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PICARD CONSTANTS OF FOUR-SHEETED

ALGEBROID SURFACES, II

MlTSURU OZAWA AND K A Z U N A R I SAWADA

§ 1. Introduction

Under the same title we have reported a paper, in which the Picard constant
of several four-sheeted algebroid surfaces with P{y)~l has been decided. In
this paper we shall continue the same work for four-sheeted algebroid surfaces
with P(y)=6. Again the discriminant of surfaces with P(y)=6 plays a very
important role in this paper.

In the first place we decide several four-sheeted algebroid surfaces with
p(y)r=6. We classify into representative surfaces by a linear transformation
ay + β. Next we compute their discriminants of representative surfaces. This
process need a little bit hard work. Finally we get theorems, which decide
the Picard constant.

§2. Surfaces with P(y)=6

Let us consider the four-sheeted algebroid surface defined by

F(z, y)^yi~-S1y'-{-S2y
2-S3y + S4=0.

By Remoundos' theorem we consider the following equations:
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(iv) (v) (vi)

Cι

Ci

Cι

where clf c2, c3 are non-zero constants, βlt β2, β*, β* non-zero constants and Hu

H2, Hz, Hi are non-constant entire functions satisfying i//0)=0.

CASE ( i ) . Then S 4 = d and

α2

4—Sidz^Λ- S2a2

2—

Let us put

l i Λ>2 . N /

a1a2a3

- , * 3 = "

and

βi

Then from the first three equations

S1=zχ1+χ2+x3+a1+a2+az+x0e
Hl,

iz)xι+(a2+ a3)x2+(a1+a3)x3+ (1^2+ a2

Put the§e into F(z, a4)—β2e
Ή<ί. Making use of BoreΓs unicity theorem, we have

Hι=Ht(=H) and

x Q — -

χ2

• = 1 .

We impose the following condition: F(z, a)=βeL does not hold excepting a—
α3, α4. Now
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F(z, a)—{a—a3)\_—xι{a—aι){a~ai)—x2a{a — a2

201

Therefore we have three cases:

(a) a{a—ax){a — a2)—xx{a — aλ){a — a2)~ x2a{a — a2)~ xza{a — ax)—{a

(b) =(a-az)(a-a4)\

(c) =(a-a3)
2(a-a4).

CASE (a). Then

and

Thus

Hence

This surface is denoted by

CASE (b). Then

Hence

Thus

S2=

aA—a2)
2

^ a2)x0e
H,
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This surface is denoted by R2.

CASE (C). Then

and

Thus

Hence

This surface is denoted by Rz.

CASE (iv). Then S^β^i and

Let us put

x—-
Ci

y=- 02(01-02)(02-03)
•> z—'

and

Then

Xo—-
a1a2a3

— 0 1 0 2 — 0 ! 0 3 — 0 2 0 3 } ,
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We substitute these into F(z, a4)=β2e
H2. Then BoreΓs unicity theorem implies

that

Hι=Ht(=H),

a,—a.

I

We now impose the following condition: F(z, a) does not have any lacunary
value of the second kind excepting at most 0 and a4. Let us put

F(z, a)=—(a—a1Xa — a2Xa — aΛ

where

—(fl8+ a

Then there are three possible cases:

(a) P(a)=aKa-a4), (b) P{a)=a(a-aA)

We now consider Case (a). Then

(α 2 + az)x—(fli-h az)y+(βi + a2)z=

a2a3x-— aι

(c) P(a)=(a-a4)

xa^+ a2a3,

Hence

S3=(aιa2+ (1^3+ a2a3)x0e
H,

This surface is denoted by R16.
Next we consider Case (b). Then

— ax — a2—a3=— 2α4,

a^y— {a^ a2)z-\- aλa2-{- ax
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(S1=xoe
H+2a4,

S 2 =(fli+a 2

J t a3)x0e
H'+α4

2';

This surface is denoted by RX1.
We finally consider Case (c). Then

x—y-\-z— ax — a2—α3— — 3α4,

1+a3)y — ̂ ax-\- a2)zJr a^

Hence

Sι=xoe
H+3aA,

This surface is denoted by Rί8.
Let F(z, y) be 3/4-51

=0. Let us put y=aY+β. Then

a4G(z, Y)=F(z, aY+β)

and

Now we put

a4
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Then we have R
If we put

aAz—a2~aA,

aA^—az—a^

, R2^RlΊ, R3

aA1+β=0,

aA2=a2—au

)aA3=a4-alf

then we have i?i~7?3.

§3. Surfaces with P(y)=β (continued.)

We now consider Case (iii). Then S4=Ci and

From the first three equations we have

where

and

az{aι—as)(a2—α8)
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Substituting these into the fourth equation F(z, a4)—β4e
H^, we can make use

of Borel's unicity theorem. Then we have

a4(a4~a2){a4—a3)xί^ra4(a4—a1)(a4—as)x2

Jra4(a4—aί)(a4~σ2)x3=—β4

and

Hence yx—a4, that is, cι=a1a2a3ai. Therefore

+ aγa2-\- #103

S3— {a2azXι + aia3x2+ a^zXz] eH + ai(i2a3+ aιa2a4+did^a^ a2a2a4.

Now we impose the following condition:

F(z, a^ia-a.Xa-a.Xa-a.Xa-a^aPiay1

does not reduce to a non-zero constant excepting for α=0, where

Then

By our condition we have three possibilities:
(a) P(a)—ka2, (b) P{a)—ka, (c) P{ά)~k with a non-zero nonstant

CASE (a). Then ^ = - ( x 1 + x 2 +^ 3 ) and

In this case we can easily prove that

Pi βz β\

<7i3 a2

3 az

and

Hence we have
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S2=
:a 102+0203+01#3+a id 4+0.20,4+0,3(14

S3=αi<2203 + 0 1 0204+01 0304+020304,

This surface is denoted by Ru.

CASE (b). Then x^Xz+x^O and

l + 0103^2+ 0102^3 = 0,

It is easy to prove that

Then

01 02

52=^0^+0102+0203+0103+0104+0204+0304,

0204+010304+020304 ,

This surface is denoted by Ru.

CASE (C). Then x1+x1

Jrx3=0 and

^ = —(0203^1+0103^2+0102^3).

It is easy to prove that

Then

01 02 03

2 = 01 0 2 +01 03+01 04+0203+0204+0304 >

3 = %O0H+010203+01 0204+010 304+0203 04

This surface is denoted by R15.

CASE (vi). Then S^β^i and
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Let us put

a2a3a4

> y= z=-a2(a2~a3)(a2—a4) ' a3(a2 — a3)(a3 — a4) '

u — -a4{a2—a4){az-a4) '

Then from the last three equations we have

By the first equation we have

and

Ci=αi(α 1 —α 2)(αi —α s )(αi —α 4 )

Now we impose the following condition:

F(z, a)=a(a-a2)(a-a3)(a-a4)Λ-P(a)eH

does not reduce to a non-zero constant excepting a=aλ. Hence there appear
three possibilities:

(a) P(a)=k(a-a1\ (b) P(a)=k(a-a1)
t

f (c) P(a)=k(a-aly

with a non-zero constant k. Here

P{a)=a\-x+y-z+u)

+a^(a2+ a3+ a4)x —(a3+a4)y+(a2+ a4)z~-(a2+ a3)u}
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CASE (a). Then

—x-\-y— z+u=0,

and

Hence we have

2= a2a

We put Xa—

A— a2aza4xe

i/a^ Then

Sz—xQeH-\-a2azaiy

209

This surface is denoted by R28.

CASE (b). Then

x—y-\-z—u=0

= —^^x ,

2 3 4

We make use of a2aza4x—βι% Then we have with xo=

This surface is denoted by R2Q.

CASE (C). Then
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(—x+y— z+u)=(a2+a3+a4)x —(a3+a4)y + (a2-\- a4)z—(a2+a3)u,

αi2(—x+y— z+u)= —(a2a3+a2a4+a3a4)x-{-a3a4y — a2a4z+a2a3u

Hence

Then we have

S4=a1

3x0e
11.

This surface is denoted by /?30.

-\- a4)z~ (a2+as)u = —^-,
a

F{z, y)^y<-Si

T ( S 4 β )

T 4 = -A-(S 4 -S, i 8+S ί i 8
ί -S l i 8

8 + i 8
4 ).

Here we put

I aΛ2=a2—a1}

aΛ3=a3—aι,

aA4—a4—aι.

Then we have
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§4. Surface with P(JO=6 (continued, bis)

We now consider the case (ii). Then S4—cι and

ί fli4—SxG^+Saαi2—S8αi + d = c 2 ,

Then

+ a4)y + a2as+a<ιa4+ a2a4,

where

r _ a2(a2—as)(a4—a2)
 }

χ = £8
3~" a4(aB—a4)(a4—a2) ' y a2asa4 '

Substituting these into F(z, a^)—c2, we have HX—H2—H^~H) and

(a1-a2)(a1-a4)x1+(a1~a2)(a1-a4)x2

Jr(al-a2)(al-a3)x2=0
and

Let us consider F(z, a). Then

^, α ) = ( α — a2){a—as)(a—a4){a—y)

u _fL\Aa-B}eH,

where

~ α2(α1-α2)
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B =

a2(a1~a2) α3(α! —o 3 ) '
We now impose the conditions: F(z, a) does not reduce to a non-zero constant
D except for α = 0 , ax and further it does not reduce to DeH except for a—a2y

o3, α4. Hence we have (a)y = a2 or (β)y = a3 or (γ) y = aA and (1) Λ=0 or
(2) 5 = 0 or (3) Λ^O, B=Aax.

If ^4=0, then X 1 + J C 2 + ^ 8 = 0 and

O2(θi-O2)

a%a4xι+a2a4x2+a2azxz— — -
i — O2) '

If 5=0, then

3:=:::

 fl 2 / f l _

If J5 = >lα1, ^ ^ 0 , then

iι-a2)
2 '

(α 3 +α 4 )x 1 +(α 2 +α 4 )x 2 +(α 2 +θ3

a2(a1~a2)
2

Case (α)(l). Then with xo=—βί/a2(a1 — a2)

S 2 =Xo0 H +o 2

2 +2α 2 α3+o 3 o 4 +2o 2 o 4 ,

This surface is denoted by R4.

CASE (J8)(1). Then with xo=-βi/a2(aί — a2

S1=a2+2as+a4,

2= xoe
H

) S3=a1x0e
II+a2a<i

2+as

2a4+2a2asai,

I Si=a2as

2a4.
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This surface is denoted by Rδ.

CASE (γ)(l). Then with xo=-βi/a2(a1-a2)

(S1=a2-\ra3+2a4,

2=xoe
H+a2a3+2a2a4+2aza4+ a4

2,

213

This surface is denoted by R6.

CASE («)(2). Then with xo=β1/a2

2(aί-a2)

' s1=xoe
H+2a2+aB+a4,

SB=a2

2aB+2a2asa4+a2

2a4,

This surface is denoted by R7.

CASE (/3)(2). Then with xQ=β1/a2

2(aι-a2)

i = x 0 e H + a 2 + 2 a Ά - \ - a 4 ,

This surface is denoted by 7?8.

CASE (γ) (2). Then with x^βja^a.-a

i=xoe
H

H + a4

2+2a2a4+2a<ia4-\-a2a3,

This surface is denoted by i?9.

CASE (α)(3). Then with xo=-βι/a2(a1—a2)
2

S1=xoe
H+2a2+az+a4,



214 MITSURU OZAWA AND KAZUNARI SAWADA

This surface is denoted by Rί0.

CASE Q3)(3). Then with * 0 = - βί/a2(a1-a2)
2

S2=2aιx0e
H+2α2α3+ α 3

2 +2α 3 α 4 + a2a4

Sz=a1

2x0e
H-\-a2az

2-\-as

2a4-\-2a2aza4,

S4=a2a3

2a4.

This surface is denoted by Rn.

CASE (γ)(3). Then with Xo^-βi/a^a.-a,)2

χ=xoe
H+a2+ as+2a4,

Ss=a1

2XoeH+2a2a3a4+asa4

2jra2a4

2,

This surface is denoted by Rl2.

CASE (V). Then S^β^ and

_ & Xo —

Let us put

and

From the first three equations we have

Cι

i — α 3 ) ( α 2 — α 3 )

— a2)(a2— a9)

Substituting these into the fourth equation, we have
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(α 4 — a1)(a4— α 2 )(α 4 — α 3 )^i— (0 4 — αi)(α 4— 02)04

(α 4 — ^2)^1— («4—αi)3 ;2+(β4~αi)(α4— α 2 ) = 0 .

Now we consider

F(z, a)=eH(a — aι)(a

+a(a-az)P{a),
where

There are several possibilities by the postulate that F(z, a) does not reduce to
a non-zero constant Z) except for a—au a~a2 and further it does not reduce to
DeH except for α=0, a=a3f a=a4. Hence

(α) Xi=x2 or (j8) a(x2—Xi)-{-Xiaz=k(a—aί) or

(r) a(x2-Xι)JrXia,= k(a--a2)

and

(1) P(α)=α(α-fl 4) or (2) P(a)=(a-a4)
2 or

(3) P(α)=(α-α,)(α-fl 4 ).

CASE (1). Then aι

Jra2~yι

Jry2—a4c and axa2—ί^ yi + β i j^O. Hence

^2=(fl28—fl2fl4)/(αi — α2) and ^i^ία!2—a ιa4)/(a1 — α2).

Thus

and
— 0203^1+0103^2

CASE (2). Then <2i+α2—yι+yi=2aAf aia2~-a2yi-\-aiy2—CLi

2. This gives

^lr=:(01-04)2/(01-02) and >'2::=(02-04)2/(01-02) .

Then

— ̂ 1 + ̂ 2 + 0 1 + 0 2 + 0 3 = 03 + 204,

— (α 2 +0 3 )3 ; i + (01+03)^2+0102+0103+0203 = 20304+042,

— 0203^1+0103^2+010203= 03042

C A S E (3). Then α ! + α 2 — y i - \ - y 2 — 0 3 + 0 4 , 0102 — 02^1 + 01^2 = 0304. This
gives

3>i=(0i-03)(0i-04)/(0i-02) and 3;2=(02—03)(02-04)/(0i —02).
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+a3=2az+a4,

ia^ aΆ)y2+ aλa

CASE (a). Then Xι=x2. Hence

{aι

Jra2+az)xί—{aί+a2)x2~azx1—βί/aίa2f

(flifl2+ dλd3+a2a3)x1 — a1a2x2=(a1 + a2)a3x1

We put βJaidz—Xo.

CASE (β). Then x2=(α 1—a3)x1/a ί. Hence

2)βj

- ( α i + α 2 ) ^ 2 = a3(2a1

Jra2)x1/a1=(2aί+a2)βι/a1

2a2,

We put βi/a^dz—Xo.

C A S E (7-). Then % 2 —(α 2 —a 3 )x x /a 2 . Hence

i — aϊa2x2—{2a1

Jr a2)βx/ aλa2.

We put βι/a!

CASE . Then

This surface is denoted by Rl9.

CASE (β)(l). Then

2=(2ciι+a2)x0e
H+a3a4,
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This surface is denoted by R2o.

CASE ( r) (1).

Ss=-a2(2a1+a2)XoβH,

This surface is denoted by i?2i

CASE (α)(2).

This surface is denoted by R22.

CASE (β) (2).

This surface is denoted by R2S.

CASE (7) (2).

S2=(a1-\-2a2)x0e
H+2a,ai+a,2

S3=a2(2a1+a2)xoe
H+aBai\

This surface is denoted by

CASE (α)(3).

217
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This surface is denoted by R2B.

CASE (β) (3).

(S1=xoe
H+2as+a4,

SA—aι

2a2x0e
H.

This surface is denoted by R26.

CASE (γ) (3).
/ S 1 — χ 0 e H + 2 a s + a 4 ,

-a2)xoe
H-\-a3

2a4,

S4—aιa2

2x(ie
H.

This surface is denoted by R2Ί.

How many different surfaces are there among eighteen surfaces listed up
in this section? As in § 2, § 3 we put

(aAx+β—0, β—a2

aA2=aι—a2)

)aAz=as-a2,

[ aA4=a4— a2.

Then we can prove that

Further we put

Rι

I aAz—a2— ax,

aA4—a%—aly

I aA2—a4~ax.

Then we can prove that R4^Rδf RΊ^ and
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If we put

aA2—a2—az,

then we can prove that R22^R2s> R^^-R^ and
If we put

z—a3— a2,

then RΊ^R2l is able to prove.
Hence we have only two different surfaces in the sense of ~ in the cases

(ii) and (v).

§ 5. Discriminant

We shall first decide the form of discriminant of Rl3, which is defined by

with

where Xi=αi

S2=x2

4, ^2=0102+0103+0104+0203+0204+0304, ^3—Oiθ2o3+

For simplicity's sake we put X=xQeH. Then

= - - | s 1

ί + S 2 = - (-l
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where

3 3
O χOLi—τχ\y Oί%—"TΓ^i X2>

4 O

3 3 1 1 1
βi=~?rχif β2=z~^χi2 2 X i } i®3~ ΊΐXl 2Xιχz~*rχz>

_ 3 _ 9 2 1 _ 3 ± , 1
Tl~"6iXlf r2~~mXl~l6X2' n~64Xl gχiχ*+4X*>

r*=~256χS-Γ6Xl2χ2+ΊXίXz~X4

Hence we evidently have

2βι^=au lθ^i^αi, 0:2=4^2—16^2.

Further we have

β2-Sγ2=-3x1

2/16=-aί

2/3
and

j8 8 -4 r ,=-x 1

8 /16=-4« 1 V27.

The discriminant D of Ru is at most sixth degree for X, which was prowed
in §3 in [1]. The coefficient of X6 is given in § 3 in [1]. Then we have

27 16 β , 9 a,2 4 8 . 3 - 4 3 , λ -af 2 a,"
2 a,

Hence the coefficient of XG is equal to zero.
Next we consider the coefficient of X5, which is given in § 3 in [1]. Firstly

we consider the coefficient of γ4, which is equal to

27

This is equal to

Then the remaining terms are equal to
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We have

- | α>(3j8,-87 ,)(j8,-4r,)

_ 9 4 ,/ 8 s \ _ 2 16 ,

| 2— 8r , )- 6(11 j8,- %i)( j8,- β/-

and

3Oα1

fj8,j8,-3

The last two terms are equal to

Summing up all these terms, we have that the coefficients of aί

4βz>a1

5β2 and
vanish. Hence we have that the coefficient of X6 vanishes. Hence

with non-zero constants AOy A4. Why ^o^O and A4Φθ? This is due to Ullrich-
Selberg's remification theorem. See [1] in § 3. From now on we shall not
repeat this reason.

Next we shall consider the discriminant of Rί6, which is defined by y4—
Sίy

3-+-S2y
2-S3y-\-S,=0 with

S3=(aίa2+ aιa

Then
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3 1

where

6

1 = g" 0 4 - g ^ l , β*= -g" « 4 2 ~ -g- ^4^1 + 3̂ 2, 183= - ^ - ,

1 . 1

+

Evidently we have 2βλ=aly 16^!—^! and a2—Aβ2— 16f2. Hence the discriminant
DRl6 is a polynomial of J¥ of sixth degree. The constant term of DRu is equal to

Let us consider the coefficient of X of L>Λl6. Then it is just the following
expression:

It is very easy to prove that 144a2γ2β3

2—128 2a2

2γ3γ4—256'3γ3γ4

2—16a2'
ιγ3~Q,

-27.4β 2β 3

3+144 2α2/32/33r4+8tf2

3/32^^
— lβ 4fl?ia:2

3?'4=0. Therefore

with non-zero constants A%, A6.
Now we shall consider the discriminant of RlΊy which is defined by y*—

^O, with
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where yί=a1+a2-\-as, y2—aιa2

Jraιaz

Jra2az and ys=aιa2as. Then

where

N= -(-

3

3

3

1

1

α 4

2 ,

α/-

7

^ai

3~j _

Evidently 2βι=au l^γι—aι and ^2=4/32—16^2. Hence the degree of DRΛ1 is at
most six. The constant term of DRγϊ is just equal to

The coefficient of X of DRχn is equal to the following expression:

This is equal to zero, which is very easy to prove. Hence

with non-zero coefficients Λ2, Λ6.
We consider the discriminant of R20.

Szy + S,=0 with
is defined by y* —
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Then

ί=xoe
H'

S2=(2αi+a2)x0e
H '+ a3ai~(2aι

Jr a2)X+ x2,

S3=(a1

z+2aίa2)xoe
HΞ=(a1

2+2aιa2)X,

M= - (j

where

3 1
J 8 I = - Q - Λ : 1 — — (

o Z

o Z

3
4

3 ,

Γ 4 " 256 X l \§XιX2'

Evidently 2βι=alf 16^i=αi, a2=4:β2—16γ2. Hence the discriminant DRu is of at
most sixth degree of X. The coefficient of X6 is given in §3 in [1]. This is
just the following form:

27 9
^ ( 5 4 ) 2 + | ( 3

We have

3 1
2—4^2= — — xι

2+~(2a1+a2)x1-(a1

2+2aιa2)
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3
 o
 , 1

225

and

_
4
 _ _ l

χ
3 , 1

 χ
 2

and

α=-x -

Hence the coefficient of Z 6 is equal to

_ 2 7 / l 3 _ 1

It is easy to prove that the above expression vanishes identically. The constant
term of DR2Q is

By a simple computation we can prove that this is equal to zero. Hence we
have

with non-zero coefficients Au A5.
We consider the case i?22, which is defined by

with

S2=yoe
H+y2=X+y2,

Here 3>i=
Then

2 =2α 3 β4+α 4

2 and y3

L=X+alt
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where

3 1
oti=--gyi2+y2, β^-^yi-a^a ,,

β ^ y ι z Λ - - y y2

3 4

ri-~~256yi

In this case DR22 is

Hence DR22 is a polynomial of X of at most fifth degree. The coefficient of
Xδ is

We shall compute the constant term of DR22. This is

-27β1*+lUaφί*γί-ma1

2γ1*+256γS-4aι*

Hence we should compute the following expression:

1 f i /3 2 \γγ 3
256 ^ I - j g ^ i ^ . + j y

We can prove that coefficients of yx

12, yi10y2, y*yz, 3 î8^22, yiyzy*, yi6yz\ 3;i6j23,
3 î33;223;3, 3;i43^24 and ^i4^23

;32 are all equal to zero. Hence the above expression
reduce to
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with Bx=0, JB 2 =1, J58=18, BA=-4, J 3 B = - 4 , 5 6 =-27. Hence we have

Let us put 3^1=^3+2^4, 3;2r=(2a3+fl4)^4, ys=asa4t

z. Then

Therefore

with non-zero coefficient ^4i.
We consider J9Λ28. R28 is defined by

3^ 4-S^ 3+5 23; 2

with

Here yi—

where

A

JrazaA> y^=a2asa4. Then

L=-—y1

2+y2=a1,

M=-X+βlf

3 4 , 1

Therefore DRw is equal to
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Hence

with X—yQeH and a non-zero coefficient Ao.
Finally we consider DRi9. R29 is defined by

with

Here yi=a2+as+aA, y2= a2a3-\- a2a4+ a3a4, y^=a2aza4. Then

L=X+al9

M=β0X+βlf

with

3 1 1 1
2 + β 2 a β * +

1 2 fll , 2 3 4 , 1 o 1

ΐ°=Ϊ6yi 2~y ' ϊl=~~256y Ϊ6y y2~"ϊ

Then the coefficient of X5 of DRzd is equal to

Therefore /)β29 is a polynomial of Z of fourth degree, Hence

with non-zero coefficients Ao, A4.

% 6. Remarks

Let us put

F(z, y)=y*-

and



FOUR-SHEETED ALGEBROID SURFACES 229

a
4
G(z, Y)ΞΞF(Z, aY+β)

=a*[Y
4
-T

1
Y*+T

2
Y

2
-T

z
Y+T

4
'] .

Evidently

Hence Ri^R2 implies DRl=a12DR2. Therefore the non-vanishing property or
the vanishing property of coefficients is completely preserved. Hence the forms
of discriminants of all surfaces listed in § 2, 3 and 4 are completely determind.

We shall not give any proof of the following fact: Let R be the Riemann
surface Ru. Let F be a regular function on R. Then F is representable as

where flf f2, / 3 and / 4 are meromorphic functions in \z\ < + <*>, all of which
are regular at any points satisfying H'{z)Φ§.

We can prove this quite similarly as in §6 in [1]. And the similar facts
for R16, RίΊ, R20, R22, R28 and R29 hold.

Further we can make use of transformation formula of discriminants esta-
blished in §7 in [1].

§ 7. Theorems

We now introduce an assumption that H(z) is a polynomial.
Let R be the surface Ru: y4—S1y

s+S2y
z — SBy + S4=O with S1=xoe

II+x1,
S2—χ2f S3=x3 and S4:=*4, where Xi=al-\-a2

J

raz

JraA, x2=a1a2-{-a1a3+a1ai-\-a2aΆ

+ a2a4+asaAf xz—aγa2azΛ-axa2a±-\- aιasa4+a2a3aif xA—aιa2azaA. Then P(y)—6.
Suppose that P(R13)>6.

If P(R1S)=7, then there is non-constant regular function F on Ru such that
P(F)=7 and

where fu Λ, Λ, Λ are meromorphic in | z |<oo and regular excepting at most
at points satisfying // '=0. We assume that F defines the surface R4*: F 4 —
ί / 1 F 8 + ί / , F ί - t 7 . F + ί / 4 = 0 with Ux=yl9 U2=yoe

L+y2, U^biyoe
L+y,f U,=y4,

where ^1=^2+^3+^4+^5, ^ ^ W s + W i + M δ + W ί + t t + t t , y3—b2bBb4+b2b3bδ
Jrb2bib5+bzb4b5 and y±—b2b%b4bh. Let us denote the discriminants of R1S and i?4*
by Δ and D, respectively. Then we have

where G may have poles, whose number is finite. Let us denote

D=-AbΛyoeL-δ1)(yoe
L-δ2)(yoe

L-δs)(yoeL~δ4)(yoe
L-δδ)
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and
A^AA(xoe

H -γ^Xoβ11 -γ2)(x0e
H ~γz)(xoe

H -γ4).

CASE 1). The counting function of simple zeros of Δ satisfies

N2(r, 0, Δ)~4T(r, eH),

that is, γiΦγj for iφj. Then

N2(r, 0, A)=N2(r, 0, D)~m-T{r, eL)

with m = l , 2, 3, 5. Then L should be a polynomial such that degL=deg//.
In this case we can return back y from F. Then we have

A=DΊ\

The number of poles of / is finite again. Hence G2 / 2 = l . The zeros of G
coincides with poles of /. Hence G—βeM with rational β and M entire with
M(0)=0. M may reduce to constant 0. In this case δiΦδj for iφj.

CASE 2). N2(r, 0, A)~2T(r, eH), that is, γιΦγ2, TiΦγ*, Ϊ2Φγ, but γ^γA.
Then N2(r, 0, Δ)=iV2(r, 0, D)^m>T{r, eL) with m = l , 2, 3, 5. Then L should be
a polynomial such that degL=deg//. We can return back y from F. Then
A—D'P. Then number of poles of / is finite. Hence G2Ί2—l. The zeros of
G conincides with poles of /. Then we can count the multiple zeros. The
counting function of multiple zeros

N0(r, 0, Δ)=(l+0(l))No(r, 0, D),

where N0(r, 0, A)=N(r, 0, A)-N2(r, 0, Δ). Hence

r, 0, Δ)=2 T(r, ^ )
and

Mr, 0, Δ)=

Then m—5/2, which is absurd, since m is an integer.

CASE 3). NQ(r, 0, A)^T{r, eH), that is, γ.Φγ^γ^γ,. Then iV0(r, 0, D)~
2>T(r, eL) and the counting functions of triple zeros N3(r, 0, Δ), Ns(r, 0, D)
satisfies JV8(r, 0, Δ)=N8(r, 0, £) and iV3(r, 0, Δ)=3 T(r, O , N8(r, 0, D)=3-T(r,
eL). This is a contradiction.

CASE 4). Δ does not have any simple zero. Then either

N2(r, 0, D)~T(r, eL) or ΛΓ8(r, 0,
but

N8(r, 0, Δ)=o(l) or ΛTB(r, 0, Z>)~5 T(r, eL)

where Λ̂ 5 is the counting function of multiplicity 5. All of these lead to a
contradiction.

Therefore we have
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D=Aβ*e2M

with a rational function β. Further D, A must have only simple factors.
Hence we have

5-T(r, eL)^N{r, 0, D)=N(r, 0, Δ)~4T(r, e*).
Hence

We have

with non-zero constants Bo, Λ4, Λo. By BoreΓs unicity theorem we have only
two possibilities: either

MΞO, -AbSyo^AtXo^2, Bo=Λoβ\ 5L=4H and B^B^B^B^Λ,

or

M=-2H, 5L=-4H, -AbSy^^Aφ2, B0=Λ4x0

4β2 and B^B^B^B,

If F defines the surface i?6*, then the same proof does work. So we shall
omit its detail.

We assume that F defines the surface i?7*: F4-UlF
z+U2F

2-UsF+U,=0
with U1=yoe

L+y1, U2=a1y0e
L+y2, U3=a2y0e

L, UA—azyQeL

y where ^1=^4+^5,
y2=b4b5, ^1=^1+^2+^3, a2=b1b2

Jrb1b3-
Jrb2b3f as=bιb2b3. Then we have

where G may have poles, whose number is finite. Let us denote

with non-zero coefficients Bu B6. Quite similarly we have

wtih a rational function ^. Further DRl* and Δ Λ l 3 must have only simple
factors. Therefore

5T(r, eL)
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By

and by BoreΓs unicity theorem we have two possibilities:

2 M - L = 0 , 5L=4//, B6yo«=:A4Xo^2, B1y0=A0β
2 and 5 5 = 5 4 = 5 3 = A 3 = ,

or

4 # + 2 M - L = 0 , 2 M - L = 5 L ( 5 L = - 4 t f ) , A/32=56;y0

e, A4xo*β2=Biyo

If P(R13)=S, then there is a non-constant regular function F on J?13 such
that P ( F ) = 8 and F = / i + / 2 ; y - f J^y2-!-/^3 defines the surface Xx. Then

And we can prove that

with a rational function β. Then BoreΓs unicity theorem implies that A3—A2

z=zAx = 0. Hence we have the following result. In the following theorems we
always assume that eH is an entire function of finite order.

THEOREM 1. Let us denote the discriminant of Ru

with non-zero coefficients AQ, AA. If at least one of coefficients As, A2y Aλ does not
vanish. Then P(/?18)=6.

THEOREM 2. Let us denote the discriminant of R16

with non-zero coefficients AG, A2. If at least one of coefficients Aδ, A4, As does not
vanish, then P(/?16)=6.

THEOREM 3. Let us denote the discriminant of RlΊ

with non-zero coefficients AG, A2. If at least one of coefficients A5, A4, A3 does not
vanish, then P(i?1 7)=β.
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THEOREM 4. Let us put the discriminant of R20

with non-zero coefficients Aδ, Ax. If at least one of coefficients A4, As, A2 does not
vanish, then P(R20)=6.

The same holds for R22.

THEOREM 5. Let us put the discriminant of R28

with A4=—27 and AoΦθ. If at least one of coefficients A3t A2, Ax does not vanish,
then P(R28)=6.

The same holds for R29.
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