=2 6 as a set),
namely,

( ) (g?h’k7j’m’n)(gl’hl)kl7jl)ml’n/) =
m
(g+g +jk'+nb' h+h +mk’ k+Kk,j+j +nm' m+m' n+n)

with inverse

(g,h,k,j,m,n)_l = (~g + jk +nh — kmn,—h + km, —k, —j + nm, —m, —n).
We think of He 4 as the lattice subgroup of Nielsen’s Gg 4 = R® [N], although,
in fact, Nielsen’s group has a quite different multiplication. The simplest
isomorphism we have been able to devise of our Hg 4 onto a cocompact subgroup
of Nielsen’s Gg 4 is

(g,h,k,j,m,n) = (g +] - nm>h) —j+nm,k,n,m).
An essential (and obvious) property of Hg 4 is that
n: (g, bk, j,mn)— A2YPwkx/ ymyn

is a representation of Hg 4 that generates Ag"‘.

Presentations of H¢ 4 as a semidirect product N x K

1. The form of Gg 4 in [N] is not useful for our purposes. Accordingly, we
have given He 4 in the form above because it is already a semidirect product
Z? x H; with normal subgroup N; = (Z Z,7Z,0,0,0) « Hg 4 being acted
on by Ky = H3 H6,4/N1 (0 0 0 Z Z Z) via

(jym,n): (g’ h' k") — (9" + jk' + nh',h" + mk', k);

the multiplication formula (m) for Hg 4 = Ny x K is the result. This group is
isomorphic to the semidirect product part of one of the (central) extension
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presentations of another discrete 6-dimensional group Hg 7; the addition of one
further non-trivial commutator [X, U] = Y to (CR) yields the fairly large cocycle
that completes this presentation of H6 7.

2. One observes that N, = Z°3 =(Z,0,0,Z,0,Z) < Hg 4 is also a normal
subgroup with K; =Hs =He4/N, = (0, Z, Z 0,Z,0). One consequence of
these 2 presentations of Hg 4 as Z3 x Hj is an automorphism of Hg 4

o, : (g,h,k,j,m,n) — (g —nh — jk,j,n,—h+km,—m, k),
Wthh w111 be used below (Remark 2 in §3) to yield an interesting automorphism
of A
3. A quite different semidirect product presentation of Hg 4 as N3 x K3 =
4« Z? shows that Hs 4 is related to a semidirect product presentation of Hg, 7;
1t is also wuseful in 1dent1fy1ng the ‘other’ (non-faithful) simple quotients
of C* H6 4) towards the end of the next section. For it the normal subgroup
is N3 = =(Z,Z,0,Z,Z,0) «c Hy with quotient K3 = Hg 4/N3 = Z? = (0,0,
Z,0,0, Z) acting on Z4 via
(k,n): (g', b0, j ,m") — (¢’ + kj' +nh' +knm' h' + km',j' + nm’ ,m),
and yielding the multiplication for the semidirect product N3 x Kj,
(9, h,j,m,k,n)(g' 1, j' m' k' ")
= (g+9'+kj' +nh'+knm' h+h'+km', j+j +nm’ m+m’ k+k',n+n’).
An isomorphism from Hg 4 to N3 x K3 is given by
0y (gvhakvjamvn) = (g _jkah - km> '—j7 _m7kan)'
(For Hg 7, the formula for the action of Z%=(0,0,Z,0,0,Z) on Z*=
(Z,Z,0,Z,Z,0) has 4 more terms,
(k,n) : (g', ', j ,m")— (¢’ +kj'+nh'+knm'+j'n(n—1)/2+m'n(n—1)(n—2)/6,
B +km' +nj +m'n(n—1)/2,j +nm',m’).
See [JM], presentation 2 in §2.)
4. The normal subgroup Ny =Z =(Z,0,0,0,0,0) < H¢7; with quotlent
Ky =H¢4/Ny=(0,Z2,Z,Z,Z,7) = H5 2 permits the interpretation that A

generated by a representation of canonical commutation relations over (H5 2,b)
(or a b-representation of Hs,); here b is the cocycle

(A k, jym,n), (b k' j' \m' ,n")] = jk' + nh’ K4 x K4 — Ny = Z.
See p. 325 of [MW2] of more details.

3. Simple quotients of C*(Hg 4)

Let A = ¢?™ for an irrational 6. Since Ag’4 is generated by a representation

of Hg 4, it is a quotient of C*(Hg 4). There are a number of methods to prove
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that quotients of group C*-algebras are simple; see pp. 318-9 in [MW2]. Of
these, we will use the minimal flow method involving Corollary 5.16 in [EH]. In
Proposition 1 we shall show that the first 2 concrete representations of Ag’4 given
below yield C*-algebras that are generated by irreducible representations; since
primitive ideals of C*(Hg4) are maximal [H], it follows that these concrete
representations are simple.

The next theorem asserts that the C*-algebra A2’4 is simple and universal for
the equations (CR), and has a unique tracial state. The existence of the unique
tracial state is easy to verify directly (and can also be proved by citing results
from the literature).

In this theorem we use a flow % = (Hs, T?) to generate a C*-crossed
product C*(%(T?),H3). The required action of H; on T? is given by

(j’ m? n) : (w7 U) e (i_nw’ l_]+nmw_mv)’

which looks awkward. However, since Hj is not abelian, inversion must be used
to transfer the action of Hs to %(T?), sf = fos™!, so

(j,m,n)f(w,v) = f o (j,m,n)~" (w,v)
= f((=j +nm,—m,—n)(w,v)) = f(A"w, ¥w™v).

If we let w and v also denote the generators (w,v) — w and (w,v) — v of €(T?),
then

(%)

(%) (jym,n) :we A'w, v Mwm

generates the action of Hs on %(T?).

1. THEOREM. Let A = e? for an wrational 0.

(a) There is a unique (up to isomorphism) C*-algebra Ag’4 generated by
unitaries U, V, W, X and Y satisfying (CR); Ag’4 is simple and is universal for the
equations (CR). Let Hs act on 4(T?) as indicated in the previous paragraph; then

AS* = C*(%(T?),H3).

(b) Let ' be a representation of He 4 such that = =n' (as scalars) on the
center (Z,0,0,0,0,0) of He 4, and let A be the C*-algebra generated by n’. Then

A~ Ag"‘ via a unique isomorphism w such that the following diagram commutes.
H6’4 L,Ag“‘
AN @
A
(c) The C*-algebra Ag"‘ has a unique tracial state.

Proof. The proof can be much as for Theorem 1.1 in [MW2]; we give some
details.
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One must note first that the flow (Hz, T?) above is minimal and effective; so
C*(%4(T?),H;) is simple, by Corollary 5.16 of Effros and Hahn [EH].

Once the simplicity of C*(%(T?),H3) is established, it is straightforward to
prove the rest of (a) using the correspondence of

30,0,1)> 9(0,1,0)> 9(1.0,0)> (0.0,0)> W(0,0.0) € £ (H3, €(T?)) = C*(%(T?),Hs)

to U, V, X, W, Y, respectively; see [MW2; proof of Theorem 1.1}, for example,
also for (b) and (c). |

Concrete representations of Ag"‘

As well as giving a pleasing connection with geometry and topology, the
minimal flow presentations of these C*-algebras (as in Theorem 1) also provide
the most attractive concrete representations of the algebras. The first 2 concrete
representations of A2’4 arise in this setting.

1. The first arises from the flow (Hs, T?) in the theorem. If we use the
‘f +— sf’ notation for the action of Hy on €(T?) as at (%), then on #'; = L*(T?)
the unitaries U : f +— (0,0,1)f, V: f+— (0,1,0)f and W : f +— vf (along with
their subsidiary operators X : /' +— (1,0,0)f and Y : f — wf) satisfy (CR), so the
C*-subalgebra o/ ¢ £ (#,) they generate is isomorphic to Ag"‘.

2. The second is connected with the semidirect product N3 x K3 = Z4x
AR Hs 4 (and is similar to the flow representation of A2’7 in [JM; §3]). Let Z 2
act on #, = L*(T?) via

() (k,n):fooa{‘oaf,
where the commuting homeomorphisms
ar : (x,w,0) = (x,Aw,xv) and oy : (x,w,v) = (Ax,w, wo)

generate a minimal distal flow #, = (Z° T?). Then the unitaries defined on #,
by

Uf=fom, Vof=vf, Wof=fou, Xof=wf, and Yof =xf,
where x also denotes the function (x,w,v) — x in %€(T?), satisfy
(CR)g [Uo, Vo] = Xo,  [W0o, Vo] = Yo, [Ub, Yo] = 4 = [Wo, Xo].

With the correspondence U, V,X,W,Y ~ Uy, Vi!, X5, Wo, Yo, one sees that
these are just the (non-trivial) commutators in (CR), so the correspondence
generates an isomorphism of Ag"‘ onto the C*-subalgebra o/, < Z(H#>) gen-
erated by Uy,...,Y,. Ag"1 is also isomorphic to the C*-crossed product
C*(%4(T?),Z*) generated by Z.

Note that, in (¢), the inversion in f — fos~! (as at (x)) has been omitted;
this is possible because Z? is abelian. We note as well that this representation
differs from the concrete representation for Ag‘7 on L(T?) [JM; §3] only in that,
for Ag‘7, the formula for oy is (x,w,v) — (Ax, xw, wo).
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3. A third comes from a representation p of Hg4 on £2(Z°),
PGy by Ky o) = O jo gy > AT TS
where
s=(h+h +mk’ k+k',j+j +nm' m+m' n+n').

The unitaries U = p(0,0,0,0,0,1), V = p(0,0,0,0,1,0) and W = p(0,0,1,0,0,0)
satisfy (CR), so the C*-algebra generated by p is isomorphic to Ag"‘

Remarks. 1. The other infinite dimensional simple quotients of C*(Hg 4),
A; and A, in the next section, each have concrete representatlons entirely
analogous to the last 2 concrete representations of A

2. The automorphlsm ¢, of He 4 in the prev10us sectlon produces an au-
tomorphism ¢] of A generated by

o Y'Wrxovmun - Yt wrx vy

with U'=W-!, V=Vl X’=Y!, W =U and Y'=X. One verifies
readily that U’, V', X', W' and Y’ satlsfy (CR) o is of order 4, like the
Fourier automorphlsm U — V, Vs Ul of A}; thus its square

ot Yhwkxiymun e Yhwkxymun

is analogous to the flip automorphism U — U~!, ¥ - V=1 of A}. See Walters
[W] for more on these automorphisms of Ag.

1. PROPOSITION. The concrete representations in 1 and 2 above of Ag‘4 are
irreducible, from the same primitive ideal kernel in C*(Hg 4), and are not unitarily
equwalent.

Proof. We show that representation 1 is irreducible, and start by noting
that, in our notation, {w”v" : m,n € Z} is the usual basis for #; = L>(T?). Then
we have

U:w™" — A"w™", ¥V w™" — w™" and W w™o" - AMwmomtL

Suppose that T € B(#;) commutes with U, ¥ and W; we must show that T is a
multiple of the identity. Let matrix coefficients for T be given by

Tw™™ = Z a,',',’,’"'n,w’"/v”/,
m',n'eZ
with 3, oz la n,l < oo and, in fact, uniformly bounded in m, n.
Now TW = WT, TV = VT and TU = UT imply that

mn __ _m,n+l m_m,n m' _m,n mn __ _m+n,n
(1) a, = apipyrs, (2) A%ay = A" ay, and  (3) @, = aynr .,

respectively. Then (3), with n = 0, implies that (4) a,',',’;g,, =0 if n’ # 0, because
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of the convergence condition. Also (1) and (4) imply that a,',',';f’n, =0ifn#n', (2)
implies that a,'n"}ﬁ,, =0 if m # m’, and then (1) and (3) imply that a,’, 1s constant
for all m, n, i.e., T is a multiple of the identify.

The proof that representation 2 is irreducible is similar, and is omit-
ted. Since the unitaries Up, V5!, X;!, Wy, Yo satisfy (CR),

7' (b ks o) = Yo WEX) Ve U
gives the representation of Hg 4, and hence of /!(Hg4) and of C*(He4), that
generates ./,. But it follows from Theorem 1 that the map
> kg mn Y WEXIVU" = " an iy mn Yo WX V" UG, sty — s,

is an isometry, so 7’ and the representation 7 : (h, k,j,m,n)— Y'WkX/ymy"
generating o/; have the same kernel I < C*(Hg 4).

To see that 7 and 7’ are not unitarily equivalent, suppose that T is a linear
isometry of #) onto #,, and that T intertwines U, V, W and Uy, V!, W, and
is given by

Tw™" = Z )" xwho
a,b,ceZ

Then the first equation alone gives the contradiction T(#;) ¢ #>. For
Uo(x*wbv€) = 2%x wb+ep®,

and TU = UyT gives A"d™" = 1%d"" so d™" =0 if ¢ #0, since

a,b,c a,b—c,c? a,b,c

Z " |? < oo. [}

a,b,c

The following corollary is a very special case of a classical result of Thoma
[T].

1. CoroLLARY. Hg 4 is not a type 1 group.

4. Other simple quotients of Ag’4

When 4 = 2™ for an irrational 0, A$* 1s a simple quotient of C*(Hg 4) and
the representation

7 (g hk, jym,n) = 20 Y"WEX' VMU, Hea — A

is faithful. But there are other infinite dimensional simple quotients of C*(Hg 4);
for them 7 is not faithful.

When 7 is not faithful, the action of Hj in the first concrete representation of
Ag"‘ becomes intractable; accordingly, we work with the formulation of the
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second concrete representation of A6’4, the commutator equations
(CR), [Uo, Vo] = Xo, [Wo, Vo] = Yo, [Up, Yo] = 4 = [Wo, Xo].

So, now suppose that 1 is a primitive g-th root of unity and that A is a
simple quotient of C*(Hg4) that is irreducibly represented and generated by
unitaries Uy, Vy, Wy, Xp and Y satisfying (CR)g. Then qu commutes with each
of Uy, Vo and Wy; hence by irreducibility, it is a multiple of the identity,
X =u'. Similarly, Y] =n"

1. Suppose that neither x4’ nor #’ is a root of unity, and in fact, that 4’ and
n’ are linearly independent, i.e.,

w'n" =1 forrseZ impliesr=s=0.
In (CR)o substitute Xp = uX; and Yo =#Y; with u? =4’ and n? =7’ and get
(CR), { [Uo, Vo] = uXy,  [Wo, Vol =nY1, [Us, V1] = 4= [Ws, Xi],
and X/ =Y/ =1

If Z, denotes the subgroup of T with g elements, the C*-algebra A; generated by
the unltanes can be presented as C*(4(Z 3 x T),Z?), and also concretely rep-
resented on LZ(Z2 x T), using a minimal distal flow %, = (Z2, Z x T). The
formulae are almost the same as for the second concrete representatlon of A
using (2%, T 3) the only difference being that tlie homeomorphisms generating /2
are

or 2 (x,w,0) = (x,Aw,nxv) and oy : (x,w,v) — (Ax, w, uwo).

2. Suppose that u is not a root gf unity, but # is a primitive ¢’-th root of
unity; put ¢” =lem {gq,q9’}. Then W7 is also a multiple of the identity, and we

can assume that W4 =1, since W is a generator. The equations become
(U, V]=uXr, [W,V]=nY1, [UT]|=Ai=[W, X,
and X =Y/ = wi =1.

The generated C*-algebra A, can be represented as C *(C(22 x T),Z?), and
concretely on LZ(Z 2 % T), with the same formulae as for Aj.

3. Suppose that ,u and 7 are not roots of unity, but are linearly dependent,
u'n" =1 for some r,r' € Z. This case can be reduced to the previous one by a
change of variables, much as for case 2 of C*(Hs ) [MW2; p. 322]. Specifically,

we have u’"" = y"" with (¢,¢) = 1, so that ts+ t's' = 1 for some s,s' € Z. The

substitution
w'\ _(t, =\ (W _(wU"
U ) \s, s u/) \wsus

n (CR); gives unitaries U’, V, W’ X' and Y’ that generate the same algebra Aj

(CR),
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as U, V, W, X and Y (since W = W*U" and U= W'~*'U"), and satisfy
[Ul V] = ”Xll7 [W/7 V] = '7// Yl/v [Ul’ Yll] == [W/’XIIL
and X\’ = ¥|" =1,

(CR)1 with some variables changed; the point of the substitution is that " =
77’,u“’ is a root of unity (of order dividing r”), but u” =#*u* is not. The
method of 2 can now be applied.

4. When g =1 =47, we can assume W7 =1= UP" = V7", where p" =
lem{q, p'}, and so the generated C*-algebra A, is finite dimensional.

The preceding comments are summarized in the next theorem.

2. THEOREM. A C*-algebra A is isomorphic to a szmple infinite dimensional
quotient of C*(Hg 4) zf and only if A is isomorphic to A * for some irrational 0, or
to a C*(‘g(Z2 x T),Z?%), as in case 1 or 2 above.

A result that has been used implicitly above, and should be stated explicitly,
is the analogue of Theorem 1 that holds for A, ~ C*(%(Z; xT),Z%, i=1,2.

3. THEOREM. For i=1,2, A, = C* ((6(22 x T),Z?) is the umque (up to
isomorphism) C*-algebra generated by unztarles U, V, W, X and Y satisfying
(CR);; A, is simple and is universal for the equations (CR);.

As for Theorem 1, the result is a consequence of the minimality and
effectiveness of the flow involved.

Matrix representations of the non-faithful quotients
The algebras in 1 and 2 above have representations as matrix algebras with
entries in simple C*-algebras from groups of lower dimension. For the first one

we need A;Zi, the simple C*-algebra generated by a faithful irreducible repre-
sentation of Hs,, in particular, by unitaries U;, ¥, and W) satisfying

(1) (U, Vil =y, W1, Vi]=m, and [U, W] =1,

where u; = e 2™ and 5, = e ¥ are linearly independent; see [MW2; Theorem
2.1] (with the advice that the equations have been adjusted a little for the present
context).

4. THEOREM. The algebra Ay in 1 above is isomorphic to M (A;ji) for
e = 14 and e — n.

Proof. Here we need M= ;ﬂ and n, =#9, and umtarles Uy, V1 and W
satisfying (1) and generating A . Then define unitaries U’, V', W', X' and Y’

in qu(A;)’z) as follows (all unspeciﬁed entries being 0).
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If U, e Mq(A;:é) has U;’s on the diagonal and I € Mq(A;:i) is the identity
matrix, then

U'e Mq(Mq(A;:i)) =My (Az:i) has U, in the upper righthand corner and
I’s on the subdiagonal, i.e.,

000 --- 00 U

I 00 .- 00 O

o770 --- 00 O
U =

000 --- 00 O

000 --- 1T 0 O

000 .- 0171 0

Let V, € Mq(A;:jl) have Vi,7V1,7%V1,...,797 V1 on the diagonal, and let X; e
Mq(A;:;) have 1,7,7,...,2" on the diagonal. Then

V'e My(My(A,7)) has Vo, (uX2) ™ Va, (uX2)*Va,..., (uX2) """V on the
diagonal, i.e.,

v, 0 0 0

0 (,qu)_le 0 0
pr=| 0 0 (uX2) 2V, - 0

0 0 0 s (uXy) T4 Ny,

Let W, qu(A;:i) have W) in the upper righthand corner and 1’s on the
subdiagonal, i.e.,

000 --- 0 0 W

1 00 .- 00 O

6010 - 020 0
W, =

0 0 0 00 O

0 00 1 0 O

0 00 01 0

Then
W'e Mq(Mq(A;:i)) has W,’s on the diagonal.
X' e Mq(Mq(A;:i)) has X5’s on the diagonal.

Y'e My(My(A)})) has 1,11, 721,...,7°7'I on the diagonal.
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Then the unitaries U’, V', W', X’ and Y’ satisfy (CR);, e.g., [Wa, V2] =17
and (W, X,’]=7, so [W',V'|=nY'. They also generate qu(A;:é) =
My(My(A)}), 50 Ay = Mp(A))). [

5. THEOREM. The algebra A; in 2 above is isomorphic to MQ(A3) for suitable
Q and y.

Proof. The difference here is in the simple C*-algebra A generated by
unitaries U, V; and W) satisfying (1), when # is a primitive ¢’-th root of unity.
Now #; =57 is a primitive r-th root of unity, say, for some r dividing ¢’; note
that lem{q,r} =lcm{q,q'} = ¢”. Then A = M, (A3) for ™2 = pf = u7 [MWI;
Theorem 2.3], and we can regard U;, V; and W; as members of M, (A3)

generatmg M, (A3 ). We use them to construct matrices U’,...,Y" in Mp(A) =

qz,(A ) as in Theorem 4; then, with Q = g?r, these matrlces satrsfy (CR)Z and
generate MQ(A ). |
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