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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF
SECOND ORDER NONLINEAR
DIFFERENCE EQUATIONS*
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Abstract

In this paper, we study the asymptotic behavior of the second order
difference equation

) A(r(mAz(m)) +1(n, x(n))=0.

we obtamn some sufficient conditions which ensure that all the solutions of (x)
are bounded, and also obtain some conditions which guarantee that for
every solution x(n) of (x) satisfies |x(n)|=0(R(n,ny)) as n-— oo, where

n-1 1
R(n,s)= kgs—ar(k) .

1. A discrete inequality

In the sequel we will require the following discrete inequality which extends
the known discrete inequality obtained by Meng [5].

DEFINITION. A function g(u) is said to belong to & if g(u) is nondecreasing
and continuous on (0, ) and

gw)/vsgu/v), uz=0, vzl
Every where we mean that X2, a(k)=0 if n<ls.
LEMMA. Let x(n), hyn), i=1, 2, ---, m be real valued nonnegative functions

defined on N(ng)={n,, ny+1, .-}, n,e{l, 2, ---}, f(n)=1 be nondecreasing on
N(ny), guwyed, i=1, 2, ---, m. Suppose that the discrete inequality
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(1) x(m=fm+ 3 (3 hogx(s)
holds for all neN(n,). Then we have

(2) x(m=f(m I En), neN(n).

u 1
—d Uoy U
o gk(s) S, 0< 0s 0,

Em=67| G0+ 5 o) [T )], k=12, =, m.

Where Gk(u)zg

Gz is the inverse of G,. Here it is supposed that

ﬁEi(n):l, neN(ny).

Proof. The proof is by Mathematical induction. We first suppose that here
m=1. Since f(n) is nondecreasing, g,=% and f(n)=1, we have from (1)
x(n) ! ha(s)

(3) SR R ICO)

n-1 x(s)
<
=1+x§0h‘(s)g1( 7(s) )
Now using the discrete Bihari’s inequality [4], we obtain
(4) x(m)= f(m)E(n), neEN(ny),
where

El(n)ZGTI[GI(l)+8§10h1(s)] .

This proves the (2) is true for m=1. Now suppose that (2) is true for m=k.
Then for m=Fk-+1 we may rewrite the inequality (1) as

(5) s fim+ 35 (5 hexe)), neNm),
where

fim)= )+ 5 hasr(S)gnn(x(s)).

Obviously, here f,(n) satisfies the condition for f(n), so by the inductive assump-
tion we obtain from (5)

£(W)Z SR+ R 5 haer(5)grn(x(s)
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where
R(n)= 12[ Eyn).
So we have
B x(n) B n-1 x(s)
(6) RGeS S M OROEF5 Ry )-

This inequality is of the form (3), and hence by the first step of our proof we
get from (6)

£(0)E fMRMGTH] CrnsD+ 3 hrn9RE)]
=fTL En), neN(n).
This proves that (2) is true for m=%k+1. The proof is complete.
Example. The following example illustrates the Lemma. Let
xm= f+ 3 (Z rlo)lx)17)

where 0<r;<1, i=1, 2, ---, m. We note that x"*% and x, f, h, (=1, 2, ---, m)
are defined as in Lemma. It is easy to observe

1
1—r,

Gl(u): [ul—'r,,_ué—'r,]’ Z"_—lr 2: e, m, O<ri<lr

and
Gl w)y=[A—r)utui"JVa" o 3=12, -, m, 0<r;<l.

Similarly, we obtain

n-1 1/(-rp)
Em=[1+a-m 5 ns |,

n-1 1-1 /-1y .
Em=[14+0=r) & ne) T E0] 7, =23 m

We conclude that
x(m= fm I En), neNny).

2. Boundedness conditions
We consider the following second order nonlinear difference equation
(7) A(r(m)Ax(n)+ f(n, x(n))=0, neN(n,),

where N(n,) as in above Lemma, A is the forward difference operator, i.e.
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Ax(n)=x(n+1)—x(n). r(n) is the real sequences and f:N(n,)XR—R (R is
real line). With regard to the equation (7) we always assume that:
(H) #»(n)>0 for all n=N(n,); in addition we always have

(1, )1 E B bmg|xD+bman(m), (1, HEN@XR,

where b;(n), 1=1, 2, ---, m+1 are known nonnegative real functions on N(#,),
gl(u)eg’ Z:1, 2) e, M
To simplity the notation in the sequel we will define

R n-1 1
9= 256
for any s&N(n,) and all n&N(s+1). According to the limit of R(n, n,) as
n— oo, there are two different case, namely :

(a) lim R(n, ny)<oo, (b) lim R(n, ny,)=oco.

Recently some results concerning the oscillatory and nonoscillatory properties
of solutions of nonlinear difference equations of second order have been estab-
lished in [1] (see also references therein).

The purpose of this paper is to present theorems that give sufficient condi-
tions for all solutions of (7) to be bounded. Also, we obtain a resuit on the
growth of solutions of (7). The obtained results are discrete analogues of
some known theorems for nonlinear differential equations due to Yang [2] and
Hatvanti [3].

We first establish some results for the case (a) as follows.

THEOREM 1. In addition to the hypothesses (H), suppose further that

(i) S, bi(s)R(n, s+1) is bounded on N(n,) for 1=;<m-+1;
(i) lim,.. R(n, ny)<oco.

Then every solution x(n) of (7) 1s bounded on N(n,).

Proof. Let x(n) be a solution of (7). From (7) by successive summations,
we obtain

r(k) ~Z r(;@ =1, ).

To exchange the order of the summation of the last term, we have

x(n)= x(no)-i-r(no)Ax(no) 2

£ =(n)+r(n)Ax(ne) 5 s 53k, 2UDRn, k1)

(k)
So

I Sam+ 3 5 RO kAD0RIE 20D,
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where

n—-1
a(n)=141|x(no)| +r(no)|Ax(no)| R(n, nc.)+k§z bm(R)R(n, k+1).
By our Lemma, we obtain from above inequality
(8) x(m)]<a(m I Ein), neN(n).

Where
Ei(n)ZG‘[l(Gi(l)_}_ 7»2-1 by(s)R(n, s+l)11:[iEj(s)), i=1,2 -, m.
$=ng J=
G, G7! are defined as in Lemma. By the conditions (i) and (ii) we have a(n)

and E,(n) are bounded on N(n,). From (8) we have x(n) is bounded on N(n,).
The proof is complete.

COROLLARY 1. In addition to (H), suppose that the following conditions are
satisfied :

(i) there exists a constant K>0 such that r(n)=K for neN(n,);
(ii) limg.w R(n, ny)=A<co;
(iii) Xgen,bi(k)<oco, i=1, 2, -+, m+1.

Then every solution x(n) of (7) is bounded on N(n,).

Proof. 1t is easily seen that the conditions (ii) and (iii) in Corollary 1 imply
the condition (i) in Theorem 1.

Example 1. Consider the equation
(9) A(eCﬂAx)+§qi<n)xpi=o, neN(n,).

Here ¢>0 and p,=(0, 1] are constants, and ¢;(n) are real polynomials. Clearly,
all of the conditions in Theorem 1 are satisfied for (9). Thus all solutions x(n)
of (9) are bounded on N(n,).

The following result is concerned with the case (b).

THEOREM 2. Suppose the hypotheses (H) hold, suppose moreover that

(1) Xy ban(k)<oo, Zien, bi(R)R(k, ny)<oo, (=1, 2, -+, m);
(ii) limg_e R(n, ny)=oco.

Then for every solution x(n) of (7) satisfies
|x(n)]| =O(R(n, n,)), |r(n)Ax(n)|=0(1), as n—oco.

Proof. Let x(n) be a solution of (7). From (7), by successive summations,
we obtain
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(10) rmAs(m)=r(ngAx(n)— 53 (b, (k).
and
x(n)=x(no)+r(ne)Ax(no)R(n, ny)— r(k) Ef(z x@), neN(n).
And, so
HISCRG, )+ 5 8 s S b0ex0D+ E 5 b,

For some constant C,>0 and all n=n,&N(n,). By the first condition in (i),
there exists constant C,>0 such that

3 S b CaR(n, o).

T(k) 1=ng

Since lim,_ . R(n, ny)=o0, R(n, ny=1, for n=n,, R(n, ny)=R(n, s), s=n, we
obtain

%) SCRO, n)+R(n, n0) 3|5 b,k 2(k)).

For some constant C=1, and so

[x(n)] nl | x(R)]
1 ‘R(n, ny) R(n, ny = E( Eobj(k)k(k’ n°)gj( R(k, n,) ))
Applying the Lemma to (11), we have
(12) —]?'T)C(m—!)SCHV(n), n=n,.
Where

Vim=G(G. 0+ Z bR, n)( T Vi), i=L2 . m

Now, letting n—oco in (12) and in view of the conditions (i) and (ii), then we
obtain the desired relation |x(n)|=0(R(n, n,). Finaly, by (12) we derive
from (10)

r(m)|Ax(n)| Sr(n)| Ax(m) |+ 5 bues(0)+ 3 2 M)( 3 bR, m)) <o,

where the number M>0 is an upper bound for C IT%™,V(n) on N(n,). This
complete the proof.

COROLLARY 2. We consider the equation
(13) 2(n+2)—2x(n+1)+x(n)+f(n, x(n))=0, neN(n,).
If the hypotheses (H) and the following conditions are satisfied :
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) bpa(k)<co, 3 bik)k<oo, i=1,3, -, m.
k=ng k=np

Then all solutions x(n) of (13) satisfy the relations: |x(n)|=0(n) and |x(n+1)—
x(n)|=0() as n—oo.

Remark. Theorem 2 generalizes Theorem 8 in [1].

Example 2. Consider the following equation

(14) x(n+2)—2x(n+1)+x(n)+ éci(nnm(n):o, neN(ny).
Where p; are numbers from (0, 17, and c¢;(n) (=1, 2, ---, m) are real sequences.
If

5 ledb)lk<es, i=12, o, m.

Then by Corollary 2, all of the solutions of the equation (14) obey the relations :
|x(n)|=0(n) and |x(n+1)—x(n)|=0(1), as n—oo.
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