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COMPLETE MAXIMAL SPACELIKE SUBMANIFOLDS

QING-MING CHENG* AND SUSUMU ISHIKAWA

Abstract

We generalize Simons' method to spacelike submanifolds of M*+P(C)
(l^q^p) and characterize the totally geodesic submanifolds of S β

n + P(c)(l^
Q^P) under the pinching conditions on scalar curvature, Ricci curvature and
sectional curvature, respectively.

1. Introduction

Let M%*p(c) be an (n + £)-dimensional connected indefinite Riemannian
manifold of index q(l^q<p) and of constant curvature c, which is called an
indefiite space form of index q. According to c>0, c=0and c<0, it is denoted
by S%+P(c), R%+p or H%+P(c). A submanifold Mn of an indefinite space form
M%+P(c) is said to be spacelike if the induced metric on M" from that of
M%+P(c) is positive definite. Rn can be embedded in S?+1(c) as a complete
totally umbilical spacelike submanifold. But it can not be embedded in the
unit sphere Sm(c) as a totally umbilical submanifold. Hence it is very interest-
ing to investigate complete spacelike submanifolds in M£+P(c).

When p—q, we know that complete maximal spacelike submanifolds in
Sl+P{c) or R%+p are totally geodesic (cf. [3]). Hence the class of all such
submanifolds are very small. But if q<p we shall see that the class of com-
plete maximal spacelike submanifolds is very large. In fact, if Mn is a com-
plete minimal submanifold in sphere Sm(c)(m>n) of constant curvature c em-
beded in S™+q(c) as a totally geodesic spacelike submanifold where m—n+q—p,
then Mn is a complete maximal spacelike submanifold in S%+P(c). In [1], Alias
and Romero studied the compact maximal spacelike submanifolds in S£+P(c).
They proved that if Mn is a compact maximal spacelike submanifold in S%+P(c)
with Ricci curvature Ric(Mn)^(w—1)6', then Mn is totally geodesic. And they
indicated that to get a Bernstein type result, the bound on the Ricci curvature
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is best possible. But their statement can not guarantee this fact. In fact, ac-
cording to the theory of minimal submanifold in sphere, we know that there
are no n-dimensional compact minimal submanifold in Sm(c) of which the Ricci
curvature satisfies (n—2)c<Ric(Mw)<(n—l)c. Hence the set of examples which
they supposed is empty if in— 2)c<Ric(Mn)<(n—\)c.

The purpose of this paper is to generalize the Simons' method to complete
spacelike submanifolds in M^+P(c) and to get the following theorems. In parti-
cular, we obtain the best possible bound on the Ricci curvature of a complete
maximal spacelike submanifold in the de Sitter space Sΐ+2(c).

THEOREM 1. Let Mn be an n-dimensional compact maximal spacelike sub-
manifold in the de Sitter space Sq

ι+P(c)(l^q^p). If

( nc 2nc]

then
(1) Mn is the totally geodesic submanifold in S%+P(c), or
(2) p—q—ly Mn lies in the totally geodesic spacelike submanifold Sn+1(c) of

S%+q+\c) and is isometnc to the Clifford torus Sk((n/k)c)xSn~k((n/(n-k))c) or
(3) n = 2 and p—q~2f M 2 lies in the totally geodesic spacelike submanifold

S*(c) of S4

q

+q(c) and is isometric to the Veronese surface where S is the squared
norm of the second fundamental form of Mn.

Remark 1. When Mn is an n-dimensional complete maximal spacelike sub-
manifold in the de Sitter space Sq

ι+P(c)(l<q^p), and 5 satisfies the condition

n ^ ( nc 2nc\
supS<max-L rr, - Q - K

12—(l/(p—q)) 3 J

we can prove that Mn is the totally geodesic submanifold in Sq+P(c).

THEOREM 2. Let Mn be an n-dimensional compact maximal spacelike sub-
manifold in the de Sitter space Sq+q+ι(c). If the sectional curvature K of Mn is
positive, then Mn is the totally geodesic submanifold in Sq+q+1(c).

Remark 2. The Clifford torus Sn-\(n/(n-k))c)xSk({n/k)c) in Sn+1(c) can be
embedded in Sq+q+1(c) as a compact maximal spacelike submanifold with non-
negative curvature and it is not totally geodesic. Hence, the bound on the sec-
tional curvature is best possible.

THEOREM 3. Let Mn be an n-dimensional complete maximal spacelike sub-
manifold in the de Sitter space S?+2(c). // Ric(Mw)^(n-2)6', then Mn is totally
geodesic submanifold in S?+2(c) or Mn is a maximal spacelike Einstein submanifold
with R\c{Mn)—{n—2)c and the parallel second fundamental form.

Remark 3. Let n=2£. The Clifford torus S\2c)xSk(2c) of Sn+\c) can be
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embedded in Sΐ+2(c) as a compact spacelike maximal submanifold with Ric(Mn)
~(n—2)c and the parallel second fundamental form. It is open for authors
whether there exist the other compact maximal spacelike submanifolds in S?+2(c)
with Ric(Mn)=(n — 2)c and the parallel second fundamental form except the
Clifford torus Sk(2c)xSk(2c).

Acknowledgement. Authors would like to express here their gratitude to
the referee for his valuable suggestions.

2. Preliminaries

Let Mq+P(c) be an (?2-f-£)-dimensional connected indefinite space form of
constant curvature c whose index is q(l<q^p) and Mn an n-dimensional con-
nected Riemannian manifold immersed in M%+P(c). We choose a local frame
of orthonormal vector fields {eu ..., en+p} adapted to the indefinite Riemannian
metric of M%+P(c) and the dual coframe {ωu ..., ωn+p} in such a way that,
restricted to the submanifold Mn, {eu ..., en\ are tangent to Mn. Then the
connection forms {ωAB} of M%+P(c) are characterized by the structure equations

n + p

Σ εtfϋABΛωB, ωAB+ωBA=0

n + p ^ n+p

Ίl εc<oAcΛ(ύcB—-7ΐ Σ
( 7 = 1 I C,D=l

(2.1)

where ε^=l for l^A<n + p—q, εA——l for n-\-p— q-\-l^A<n-\-p and KABCD
denotes the components of indefinite Riemannian curvature tensor of M%+P(c).

The canonic forms {ωA\ and connection forms {ωAB\ restricted to Mn are
also denoted by the same symbols. We then see

(2.2) ωa=0, α = n + l , ..., n + p,

and {elf ..., en\ is a local frame of orthonormal vector fields adapted to the in-
duced Riemannian metric on Mn and {ωu ..., ωn} is its dual coframe on Mn.
It follows from (2.1), (2.2) and Cartan's Lemma that

(2.3) ω β ι = Σ Λ & ω , , hζ^hfr.

The second fundamental form Π and the mean curvature vector h of Mn are
defined by

(2.4) 77= "Σ Σ
α = n + l i, j = l

and
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+ p

(2.5) h=- Σ • . ( Σ

respectively. The mean curvature H of Mn is defined by

(2.7) # =

If //=0, we recall that Mn is maximal. Let

» + P 71

S= Σ Σ (A&)
# = 7& + l ι . ^ = l

denote the squared norm of the second fundamental form Π of Mn. The con-
nection forms of Mn are characterized by the structure equations

n

(2.8) dωi — —^ωij/\ωj, ωυ

Jfωji=Of
3 = 1

(2.9) dωi3--yΣ>ωik/\ωkj--7r Σ Rιjkιωk/\ωι
k = ι Δ k, ι~i

where Rtjn are the components of the curvature tensor of Mn, that is,

(2.10) RtJki=e(.δtιδik-δitδJI)+ " Σ \ha

uh%-ha

tkh^)
an + l

a=n+p-q+l

Letting RtJ and r denote the components of the Ricci curvature and the scalar
curvature of Mn respectively, we have from (2.10)

(2.11) Rjk=(n-ΐ)cδJk+
 U Σ Ί( Σ hfλhfr- Σ hfhhft)

a = n + l \\ ι=l / t=l /

n+p // n \ n \

and

(2
*
12)

 r=n(n —l)c+ * Σ Γ * ( Σ3 Λf*)* — * ΣΓ*
t
Σ

χ
(A?i)

2

n+p / n \2 n+p
 n

respectively. We also have

n + p \ n

(2.13) dωaβ = - Σ srft) ' ~
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(2.14) *«*„ = -Σ(Af,Ai,-AfcAk).

By taking the exterior differentiation of (2.3) and defining h?Jk by

(2.15) jb hΐJkωk = dhίj- j c h?kωkj- J ] h%ωki- "sf i Sβh^jωβa,

we get the Codazzi equation

(2.16) hΐJk=h?kJ=h?ik

We take the exterior differentiation of (2.15) and define h%m by

(2.17) Σ ha

ιmo>ι=dh«τjk- Σ *&*©„- Σ

n n+p

— Έhίji<»ik— Σ
1 = 1 β=n+i

Hence, the Ricci formula for the second fundamental form is given by

(2.18) h?jkl-h?jlk=- Σ ha

mjRmikl- Σ h?mRmJ *
m - l m = l

The Laplacian ΔΛ& of /z?; is defined by

From the Codazzi equation (2.16) and the Ricci formula (2.18) we get, for the
maximal submanifold Mn in M%+P(c),

(2.19) ΔA&= Σ λ?t,*= Σ Af w - Σ h«kmRmxjk- Σ ha

mίRmkJk

w n n n+p
= — Σ hkmRrmjk— Σ h%,iRmkJk — Σ a Σ

k,m = ί k,m=l k=l β = n + ι

Thus we get

LEMMA. For ί/ιe squared norm S of the second fundamental form of the
maximal submanifold Mn in M%+P(c), we have

1 n+p n n+p n

±AS= Σ Σ (Λf,*)2+ Σ Σ A&ΔA&
Cι a = n + l t,j. Λ = l α = » + l t , ; = l

n + p 7i n + p n + p

= Σ Σ (h?lk)
2- Σ Σ h?MmRmijk

a n + l ι j k l a n + l ι j k m l
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- "if Σ hfjhZtRmt]t- *Σ Σ εβh?MtRβajk.
a=n + l i j ft m = l a β = n + ί ιj ft = l

3. Proofs of theorems

We define Sλ and S2 by

ft *rp-q n n + p n

S,:= Σ Σ (/if;)8, S 2 := Σ Σ
+ l l + +l l

respectively. Then

o/ Theorem 1. Since

Σ Σ A&Afc/?,,,» = - c Σ Σ (Λfj)
7i + l ι j fe i l α n + l ι ; l

and

+ "ίf Σ
8 + l * l

p n p n P n

Σ Σ ht,hftRlltJk=c Σ Σ (ft?^)2-nc Σ Σ (Λ?/
= n + l i , j , ft. Z = l α = ) i + l ι , ; = l α = 7i + i i, j = i

+ nΣ Σ εβhΐjhUh^Mj-
a, β~n + l ι,j, k, 1 = 1

Σ eβhfjhiiRβaj^- "if

we conclud, by using Lemma in the section 2,

1 n+p n n+p n

4-ΔS= Σ Σ {ha

t}kγ+nc Σ Σ

n + p

a, β=n +

n + p

- Σ
a, β = n +

n + p

a, B = n +

l i , j

11, J

ll,J

n

Σ;_
n

n

Σ
, ft. 1 =

n+p n n+p n

= Σ Σ (h?Jkγ+nc Σ Σ (A&)1

α n + l t j ftl α n + l z j ft Z=l

n+p n+p

• Σ εβ[trace(HaHβ)*]2— Σ εβN(HaHβ—HβHa)
a, β=n + l <x, 5=71 + 1
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where i/α=(&&). Here we denote N(A)=tτ3ce(AtA) for the nXn-matrix A—
(atJ) and the transposed matrix A1 of A. Then we know N(HaHβ—HβHa)^0
for any a and β. Moreover, we put Sα/8=Σ?,j=iΛ&Λ^<7, then the (pX />)-matrix
(Sαjs) is symmetric. So we can choose {0n+i, ..., 0n+2>} such that (5Λ/3) is
diagonal.

Now we divide the proof of Theorem 1 into two cases.
Case 1. ρ—q—l. From (3.1), we have

(3.2) ^AS= Σ? Σ (h?jkγ+nc Σ? Σ (/^ )2+ *Σ N(HaHβ-HβHa)
Δ a=n + l ι j k = l a = n + l ι j = l a β=n + 2

+ "If itrace(HaHβ)γ-N(Hn+1γ
a β = n + 2

iV(//α)2

2

From the assumptions in Theorem 1 and the Stokes formula, we get 5 = 0 or
S=nc. If S=0, then Mn is totally geodesic. If S—nc, from the above (3.2),
we know S 2 =0 on Mn, i.e., h?j=Q on Mn for α = n + 2 , ..., n+p. Hence M n

lies in the totally geodesic spacelike submanifold Sn+1(c) of S%+q+1(c) (see Theorem
1 in [6]). Thus Mn becomes a compact minimal hypersurface in Sn+1(c) such
that the squared norm S of the second fundamental form is equal to nc. From
the result due to Chern-do Carmo and Kobayashi [2], we know that Mn is
isometric to the Clifford torus. We complete the proof of Theorem 1 in this
case.

Case 2. p—q>\. In this case, we have

1 n+p n n+p n

T Δ S = Σ Σ {hϊjkγ+nc Σ Σ (hΐjY
& + l k l + l i 1

+ Έ N(HaHβ-HβHa)+ *Σ
α, β-n + p-q+ί α, β = n + p-q+l

- " Σ Γ * N{HαHβ-HβHα)- n+£q itrace(
α, β = n + \ α, β = n + l

From a Lemma due to Li-Li in [4], we get

n + p-q n + p-q 3 rn + p-q n 12

- Σ N{HαHβ-HβHα)- Σ ltrace(HαHβ)Y>-±\ Σ Σ (Λ&)1 .
α,iS=7λ + l α, β^n + l Δ \_α=n + l i, j=l J

Hence, we get

(3.3) ^AS^(ncS-^sή+ if N(Hα)\
Z \ Z / α=n+p-q+l

From the Stokes formula, the assumptions in Theorem 1 and (3.3), we get S=
(2/3)nc or S=0. If 5=0, then Mn is totally geodesic. If S=(2/3)nc, we know
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h?j=Q on Mn for a=n+p—q, ..., n+p. Hence Mn lies in the totally geodesic
spacelike submanifold Sn+p-q(c) of S%+P(c) (see Theorem 1 in [6]). Thus Mn

becomes a compact minimal submanifold in Sn+P~q(c) such that the squared norm
S of the second fundamental form is equal to (2/3)we. From the result due to
Li-Li [4], we know that n — p—q—2 and Mn is isometric to a Veronese surface.
Theorem 1 holds in this case. We complete the proof of Theorem 1.

PROPOSITION. Let Mn be an n-dimensional compact maximal spacelike sub-
manifold in the de Sitter space SJ+9+1(c). It the sectional curvature K of Mn is
nonnegative, then Mn is totally geodesic or Mn is a compact maximal spacelike
submanifold with parallel second fundamental form.

Proof of Proposition. For any fixed a, we can choose eu ..., en such that
hfj^λΐδij. Then we have

- Σ hζjhϋrfuju- Σ hϊjh&Rikjk
k * ί l

= - Σ λUSR»ι,k- Σ »?)*/?,«*
l, * = 1 i, 4 = 1

= 4 2 W?-«)^*,,*
2 i. A = l

^ i Σ Mί-Af)tJf.=niC. Σ (/if*)2,
Z i, k = l i. k = l

where Ko denotes the inflmum of the sectional curvature of Mn. Since the
both sides of the above inequality do not depend on the choice of the ortho-
normal frame {eu ..., en\, we have

(3.4) - T Σ hfjhϊtRw-"^1 Σ hfjhftRikJk
a = n + ί i, j , k, 1 = 1 a = n + l i, j , k> 1 = 1

From Lemma and (3.4), we get

1 n+q+l n n+q+ί n

ΎAS= Σ Σ (h?Jky- Σ Σ h?jhϊmRmιjk
Δ α=n + l i, j, fc = l a-n + l ι,j, k, m=l

n+q+l n 7i+g+l n

- Σ
q

Σ Σ hfjh«mtRmkJk- Σ Σ Sβhί/hlt
a=n + l ι,j, k, m = l a, β=n + l ι,j, k = \

n+q+l n n+q+l n

= Σ Σ {ha

mγ- Σ Σ h^hSuRmxjt
a~n + lι,j,k=l a=n + l x, j , k, m = l

Σ h^mtRmijk-\ Σ εβN(HaHβ-HβHa)
ι,j, k, m=l Z α. j9=τι + l
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1 71+tf + l

+4r Σ N{HaHβ-HβHa)

Since the sectional curvature of Mn is nonnegative, we have K0^0. Hence,
from the Stokes formula, we obtain S=0, i.e., Mn is totally geodesic or S is
constant and hfJk=O. We complete the proof of Proposition.

Proof of Theorem 2. From Proposition and its proof, it is obvious that
Theorem 2 holds.

Proof of Theorem 3. From the assumptions of Theorem 3 and Myers
Theorem, we know that Mn is compact. According to (3.1), we get

^AS= Σ2 Σ (h?jkγ+nc sf Σ (/*?, )2

Δ an + l ιj kl a n + l ι j l

εβN(HaHβ-HβHa)-
a, β=n +

Σ 2 Σ (h?j)2-N(Hn+1y+N(Hn+2γ.
a—n + l i, .7 = 1

Hence we have

(3.5) l-Δs^inc-Si+SάS
Δ

where Sχ=iV(/ίn+1), S2=N(Hn+2) and S = S i + S 2 . By using (2.11) and the as-
sumption Ric(Mn)ϊ>(rc— 2)c in Theorem 3, we have

Thus

(3.6) nc—SΊ-f-5>2=0

From (3.5) and (3.6), we conclude

β Σ f i t Σ=i(/ι?y*)2=0

and S=Q or nc—Si+S2=0 and S is constant. If S=0, then Mn is totally
geodesic. If S^O, then all of the above inequalities become equalities. Hence,
the Ricci curvature is equal to (n—2)c. We complete the proof of Theorem 3.
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