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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF

SECOND ORDER NONLINEAR

DIFFERENCE EQUATIONS*
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Abstract

In this paper, we study the asymptotic behavior of the second order
difference equation

(*) Δ(r(n)Δ*(n))+/(n,*(n))=0.

we obtain some sufficient conditions which ensure that all the solutions of (*)
are bounded, and also obtain some conditions which guarantee that for
every solution x(n) of (*) satisfies |*(n) |=O(/?(n,n0)) as n -» oo, where

1. A discrete inequality

In the sequel we will require the following discrete inequality which extends

the known discrete inequality obtained by Meng [5].

DEFINITION. A function g(u) is said to belong to EF if g(u) is nondecreasing

and continuous on (0, oo) and

g(u)/v^g(u/v), u^O, v^l.

Every where we mean that Σ*Utf(&)=0 if n<s.

L E M M A . Let x(n), ht(n), i—1, 2, •••, m be real valued nonnegatiυe functions

defined on Λf(n o )={n o , n o + l , •••}, n o e { l , 2, •••}, / ( n ) ^ l be nondecreasing on

N(n0), gi{u)^.Sf ι = l , 2, •••, m. Suppose that the discrete inequality

1980 Mathematics Subject Classification (1985 Revision). Primary: 39A10.
Key words and phrases, discrete inequality, difference equation, asymptotic behavior

of solutions.
* The Subject is Supported by the Natural Science Foundation of Shandong Province

P.R. China.
Received March 2, 1995.

200



ASYMPTOTIC BEHAVIOR 201

Σ ( Σ

/or α// n^N(ΐio). Then we have

m

( 2 ) x

Where Gk(u)=[U—\-^ds, 0<uQ, u^O,

Ek(n)=Gϊ1\Gk<X)+ n ΣA*(s)Π£<(s) l , * = 1, 2, - , m.

G^1 /s the inverse of Gk. Here it is supposed that

Proof. The proof is by Mathematical induction. We first suppose that here
m—1. Since f{n) is nondecreasing, ^ G ? and / ( n ) ^ l , we have from (1)

Now using the discrete Bihari's inequality [4], we obtain

(4) x(n)^/(n)£!(n), neiV(n0),

where

£1(n)=Gr{G1(l)+Σ1Ai(s)l.
L s=wo J

This proves the (2) is true for m—l. Now suppose that (2) is true for m— k.
Then for m = ^ + l we may rewrite the inequality (1) as

( 5) x(n)^A(n)+ Σ ( Σ1 hiWgiixis))), n^N(n0),

where

fi(n)=f(n)+ "
s=n 0

Obviously, here /^n) satisfies the condition for f(n), so by the inductive assump-
tion we obtain from (5)
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where

R(n)=UEi(ή).
t=l

So we have

(6)

This inequality is of the form (3), and hence by the first step of our proof we
get from (6)

n-i

s=n0

k + l
(n), n(=N(n0).

1 = 1

This proves that (2) is true for m—k-{-l. The proof is complete.

Example. The following example illustrates the Lemma. Let

where 0 < r , < l , * = 1, 2, •••, m. We note that x r ι GEF and x, f, hx (i—l, 2, •••, m)
are defined as in Lemma. It is easy to observe

G < ( κ ) = — ! — [ u 1 - ^ - ^ - 1 " * ] , ι = l, 2, •••, m, 0 < r , < l ,

and
r ι ] 1 / ( 1 " r < > , ί = l , 2, •••, m,

S i m i l a r l y , w e o b t a i n

[ n-i Ίl/(i-ri)

l+(l-n) Σ A,(s)
s=n0 J

Σ ( ) ( ) , ί=2, 3, - , m.
s = n 0 k l J

We conclude that

2. Boundedness conditions

We consider the following second order nonlinear difference equation

(7) Δ(r(n)Δx(n))+/(n, *(n))=0, nGN(π0),

where iV(n0) as in above Lemma, Δ is the forward difference operator, i.e.
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Ax(n)=x(n+l)—x(ri). r(n) is the real sequences and / : N(no)xR-*R (R is
real line). With regard to the equation (7) we always assume that:

(H) r(n)>0 for all n^N(no); in addition we always have

m

\f(n, x)\^Σ,bi(n)gi(\x\)+bm+1(n), («, x)eiV(no)Xί,

where bi(n), ι = l, 2, •••, ra+1 are known nonnegative real functions on N(n0),
gi(u)G9, /=1, 2, •••, m.

To simplity the notation in the sequel we will define

for any seΛf(n0) and all weN(s+l). According to the limit of R(n, n0) as
n—>oo, there are two different case, namely:

(a) \im R(n, n0)<co, (b) lim R(n, n0)=oo.
7i-»oo n~*oo

Recently some results concerning the oscillatory and nonoscillatory properties
of solutions of nonlinear difference equations of second order have been estab-
lished in [1] (see also references therein).

The purpose of this paper is to present theorems that give sufficient condi-
tions for all solutions of (7) to be bounded. Also, we obtain a result on the
growth of solutions of (7). The obtained results are discrete analogues of
some known theorems for nonlinear differential equations due to Yang [2] and
Hatvanti [3].

We first establish some results for the case (a) as follows.

THEOREM 1. In addition to the hypothesses (H), suppose further that

(i) H?=iobj(s)R(n, s + ΐ) is bounded on N(n0) for l^j^
(ii) limn_oo^(n, n0)<oo.

Then every solution x(n) of (7) zs bounded on N(n0).

Proof. Let x(n) be a solution of (7). From (7) by successive summations,
we obtain

x(n)=x(no)+r(no)Ax(no) Σί J " i *

To exchange the order of the summation of the last term, we have

x(n)=x(no)+r(no)Ax(no)
 ? Σ - ^ - l ί / ( & , x(k))R(n, k + l).

So
m n-i

\x(n)\£a(n)+Σ, Σ R(n, k+ΐ)bt
i k
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where

a(ή)=l+\x(no)\+r(no)\Ax(no)\R(n, no)+nj} bm+1(k)R(n, k+ΐ).

By our Lemma, we obtain from above inequality

(8) \x(n)\£a(ή)fLEi(n), n^N(n0).

Where

Ei(n)=Gτ1(Gia)+ηΣbi(s)R(n, s + l ) Π £ / s ) ) , ι = l , 2, •••, m.

Gt, G7 1 are defined as in Lemma. By the conditions ( i ) and (ii) we have a(n)
and Ei(n) are bounded on N(n0). From (8) we have x(n) is bounded on N(n0).
The proof is complete.

COROLLARY 1. In addition to (H), suppose that the following conditions are
satisfied:

( i ) there exists a constant K>0 such that r(n)^K for n^N(n0);
(ii) limn-coi?(n, n0)=Λ<oo
(in) Σ £ n 0 W * ) < o o , ί = l, 2, •••, m+1.

Then every solution x(ή) of (7) is bounded on N(n0).

Proof. It is easily seen that the conditions (ii) and (iii) in Corollary 1 imply
the condition (i) in Theorem 1.

Example 1. Consider the equation

(9) A(ecnAx)-t-Σ>qi(n)xpi=0,

Here c>0 and pi^{0, 1] are constants, and qt(n) are real polynomials. Clearly,
all of the conditions in Theorem 1 are satisfied for (9). Thus all solutions x{n)
of (9) are bounded on N(n0).

The following result is concerned with the case (b).

THEOREM 2. Suppose the hypotheses (H) hold, suppose moreover that

( i ) Σ £ - » 0 f t m + i ( * ) < o o , Σ £ . » 0 W * ) * ( * , ^ o ) < ^ , ( 1 = 1 , 2, •.., m);
(ii) HindooR(n, n0)=oo.

Then for every solution x(ή) of (7) satisfies

\x(n)\=O(R(n, n0)), \r(n)Ax(n)\=O(l), as n-+ 00.

Proof. Let x(n) be a solution of (7). From (7), by successive summations,
we obtain
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(10) r(n)Ax(n)=r(no)Ax(n0)- Σ f{k, x(k)).

and
π-i 1 k-i

x(n)=x(no)+r(no)Ax(no)R(n, nQ)— Σ -TTT- Σ /(*',

And, so

\ x { n ) \ ^ C x R ( n , w o ) + Σ Σ 1 - ^ * Σ b ( i ( ) Σ *

For some constant C\>0 and all n^nλ^N{n0). By the first condition in (i),
there exists constant C 2 > 0 such that

UΈ j Έ b(i)CR(nf no).

Since limn_>ooi?(n, n0)=oo} R(n, n o ) ^ l , for n^nlf R(n, no)^R(n, s), s^7z0 we
obtain

For some

(11)

Applying

(12)

Where

\x(n)\<

constant C

\x{n)
R(n, n

the Lemma

ίCR(n, :

^ 1 , and

0) —

to (11),

|x(;
R{n,

no) + R(n, n

so

•^1 / ^ Λ L. / 1
/ i I / i Uj\ h

we have

n)\ <rfγ
Wo) = *- i

m n-i

-θ) Σ Σ bj(k)gj(\x(k)

( ' * ^ '

>

S=ΠQ \j=l / /

Now, letting n—»oo in (12) and in view of the conditions ( i) and (ii), then we
obtain the desired relation \x(n)\=O(R(n, w0)). Finaly, by (12) we derive
from (10)

n-ί m / n-i \

Σ bm+ι{k)+ Σ gi(M)( Σ b,(k)R(k, n,))<oo,

where the number M>0 is an upper bound for C Π£ti V<(w) on N(n0). This
complete the proof.

COROLLARY 2. We consider the equation

(13) x(n+2)-2x(n+l)+x(n)+f(n, x(n))=0, n<=N(no).

If the hypotheses (H) and the following conditions are satisfied:
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k

Then all solutions x(ri) of (13) satisfy the relations: \x(n)\=O(n) and \x(n+ϊ)—

x(ή)\=O(ϊ) as ?2-^oo.

Remark. Theorem 2 generalizes Theorem 8 in [1].

Example 2. Consider the following equation

m

(14) x(n+2)-2x(n+ϊ)+x(n)+ Σ
l

Where pt are numbers from (0, 1], and c^n) (* = 1, 2, •••, m) are real sequences.

If

Σ |c<(fe)|fe<oo, i = l, 2, ..., m.

Then by Corollary 2, all of the solutions of the equation (14) obey the relations:

\x(n)\=O(n) and \x(n+ϊ)-x(n)\=O(l), as n->oo.
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