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PICARD CONSTANTS OF FOUR-SHEETED
ALGEBROID SURFACES, II

MITSURU OZAWA AND KAZUNARI SAWADA

§1. Introduction

Under the same title we have reported a paper, in which the Picard constant
of several four-sheeted algebroid surfaces with P(y)=7 has been decided. In
this paper we shall continue the same work for four-sheeted algebroid surfaces
with P(y)=6. Again the discriminant of surfaces with P(y)=6 plays a very
important role in this paper.

In the first place we decide several four-sheeted algebroid surfaces with
P(y)=6. We classify into representative surfaces by a linear transformation
ay+fB. Next we compute their discriminants of representative surfaces. This
process need a little bit hard work. Finally we get theorems, which decide
the Picard constant.

§2. Surfaces with P(y)=6

Let us consider the four-sheeted algebroid surface defined by
F(z, y)=y*—=51y*+S5:9°—S:y+S5:=0.
By Rémoundos’ theorem we consider the following equations :

® (i) (iii)

F(z, 0) € €1 ¢
F(z, a1) Cs Cs BieH1
F(z, @) |=| ¢ |, =|Bie®r|, =|Bse¥2],
F(z, a,) Bie™ Boe¥2 BseHs
F(z, a,)) Bee™2 Bae™s Bie™s
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(iv) ) (vi)
Bt Bt Bt
C C1 Cy
= Ca ’ = Ca ’ = ﬁZeH2 ’
Cs B2 B
Bee™2 Bses Bie™s

where ¢, ¢;, ¢; are non-zero constants, i, B, s, B+ non-zero constants and H,,
H,, H,, H, are non-constant entire functions satisfying H;(0)=0.

CASE (i). Then S;=¢, and
[014“Slaxs"‘szalz—ssar‘l‘cx:cz,

a;*—S,8:°+ S, 0,2 — Sza:+c1=¢y,

—~

Cla‘—Slags—}-sz032—53(13—}-61:‘812”1 ,

044_81048‘*'52042”—5304+01=,@29H2 .

Let us put

_ Cy o= Coy o Cs
a,a,a;’ ’ a,(a;—a,)as—a;)’ ’ ax(a,—a,)(a,—as)

and

B:

ay(as—as)as—a,)

Xo=

Then from the first three equations
Si=x14 X0+ X+ a1+ A+ as+x0e7 1,
Se=(a:+as+a5)x,+(as+ as)xo+(a,+ a5) x5+ a,a,+ aza5+ a,a,+(a,+ az) x e,
Ss=(a1a,+a205+a,a5)%,+ 283X, + 0,835+ 0,0,05+ a A, X271,

Put thege into F(z, a,)=pB.¢”2. Making use of Borel’s unicity theorem, we have
H,=H,(=H) and

Xo= B:
ala,—a,)a,—ay)’
Tt s

a, a,—a, a,—a,

We impose the following condition: F(z, a)=fe* does not hold excepting a=
a5, a,. Now
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F(z, a)=(a—a)[—x(a—a ) a—az)—xa(a—a,)
—xa(a—a,)tala—a;)a—a,)]
—xpefa(a—a,)a—a,).
Therefore we have three cases:
(@) ala—aXa—az)—x(a—aYa—a,)—x,a(a—a,)—xa(a—a)=(a—a,)’,
(b) =(a—as)a—a.),
(¢) =(a—a)¥a—a,).
CASE (a). Then
3a,:=a,+as+x,+ x5+ s,

3ali=a,a,+(a;4ax)x14a,x,4- a1 x4

and
a’=x,a,a,.
Thus
€1=03a°, c;=(a;—a:)(a:—a1)}, ¢:=(a;—a.)(a;—a)*.
Hence

Si=3a,+as+x.e”,
Se=3a(as+as)+(a,+az)x.e?,
} Sy=a.*(a,+3as)+ a:1a;%0e",

S4=C1= 03048 .

This surface is denoted by R,.

CASE (b). Then
2&4+03=al+az+x1+x2+x3 ’

a4+2a,0,=0a,a,+(a,4a,)x,+ 0%+ 0, %,

a;a,°*=x,a,a,=c¢,/a,.
Hence

c=asas?, c:=(a;—a)(a,—a.)?, cy=(a;—az*(a,—a,)’.

Thus

Si=2a;+2a,+x.07,
Sy=a,*+4a;a,+a+(a;+am)x.e¥,

\{ Ss=2asa,(as+a)+a,a,x.e%,

S4=C]_= a32a42
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This surface is denoted by R,.
CASE (c). Then
2a3+a=a,+a,+x,+ x4+ x4,

a’+2asa,=a,a,+(a,+a)x,+a,x,+a,x,

and
0,°a,=%,a,0,=¢,/0;.
Thus
a=as’a,, c,;=(a;—a)a;—a,), cy=(a;—ay)*(a,—a,).
Hence

Si=3a;+a+x.e¥,
{ S.=3as(a;+a,)+(a,+ as)x.e”,
1 Ss=3as%a,+a’+a,a,x.e7,
Si=ci=as’a,.

This surface is denoted by R..
CASE (iv). Then S,=g,e”t and

(114"‘Slaxa+Szalz_saal+,819H’:61

‘124_Slazs+szazz~ssa2+ﬁleﬂl:Cz
] (134—-310334-52(132—53(13’*‘/313”‘:Cs
‘144—Sla4a+sza42_saa4+ﬁleﬂlzﬁzeﬂz .

Let us put
= ‘1 [P D — | S—
a(a,—a,)a;—ay)’ ax(a,—a,)a,—ay)’ aya,—a;)a,—as)
and
- B
a,G,0,4
Then

Si=xe"1—(x—y+z—a,—a,—a,),
I32=(al+ A+ ag)xoe1—{(ay+ as)x —(a,+as)y+(a,+ax)z
1 —0,0,—a;0;— 0,03},

Ss=(a:10:+ 0,03+ a,a;)xe71—{a,a,x— a0,y + 0,0,2—a,a,a4} .
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We substitute these into F(z, a;)=f.¢”2. Then Borel’s unicity theorem implies
that
H1=H2(=H)’

Ba=xo(a1—a)(a,—a)(a;—a,),

X y z
a,—a, a,—a, a,—as

=—1.

We now impose the following condition: F(z, a) does not have any lacunary
value of the second kind excepting at most 0 and a,. Let us put

F(z, a)=—(a—a,)a—a,a—as)x.e¥+aP(a),
where
Pla)=a*+a¥(x—y+z—a,—a,—a,)
+af{—(a:+a)x+(ai+a)y —(a:+a2)z+ 10,4 0,8:+ 2,05}
+a,a;x—a,a;y+a,a,z—a,a.a;5.
Then there are three possible cases:
(@) Pl@)=a¥a—a,), (b) Pla)=ala—a,? () Pla)=(a—a,).
We now consider Case (a). Then
X—y+z—a,—a,—a;=—a,,
(@s+asz)x—(a,+a,)y+(a,+ax)z=a,a,+a,a;+a,a,,
Q03X —Q103)+010:2=0,0,05.

Hence
Si=x.e"+ Qay,

Szz(al+ag+ a3)xoeH,
Ss=(a,a;+a,a,+a,a;)x.e?,
Si=a,a,a,x,e".

This surface is denoted by Ri..
Next we consider Case (b). Then

X—y+z—a;—a,—as=—2a,,
—(a,+a)x+(a,+as)y—(a,+as)z+a,a,+a,as+aa;=a,?,

{ Q303X —a,a3Y+a,a,2—a,a,0;=0.
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Hence
Si=x0e"+2a,,
S;=(a:+a:+as)xe"+a,?,
Ss=(8,8;+ 0105+ a2a5)x0e",
Si=a,a,a3%,e".

This surface is denoted by R;..
We finally consider Case (c). Then

xX—y+z—a,—a,—a;=—3a,,
—(as+as)x+(a,+a5)y —(a,+ax)z+a,a,+a,a;,+a.a;=3a,’,
,0;X—a,a5Y+a,8,2—a,8,a;=—a,’.
Hence
Sx:'xoey'l“sao
[52:(01‘*‘ a;+a;)x.e” +3a,’,
183=(a1a2+ 0105+ a,05) %% +a
Si=a,a,a;x,e".

This surface is denoted by Ris.
Let F(z, y) be y*—S:9°+S,y*—S;y+S,=0. Let us put y=a¥+p. Then

a'G(z, Y)=F(z, aY +8)
=a*(Y*'—T,Y3+T,Y* T, Y +T),).

1
Ti=—(Si—4),
1
Ti=—(Si—3S,8+68"),
1
Ty=— (S:—25,6+35,8° 45"

and

Tim g (S Sf+S.6° =SB+ BY.

Now we put
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aA,+ﬁ:0, .8: ay
IaAzz a,—a,,
] aAs=a,—a,,
aA,=a,—a,.

Then we have R,~Ris Ry~Ry;, Ri~Ris.
If we put

aA,+ =0, B=a,

{aAzzaz—al,

IaA3=a4—al,
aA,=a;—a,,

then we have R,~R,.

§3. Surfaces with P(y)=6 (continued.)

We now consider Case (iii). Then S,=c¢; and
a'—S,a.*+S;a,2—S;a,+c¢,=p,e"1,
[az“~Slaz"’-I—Szaf—Saaz—}-cl:,Bze”z,
1a;#——Sla;’—}—Sza32—53a3+cl=ﬁ3e”3,
a4 —S,a.*+S;a,2—S;a,+c, =B,

From the first three equations we have
1=xeT 14 x,0724 16734y, 4+ 0,4 a5+ a,,
Sy=(as+as)xe”14-(a,+as)x.e"2+(a,4 a5) xses
+(a,+a.+a,5)y:+a,a,+a,a;+aqa;,

Si=a,a;x,e714-a,a,x,e7 2+ a,a, %6734 (a,0,+ a5a5+ a,04) 9,

+a,a,a,,
where
e B o s e =B
1— s - y prm
aa;—a,)a,—a,) : axa,—a,)a,—a,) : as(a,—as)(a,—as)
and
4
1= :
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Substituting these into the fourth equation F(z, a,)=pf.e"+, we can make use
of Borel’s unicity theorem. Then we have

Hy=H,=H;,=H,(=H)

a(a—a:)(as—a3)x,+ay(a,—a)(a,—a;)x,+ a(Gs—a,)(a,— @)X, =—f34
and

yi(as—a)(a,—a)(a—a)=aa,—a)a,—a,)a,—a,).

Hence y,=a,, that is, ¢,=a,a,a;a,. Therefore

Si=(x1+ %2+ x5)e¥ +a,+a,+as+a,,
S;={(a,+ as)x1+(al+as)xz+(al+a2)xs} et
+a,a,+a,a;+a,a;,+a,a,+a.a,+asa,,

S;=1a.a:%,+a,a:x,+a,a,%5}e? +a,a,a,+a,0,a,+a,a,0,+ a,a,4a,.
Now we impose the following condition :

F(z, a)=(a—a)(a—a.)(@—a)(a—a;)+aP(a)e”
does not reduce to a non-zZero constant excepting for a=0, where

—Pla)=(a—a)a—a)x,+(a—a)a—as)x,+(a—a,)a—a,)x,.
Then

—Pla)=a*(x,+ %+ x5)—a{(a,+as)x,+(a:+as)x+(a,+as) xy}
+a,a;x,+aa,x,+a,a,x;.

By our condition we have three possibilities :

(@) P(a)=ka?, (b) P(a)=ka,

(¢) P(a)=Fk with a non-zero nonstant £.
CASE (a).

Then k=—(x,+x,+x,) and

(as+ag)x;+(a;+ag)x,+(a,+az)x,=0,
A203%,+a,0;%,+a,a,%,=0.

In this case we can easily prove that

BB B

a’  a’® a,
and

Hence we have
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Si=xe¥+a,+a,+ a5+ a,,

S;=a,a,+a.a;+a,a;,+a,a,+a.a,+a,a,,

]53:alazag+a1a2a4+ala3a4+aza3a4,
S,=c¢,=a,a;a,a,.
This surface is denoted by R;s.

CASE (b). Then x,+x,+x;=0 and
Aol3X,+0,a3X,+a,a,%,=0,
k=(as+as)x,+(a,+az)x,+(a,+a,)x,.

It is easy to prove that

N
a

. (=xy).

a’ a,?
Then
Si=a,+a;+as+a,,

S;=x.e¥+a,a,+a.a,+a,a,+a,a,+aa,+asa,,
Ss=a,a,a;+a,a,a,+a,a;a,+a.a.a,,
Si=c¢1=a,a,0,a,.
This surface is denoted by R,,.
CASE (¢). Then x,+x,+x,=0 and
(@t ag)xi+(a:+ay)x,+(a,+a,)x,=0,
k=—(a:a5%,+a,a;x,+a,a,xy).
It is easy to prove that

pe B _ _ﬁi:igi(zxo)‘

a, a,

Then
Si=a,+a,+a;+a,,

Se=a,a,+a,a;+a,a,+ a.a;+a.a,+a;a,,
Si=x,e"+0a,a,a,+0a,a,0,+a,a;a,+a5a;50a,,
54261:0102(13&4 B

This surface is denoted by Ri;.
CaSE (vi). Then S,=p,e" and

207
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a,*—S,a,°+S,a,*—S;a,+ B.e¥1=c;,
024—Slaz3+Szazz_ssaz+,31@H‘:,BzeH2,
]aa"—Sla33+Sga32—53a3+‘81e’“:‘83e”3,
at—S51a,°4S:a,2—Sza,+ Bie" 1= F.et4.

Let us put

ﬂl . ﬂz _ ‘33

y= z=
a.a,a,’ aya,—a,)a.—a,)’ ay(a,—as)as;—a,)’

u= B

T afa,—as)(as—ay)

x=

Then from the last three equations we have
Si=xef1—yefetzeHs—yefsta,+ a5+ ay,
Se=(a,+asta)xeTr1—(a;+a)ye?:+(a,+ a,)ze”s

—(a,+as)ue+aa;+a.a,+aa,,
Ss=(asa,+a,0,+asa)xe?1—aza,ye 24 a,a,ze3—aya,ue 1+ aya4a,,
Si=a,a;a.xeMr,

By the first equation we have

H=H,=H,=H,(=H),
(ay—az)a—asXa,—a)x—a,(a,—as)a,—a,)y

+aa;—as)a—a)z—a(a;—a)(a,—a)u=0
and
ci=a.(a,—a,)a,—a,)a,—a,).

Now we impose the following condition :
F(z, a)=a(a—a,)a—a)a—a,)+Pla)e”

does not reduce to a non-zero constant excepting a=a,. Hence there appear
three possibilities :

(@) Pla)=k(a—ay), (b) Pla)=kla—a)?’, (c) Pla)=kla—a,)®
with a non-zero constant 2. Here
Pla)=a*(—x+y—z+u)
+a*{(astast+a)x—(as+a)y+(a.+a)z—(a.+a;)u}

Fa{—(a.a,+a:0,+a:a)x+0a;0,9— 0,2+ a:0,u} +a,0,0,% .
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CASE (a). Then
—x+y—z+u=0,

(@y+as+a)x—(as+a)y+(a.+a)z—(a,+a;)u=0
and

—a;{—(a,85+ Q20,4+ A30,)X+ 30,V —020,2+ Q203U } =0,050,4% .
Hence we have
Si=a.+a;+a,,
Sy=a,a;+a.a,+asa,,

a, a,

a,a;a .
153:—3—416(3”—%— (12(13(14:—‘8-~e"’—}—aga3(14 ,
Si=a,05a,xe"=fe" .

We put xy,=p8:/a;. Then

Si=a,+a;+a,,

J52:a2a3+a2a4+a3a4,

153:xoe”+aza3a4,
Si=a;xe” .

This surface is denoted by R..
CASE (b). Then
x—y+z—u=0
a,a;a,

(@:+as+a)x—(as+a)y+(a,+a)z—(a,+a)u= a PR

1

a,a;a,
—(a:a3+a,a4+a3a,)x+ 030,y — 0,02+ asau= —2¢zl~—&7w x
1

We make use of a,a;a,x=p,. Then we have with x,=p,/a,’
Si=a,+a;+a,,
Se=x.e"+asa,+a.a,+asa,,
153:2a1xoe”+azaaa4,
Si=a,®x,e” .
This surface is denoted by R,,.
CASE (¢). Then
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—3a,(—x+y—z+u)=(a+a;+a)x—(as+a,)y+(a,+a)z—(a+as)u,
3 (—x+y—z+u)=—(a:0;+0,0,+ 030)X+ 030,y — 00,2+ aa5U,
—a,(—x+y—z+u)=0,0:a,Xx=p;.
Hence

x—y+z—u=pi/a’,

3
(astas+a)x—(as+ a)y+(a,+a)z—(a,+a)u= aﬂzl_’

1

3B
(@ra5+a,a,+aa,)x—aza,y+a,a,z2—a,a;u= —aﬁ, .
1

Then we have
Si=x¢e+a,+ay,+a,,
S.=3a,x,e¥+a,a,+a,a,+a,a,,
S:=3a.2x,e¥+a,a,a,,
Si=a,*x,e”.
This surface is denoted by Ry,.
F(z, aY +B)=a'G(z, V)=a'Y'—T\Y*+ T,V =T, Y +T,).
F(z, y)=y"—S,y*+S:y*—S;y+S.=0.

1
T\==(S:—4p),

1
Tu=— (S, ~35,8+68"),

1
Tum 5 (Si—25,6+35, 444",
1
T,= 27(54_53,3+Sz‘32—51,@3+ﬂ4> .

Here we put

aA+B=0, p=a,
{az‘h:ag—al,
aAs,=as;—a,,
10:144=a4——a1 .

Then we have
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Rz~ Ry, Riy~Ry,, Ris~Ry.

§4. Surface with P(y)=6 (continued. bis)

We now consider the case (ii). Then S,=¢; and
(a,*—S:a,°+S,a,°—S;a,+c,=c:,
‘l\ @y*—S1a,°+S5a,° — Sya,+¢1= P11,
a*—S1a,*+ 5,0, — Seas+c1=Bee"2,

(I
i
l a,;‘—SIa43+Sza42—Saa4+c1:ﬂse”3 .
Then

Si=x,0f 14 x29H2+x3eH3+y+az+ as;+a,,
Se=(as+a)xe”1+(a,+a,)x.072+ (a4 az)xe™?
+(a,+as+a)y+a.a;,+asa,+a.a,,

S;=aa,x.eT1+a,a,x.e72+ a,a,x,073+(a,a,+ aza,+a,a,)y+aa,a,,

where
A &
= _ = R vl S
! axa;—a;)a,—as)’ as(a,—az)a;—a,)’
— b b
’ aas—a,)a,—as)’ a205a,

Substituting these into F(z, a,)=c,, we have Hy=H,=H,(=H) and

(a1—as)a,—a)x,4+(a,—a)(a; —a)x,+(a,—ax)(a,—as)x,=0
and
coty(a,—as)(a,—as)a,—a)=a(a,—az)(a,—a;)a,—a,).

Let us consider F(z, @). Then
F(z, e)=(a—a,)a—a)(a—a)a—y)
—ala—a){(a+a,—as;—a)x,+(a+a,—a,—ay)x,
+(a+a,—a,—as) x5} e®

ala—a,)

_ H
p— {Aa—B}e®,

=(a—a,)a—ay)(a—a)a—y)—

where

,81 ,82

T aai—a,)  as(a,—ay)’




212 MITSURU OZAWA AND KAZUNARI SAWADA

B— 03,31 _ a,fB,
ax(a,—a;)  aya,—as)’

We now impose the conditions: F(z, a) does not reduce to a non-zero constant
D except for a=0, a, and further it does not reduce to De¥ except for a=a,,
as, a,. Hence we have (a)y=a, or (B)y=a; or (y) y=a, and (1) A=0 or
(2) B=0 or (3) A+0, B=Aa,.

If A=0, then x,+x,+x,=0 and

(as"“04)x1+(az+04)x2+(az+(13)xs:“a—z("d‘?l_az) ’
Q3@ X1+ 030, %0+ QoG X y=— @up
304 X1+ A204X51 A203X5 aa—ay)
If B=0, then
__ B
x1+x2+x3"“ azg(al_az) ’
(aa+04)x1+(az+a4)x2+(az+aa)xsz—al—ﬁl*y
a’(a,—a,)
Q3@ X1+ 020X+ Aa05%,=0,
If B=Aa,, A+0, then
__ B
Pt Xt Ky as(a,—a,)?’
2
(aa+a4)x1+(¢12+04)x2+(az+as)x3:—az(%lez)‘{,
012[31
As3a.X As,a4X A3 Xg— ——F—T5,
304X 1+ Q04 Xs+ Q203X a(—ay)

Case (a)(1). Then with x,=—8,/ax(a,—a,)
Si=2a,+as+a,,
{Sz=x(,e”—l—a22+2a2a3+a3a4+2a2a4,
1Sszalx(,e”—i—azzaﬁ—2¢12a3a‘,+agza4
Si=as?a;a,.
This surface is denoted by R,.
CAsE (B)(1). Then with x,=—p/a,(a;—a,)
Si=a,+2a;+a,,
[ s =xXoeZ+a2+2a,a5+a,a,+2a5a,,
\5 Ss=a,x,e¥ +a,a,>+as’a,+2a,a,a,,

( S4= (1203204 .
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This surface is denoted by R;.
CasE (p)(1). Then with x,=—p8,/a.(a,—a.)
(Si=a,+a;+2a,,
1 Se=x0e¥+a,a,+2a,a,+2a,a,+a,?,
] Ss=a,xe”+asa,’+a.a.*+2a,a,a,,
‘ Si=a,a,a.®.
This surface is denoted by R,.
CASE (a)(2). Then with x,=p./a.(a,—a,)
Si=x0e"+2a,+a;+a,,
JSZ=alxoe”+a22+2a2a3+aaa4+2a2a4,
1 Ss=a,*a,+2a,a;a,+a’a,,
Si=a,%asa,.
This surface is denoted by R..
CAsE (B)(2). Then with x,=p8.:/a,*(a;—a,)
Si=xe¥+a,+2a5+a,,

Se=a.x0e”+2a,a;+a,*+2a,a,+a.qa,,

§ Ss=a,a;*+as’a,+2a,a,a,,
[&zazagza,,.
This surface is denoted by R;.
CASE (7)(2). Then with x,=p8,/a,*(a;— a,)
{Sl=xoe”—|—az+a3+2a4,

| S;=a,x.e¥+a,*+2a,a,+2a;a,+a,a,,
|

<! Si=2a,a;a,+asa,*+a.a.?,
l Si=asa;a’.
This surface is denoted by R,.
CASE (a) (3). Then with x,=—,/as(a;— a.)*
Si=x.e¥+2a,+a5+a,,
lSz=2a1xoe”-|—azz+202a3+a3a4+2czza4,

\
| Ss=a.2xe¥ +a,2as+2a,05a,+asta, ,

34:(1220304 .

213
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This surface is denoted by Ri,.
CASE (B)(3). Then with x,=—f./a.(a,— a,)*

Si=x.e"+a,+2a5+a,,

S.=2a,x.e¥+2a,a,+a>+2a.a,+a,a,,
/ Se=a.’x.e¥+a,a’+asta,+2a.a.a,,
1S4=a2a32a4.

This surface is denoted by R;;.

CASE (7)(3). Then with x,=—f/a,(a,—a,)*
Si=x,e%+a,+as+2a,,
Se=2a,x.7+az2+2a,a,+2aa,+aza,,

]Sszalzxoe”+20203a4+aga42+aza42,
Si=a,a;a’.

This surface is denoted by R,,.

CASE (v). Then S,=pe"1 and

a,*—S,0.*+ S:a,*— Ssa,+ Bier=c,,
ay*— S1a,°+ Spa,*— Saaz‘f‘ﬁleH’:Cz ,

1 as*—S,a,°+S,a,°— Ssas+ﬁleH1:,32€H2 s
at—S:as+S.a.2— Ssalrl‘ﬁleﬁl:,Bsel’{3 .

Let us put
x= B , Xo= By
a,0,03 ay(a,— a,)(a,— as)
and
c c
9= : Yo= 3

a(a,—az)(a,—ay) ’ ay(a,—as)(a;—ay)

From the first three equations we have
Si=x1—x072—y,+y,+a,+a,+as,
Se=(a,+ a;+as)x,e¥1—(a,+ ay)x.e72—(a,+as)y,+(a;+as)y,
+a,a;,+a.a:+a,a,,
Ss=(a10:4 0,03+ a2a;)x,671— a,a,%072— a0,y + 010, + 10505

Substituting these into the fourth equation, we have
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H=H,=Hy(=H),
(ay—a)(a,— ax)a,— a3)x,— (a,—a)(a,— a)a.x,+ 3:,=0,
(as—az)y,—(a,—a)y.+(a,—a)a,—a,)=0.
Now we consider
F(z, a)=e?(a—a)a—a){— x,(a—a3)+ x,a)

+ala—a,)P(a),
where
Pla)=a’—(a,+a,—y,+y)a+a,a,—a:y:+a,,.

There are several possibilities by the postulate that F(z, «) does not reduce to
a non-zero constant D except for a=a,, a=a, and further it does not reduce to
De¥ except for a=0, a=a,, a=a,. Hence

(@) x;=x, or (B) alx,—x)+xa,=k(a—a,) or

(1) alxy—x)+xa5=k(a—a,)
and
(1) Pla)=ala—a,) or (2) Pla)=(a—a,? or

3) Pla)=(a—as)a—a,).
Case (1). Then a,+a,—y,+y,=a, and a,a,—a,y,+a,y,=0. Hence

ve=(a*—a,a,)/(a,—a,) and y,=(a,*—a.a,)/(a;—a,).

Thus
— 91+ Y+ a1+ a+as=as+ay,

—(az+as)y;+(a+as)y.+aa,+a,a;+a.a,=a,a,
and
—Q,a5Y:1+ 0103y, +a,0,a0,=0.

Case (2). Then a,+a;—y,+v.=2a,, a,a:—a,y;+a,y.=a,’®. This gives

yi=(a,—ay)?/(a,—a,) and y,=(a,—a,)?/(a:—a,).
Then
— i+ yeta+a+ as=as+2a,,

—(a,+as)y+(a+ay)y.+a1a:+a.a,+ a.a,=2a,a,+a,®,
— 30391+ a105Y,+a:0,03=0a30a,".

Case (3). Then a,+a,—y,+y,= as+a,, a,a,— ay,+ a,y, = asa,. This
gives

yi=(a;—as)(a1—ay)/(a,—a;) and y,=(a,—as)a.—a.)/(a:—a,).
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Then
—¥1+Yet+at+a,tas=2a;+a,,
—(az+asg)y,+(a,+as)y.+a,a:+a,a;+aza,=a,*+2a,a,,
—@305):1+a,05Y:+018:0:=a5%a,.
CASE («). Then x;=x,. Hence
(a1t ar+ag)x,—(a,+ax)x,=a3;x,=P,/a,a;,
(a18:+ 0185+ 2a5)x,— 0,0:%,=(a;+ a5)a:%,=(a,+a,)B:/a.a;.
We put 8,/a,a,=x,.
CASE (B). Then x,=(a,—a;)x;/a,. Hence
X —X=a3%;/a:=P1/aa,,
(a1Fa:+as)x,—(a,+ax)x,=ay(2a,+ a,)x,/a,=(2a,+ a,)B./ a.*a.,
(a18:+a,0:+a204)x,—a1a:%,=(a,+2a,)B:,/a.a,.
We put B,/a’a,=x,.
CASE (7). Then x,=(a;—a,)x./a,. Hence
X, — %=/ a1a,?,
(a1+az+as)x,—(a,+az)x.=(a,+2a,)B:/a.a,?,
(a10:+ 0105+ 2a5)%,—a,0:%,=(2a,+ a,)B1/ a.a,.
We put B./a.a.=x,.
CASE (a)(1). Then
Si=as+ay,
[Sz=xoe”+aaa4,
] Sy=(a,+ay)x.e”,
Si=a,a;x.e" .
This surface is denoted by Rj,.
Case (B)(1). Then
Si=xpe¥+as+a,,
JSQ=(2a1+ag)xoe”+a3a4,
153=a1(a1+2az)xoe”,

Si=a,%a,x.e¥% .
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This surface is denoted by R,,.
CASE (y) (1).

Se=(a,+2a,)x,e"+a;a,,
] Ss=ay2a,+az)x,e?,

{Slzxoe”—kaﬁa“

S4: alagszeH .

This surface is denoted by R,;.
CASE (@) (2).

Si=a;+2a,,
[Szzx.,e”+2a3a4+a4z,
lSsz(al+az)xoe”+a3a42,
Si=aja,x.e" .
This surface is denoted by R,,.

CASE (B) (2).

52=(201+az)xoeﬂ+203a4+042 ’
} Si=aa,+2a,)x.e¥+aa,?,

[ 1 =x0ef+a;5+2a,,

Si=a,2a,x.e¥% .
This surface is denoted by R,;.
CASE () (2).

2=<al+202)x0811+2(1304+ 042 y
1 S;= az(zal‘i'az)xoeﬁ"‘ asas?,

{Sl_—‘xoeﬁ"“ as+2a,,

Si=a.a,2x.e" .
This surface is denoted by R,,.
CASE (a) (3).

=x.e +a+2asa,,
153=(01+02)xoeﬁ+ as’a,,

Si=a,a,x.e¥ .

{511'203”“(14 ,

217
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This surface is denoted by Rj;.

CASE (B) (3).

S.=Q2a,+a,)x.e” +a,’+2a;a,,
1 Ss=a(a;+2az)x.e" 4 a,%a,,

{Sl=xoe”+2as+ a,,

Si=a,2a,x.e? .

This surface is denoted by R,..

CASE (7) 3).
(Si=x.e"+2as+a,,

Se=(a,+2a,)xe% 4 as®+2a,qa,,
} Ss=a,(2a,+a,)x.e +asta,,

S4:a1a22x°eﬂ .
This surface is denoted by R,..

How many different surfaces are there among eighteen surfaces listed up
in this section? As in §2, §3 we put

aA;+ =0, B=a,
aA,=a,—a,,
1 aAy=a,—a,,
aA,=a,—a,.
Then we can prove that
R,~R,,, Rs~ Ry, Re~Ry,,
Ri~ Ry, Ry~ Ry, Ry~ Ry,

Riv~ Ry, Rii~Ry, Ris~Ry,.
Further we put
(ad=—8, p=a:

(aA?,:az——al,
A\

aAy=a,—a,,
laA,=a,—a,.

Then we can prove that R,~R;, R,~R; and R,,~Ri,.
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If we put
aA,+ =0, B=as
[aAaz a,—as,

aA=a,—as;,

aA,=a,—a,,

then we can prove that Ry~ Ry, Ry~ R and R,~R,,.
If we put

aA,+p=0, f=a.
aA;=a;—a,,
aA=a,—a;,
aA,=a,—a,,

then R,~R,, is able to prove.
Hence we have only two different surfaces in the sense of ~ in the cases

(ii) and (v).

§5. Discriminant
We shall first decide the form of discriminant of R;;, which is defined by

y4—8,y*+S,y2— S;y+S,=0
with

Sy=x,,
Isszxs,
Si=x,,
where x,=a,+a,+a;+a, x,=a,a,+a,a;,+a,a,+a,a;+a,a,+asa,, x;=a,a,a;+

a10:0,+0,030,+ 20504, X,—0,0,030,.
For simplicity’s sake we put X=x,%. Then

[SIZXOQH'*_xl ’

3 3
L=— §512+Szz— (§X2+Q1X+a’z>;

1 1 1

M=— g S+ 55152—‘ Sy=— (-§X3+51X2+1@2X+,33),
3 1 1

N:—— ’236“514’*' 1—6‘51252—‘ ZS]Sa+S4
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256
where

a -——3—;6 a ——3— =X

1=y A 2=7g 2,

3 1 1 1
ﬂlz‘g‘xu ,82—'8_ 2“2_752; ,Bazgxxs——z‘xlxz‘i‘xa,
=3 ) —1—x dixs——xx—k—x
r:—@xb T2= 128 T 7’3—64 1 g it X
3 1 1

7’4:‘55“6‘3514 16x12xz+ X1Xg— Xy

Hence we evidently have
2Bi=ay, 16y:=a;, a,=48,—167,.
Further we have
Ba—8r.=—3x.*/16=—a,*/3
and
Bs—4ys=—x,"/16=—4a,*/27 .

The discriminant D of R,; is at most sixth degree for X, which was prowed
in §3 in [1]. The coefficient of X¢ is given in §3 in [1]. Then we have

217 16, 9 a' 4 =4t
1§ g Mt gy pattal g aitd—y

Hence the coefficient of X*® is equal to zero.
Next we consider the coefficient of X° which is given in §3 in [1]. Firstly
we consider the coefficient of y,, which is equal to

27
—2—(133—47'3)“ 18&'1([92— 8)’2)—'46113 .
This is equal to
27 4 s
2 27a1 +18a1—4——4a! =0.
Then the remaining terms are equal to

(31— BB ) o Bal BB BBy

—6(118,—4072)(B2—8r2)7s
+30a12ﬁ253_ 24 '8a12r2ﬁ3_ 32 ¢ 4alzﬁ27’3
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+26-32a,%r27:+4a, (Ba—4y)

+20'1(,32“87’2)2(13[92‘— 887’2)"‘4(113([32_8)’2)2 .
We have

— 2 (38,81 B4y

_9 4 8 \_2 16
-—5‘“1'27“13(83_?“7“1 >—§a14.‘93~8—16¥1

3 BB 8. Ba—872)— 61184~ 407X Be—yolys

)—31 (6.82 _a1> 3l—a12‘}f(.83+2i7a13)

= 5 8:(28t g

= _‘4'14,@3+

©o| e w"“
o
-

and

30“12,32}93—3 . 64&127’2,83- 32 40112,8273+26 . 320‘127’27’3+4a14(ﬁs_ 47’8)

56
:—al ,Bs a’lsﬁz 8161’17-

The last two terms are equal to
4 22 4

'galsﬂz 27(117+ 9 a,’.

Summing up all these terms, we have that the coefficients of a,*8,, ,°8. and a,’
vanish. Hence we have that the coefficient of X* vanishes. Hence

Diyy=Adxo'e T+ Ayx e+ Aux e + Ay xoe™ + A,

with non-zero constants A, A,. Why A4,#0 and A,#0? This is due to Ullrich-
Selberg’s remification theorem. See [1] in §3. From now on we shall not

repeat this reason.
Next we shall consider the discriminant of R,,, which is defined by y*—

S1y*+S,y2—S;y+S,=0 with
Si=ye?+a,=X+a,,
Se=(a:+a;+ag)y,e7=y.X,
Ss=(a,0:+ 0,05+ a:05)y,e7=y,X .

Si=a,a,a5y.07=y,X.
Then
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3 /3
L=— §512+52_—(—g.mal)praz)

M= £S04 1 5,5 Sy=— (g X'+ X+ B.X+6.)

8
3 1 1
N=*~25‘6‘814+E512SZ_—4—8153+S4
=_{4-§-X“+r X7 X2+ X+r}
356 TR TRATT
where
_6_ =3
a, = 3 ay—Y1, Q= 8 a+,

a’®

3 1 3 1 '
ﬁ1:§a4‘— '2‘371, ﬁz:§a42_ 7‘143/1‘{"372; ,33: ]

8, 19 1 1
7’1—6404 163)1, T2= 128 Ay 8a4y1 43’2,

3 1 1 3
7= 6:1043— Ea-ﬂzyr*’ Z‘ A2~ Y3 Yi— *25*6’(144 .

Evidently we have 28,=a;, 16y,=«a, and a,=48,—16y,. Hence the discriminant
Dg,, is a polynomial of X of sixth degree. The constant term of Dg,, is equal to
—27B: +144a, B>y, — 128a,y,*— 2567 ,° +4a,’ 8.°— 16a,' 1, =0.

Let us consider the coefficient of X of Dg,. Then it is just the following
expression :

—27-4B:B:°+144-167,8:°r s+ 144057, 8, + 144 - 20,8, B57,— 128 - 327,72t
—128-2a5%7 57— 256+ 3757, +8a,’ B2 8:+3 - 64710.° 8,5 — 16,y
—16'647’1“237’4 .

It is very easy to prove that 144a,ysB:*—128-2a,%rsy.—256-3ys7,°—16a,'y;=0,
——27~4‘32‘833+144'2a2ﬁ2‘8374+8a23ﬁ2‘83=0 and 144“1‘8327'4-128‘2a1r42a2+3'4a1a22ﬁ32
—16-4a,a,°y,=0. Therefore

DRIG‘——AGJ’OGQGH+Asy0535H+A4y0494H+A3y0393H+Azy0232H

with non-zero constants A,, As.
Now we shall consider the discriminant of R,;, which is defined by y‘—

S19*+S,y2— Sy +S,=0, with
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=y +2a,=X+2a,,
S:=y1ye¥+al=y,X+a.?,

/

]Ss=yzyoe”5sz,
S4=yayoe”—=-ysX,

where y,=a,+a,+a,, v,=a,a,+a,a,+a,a; and y;=a,a,a;,. Then

L= —(%Xz—l—alX—l-ag),
M=—(%X3+ﬁ1X2+,B2X),

N= — (e XXX X 41,

256
where

a -—.i —_ a _—_l_a 2

=73 as— Y1, 2= g a4,

3 1

/31=—4—a4——2—y1, ,322042—04)’1“{“372,

——i _..1_ = —a Z_la +_1_
?’1——3204 163’1; 72—32 4 4 a1 43’2,

1 1 1 1

rs:“Ié(hs“z‘afyx‘f"z—ad’z"ya, 7’4:*1_6(144-

Evidently 28,=a,, 167,=a, and a,=483.—16y,. Hence the degree of Dg,, is at
most six. The constant term of Dg , is just equal to

—128a,%y,# —2567,°—16a,'y,
=a,’7,(2—1-1)=0.
The coefficient of X of Dpg , is equal to the following expression:
—2560,7, %0, —2560,% 15y —256 - 3ysy P —16a,'y, —64a a’ys
This is equal to zero, which is very easy to prove. Hence
Dp, = Agyo°e* T+ Asy*e® + Ayyotet T 4+ Ayyo®et T + Ay et

with non-zero coefficients A,, As.
We consider the discriminant of Ry. R, is defined by y*—S,;y°+S,y>—
Ssy+S,=0 with
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Si=xe+a,+a,=X+x,,
[Sz=(2a1+az)xoe”-l-asa,,E(Zal—}—az)X—sz,
] Ss=(a,*+2a,a,)xe7=(a,*+2a,a,)X,

S4:alzazxoeHEalzazX .

Then
3 v
L————('S—X +a1X+a2),
Ly 2
M=—(gX*+B.X+B:X+ps),
N=— (3 Xy X X X
= — (S X+ nX+rXo+rX+1),
where
3
alzle_zal—a% a'z:"é‘xl — Xz,
3 1 3 1 1
,Blzg-xl—‘z-@drf'az), ,82—:‘8‘9512-‘2‘(201"‘02)7‘1—'2_x2+axz+2ala2»
1 1
,83=§x13—§x1x2,
1 9 1 1 1 ,
Tl:(%lxl—fé(zal+02)’ 7’2=T2§x12—‘§(2(11+02)x1—iéxz‘l‘z((hz"{'z(llaz),
3 . 1 . 1 1 2 2
Yazaxl —E(zax'f“az)xx ‘_8‘x1xz+ Z(al +2a,a,)x,—a’a,,
:.S_x 4___]_'_x 2x
AT I T

Evidently 28,=a,, 167:=a;, a;=48,—167,. Hence the discriminant Dg,, is of at
most sixth degree of X. The coefficient of X® is given in §3 in [1]. This is
just the following form:

B B dr 5 (BB B dp)Fa(Be— 47y

+4(,82—87’2)3+alz(}92—8)’2)2 .
We have

,32“4)’2:—‘ i%xlz—f' %‘(2014'02)751_(0124'20102)
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3 1
E—Ex;2+§y1x1—y2

and
1 3 l 2 2
,83—47’3=——x1 31X P =Y.+, yi=4a,’a,
16 4
and
a,=le—y1.
Hence the coefficient of X°® is equal to
27,1

—= —x3——1— X2y, — )2
6\16™* 43’11 YeX1— Y3

+_‘;)—(731- x;—-y;)(%?éf— %y:xr}‘yz)(fléxls” %ylxlz—l-yle—ya)

EREN R I—

3 1 8 73 2/ 3 1 2
—4(1—6-’512_73’1351‘1'3’2) +<Zx1—y1> (Ex12—7y1x1+yz) .

It is easy to prove that the above expression vanishes identically. The constant
term of Dg,, is

—27Bs* + 144,y ,B8:* — 128a,%y * — 2567,° +4a,B°— 16a,'y. .
By a simple computation we can prove that this is equal to zero. Hence we
have

D, =Asxo°e™ + Asxo' e 4 Asx*e™ 4 Ay xo?e® + Ay x e

with non-zero coefficients A,, A;.
We consider the case R,,, which is defined by

¥ =S519*+S:9*—S;y+S.=0
with
51:)’1 ’
SzzyoeH+y25X+y2 ,
1 Ss=(ai+as)ye? +y:=(a,+a)X+ys,

Si=a,a,y.07=a,a,X.

Here y,=as;+2a,, y.=2a;a,+a,? and y;=asa,’
Then

L=X+a1,
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M=3,X+p:,
N:TOX+T1 ’

where

1
a;=——=9:"+y,, ﬁozi‘yl—ax"am

1 1 1 1
,81=“‘8"y13+‘é‘y13’2“y3, 70=Iéy12—z(al+az)yl+alaz,

3 1 1
71 =—2—56~y14+Ey12yz—Zy1y3-

In this case Dg,, is
—2TM*+ 144 LM*N—128 L*N2++256 N*—4 L*M®*+16 L*N .

Hence Dg,, is a polynomial of X of at most fifth degree. The coefficient of
X® is

—48,2+167,=—4(a,—a;)*#0.
We shall compute the constant term of Dg,,. This is

— 278, +144a, 8,77, — 128a,%y,2 42567, — 4, B, + 16,7,

Hence we should compute the following expression :
1 1 4
—27(—§y13+§y1y2—y3)

+144('— -Z-y;z-i-yz)(— Egé‘ v+ 1%3112;\'2— %yﬂ’a)(‘ é‘ Y+ %yxyz— %)2

—128(%3)12—312)2(2-::6311‘— Sy %y:ys)z

3 1 1 3
—256( 556 Yt 1‘63’12372+Zy1y3)

+4(—2—y12—y2)3(§y13—%ylyﬁys)z

_16(%y,2—y2)4(§§—6y12‘ l‘léyxzyz"' %ylysf'

We can prove that coefficients of v,'%, ¥.'%vs, ¥:°vs, 95922 ¥1792Ys, ¥:1°9:% ¥:1°v.8,
y:2y.2ys, ¥:1'ys' and y,'y,y,® are all equal to zero. Hence the above expression
reduce to

B1y:*y:*yst+Boy*y: Yt + B3y 13: Y5+ B4y 2y + By "y P+ Beys'
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with B,=0, B,=1, B;=18, B,=—4, B;=—4, B;=—27. Hence we have
Y5'(31°Y2* +18y1y2ys— 41" ys— 492" —27,7).
Let us put y.=a;+2a,, y.=(2as+as)a,, ys=asa,>. Then
V1"Ye" = 189195y =4y, "y —4y,"— 27y,
=(as+2a,)%a*(2as+a,)?*+18(a;+2a,)2as+ ay)asa,’
—4(as+2a,)a;0,2—4Q2as+a,)’a*—27a52a,t

=0.

Therefore
Dr,y=—4(a,—05)%,° e+ Ayotet T+ Agy P e + Ayy e + A, ye”

with non-zero coefficient A,.
We consider Dg,,. R, is defined by

y‘—51y3+52y2—53y+54:0
with
{ 51=y1,
iSz=yz,
\153:y0eH+y35X+y3,

{ S4=¢11yoe”Ea1X .

Here y,=a.+a:+a,, y.=a.as+a.a,+asa, y,;=a.a,a,. Then

3
L =—§y12+y25a1,
M:_—X_}_ﬁl;

N= T0X+ 71,
where

1 1 1
,sz-—y13+'2_y1y2_y3, Toz—zyl“{‘al;

3 1 1
71 =—2—56y1‘+ Iéylzyr YRR

Therefore Dg,, is equal to
'—27(X—‘,Bx)4+144“1(X—,81)2(70X+ TI)— 12861’12(7’0){‘}' 7’1)2
+256(TOX+ 7’1)3—46119()(—-‘3 02+ 16“14(70X+ 7).
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Hence
Dipyy=—27X*+ A X*+ A, X+ A, X+ A,

with X=y,e¥ and a non-zero coefficient A,.
Finally we consider Dg,, R, is defined by

Y4 =519°+S,y*—S:y+S,=0
with

SzzyoeH+yzEX+y2,
53=201yoe”+y35201X+y3 ,

[Slzyl}
|
|

Si=a?ye¥=a2X.
Here y,=a,+as+a,, y.=a.a;+a,a,+asa,, y;=a.asa,. Then
L=X+a,,
M=B,X+p:,

N—:ToX“}'Tl
with
3 1 1 1
a,=—§y12+y2, ﬁo=‘2—y1—201, ,31:—'8‘)’13-1‘?3/13’2—3’3,

1 a 3 1 1
To=1g¥’— —2‘—y1+a12, 1= gpg Vil T gV Ve s

Then the coefficient of X° of Dg,, is equal to
1 1 a
”4,802+To:—4(Zy12—201y1+4a12)+16(ﬁy12_713114'012>
=0.
Therefore Dg,, is a polynomial of X of fourth degree, Hence
D329=A4y04e4y+Aay0393H+A2y0232H+A1yoeH+Ao

with non-zero coefficients A,, A,.

§6. Remarks
Let us put

F(z, y)=y*—S519°+S:y*~Ssy+S,=0
and
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a*G(z, Y)=F(z, a¥ +p)

=a'[V—T,V*+T,Y2—-T,Y+T,].
Evidently

{(Y1=3)(V1—= ) Y1—= )= V)= V) (Vs —y )} *
=a{(Y =Y )V =Y )V =Y )V =Y )Y, =Y )Y, —Y )}

Hence R,~R, implies D =a'*Dg,. Therefore the non-vanishing property or
the vanishing property of coefficients is completely preserved. Hence the forms
of discriminants of all surfaces listed in §2, 3 and 4 are completely determind.
We shall not give any proof of the following fact: Let R be the Riemann
surface R,;. Let F be a regular function on R. Then F is representable as

F=f1+fzy+fay2+f4y3

where f,, f. f; and f, are meromorphic functions in |z|<-+oo, all of which
are regular at any points satisfying H’(z)+0.

We can prove this quite similarly as in §6 in [1]. And the similar facts
for Rie, Ry, Rs, Ry, Rss and R, hold.

Further we can make use of transformation formula of discriminants esta-
blished in §7 in [1].

§7. Theorems

We now introduce an assumption that H(z) is a polynomial.

Let R be the surface Ri;: y*—S;y°+S,y2—S;y+S,=0 with S,=x,e¥+x,,
S;=x,, S;=x; and S,=x,, where x,=a,+a,+a;+a, x,=a,a,+a,as+a;a,+a,a,
+a,a,+asa,, X3=0a,0,a5+a,0,a,+a,a5a,+ a,a5a,, X,=a,a,asa,. Then P(y)=6.
Suppose that P(R,;)>6.

If P(R,;)=7, then there is non-constant regular function F on R,; such that
P(F)=7 and

F=fi+foy+ '+ f°,
where f,, fs, fs, f4 are meromorphic in |z| <o and regular excepting at most
at points satisfying H’=0. We assume that / defines the surface R*: F*—
U, F*+U,F?—U,F+U,=0 with U,=y,, Us=yeel+y,, Us=byoel+y;, U,=y,,
where y1=b2+b3+b4+b5, yzzbzb3+bzb4+b2b5+bsb4+b3b5+b4b5; ya:b2b3b4+b2b3bs
+bsbibs+bsbsbs and y,=b.bsbbs. Let us denote the discriminants of Ry; and R,*
by A and D, respectively. Then we have

D=A-G?,
where G may have poles, whose number is finite. Let us denote

D=—4b*(yoeL—0:)(yoeL—85)(yoe™ —83)(yoe™ —0:)(yoe™ —05)
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and
A=A4(xoeH_T1)(xo@H ““Tz)(xoey “Ta)(xoeH —74).

CAaSE 1). The counting function of simple zeros of A satisfies
Ny(r, 0, A)~AT (r, e¥),
that is, y;#7, for i#7. Then
Ny(r, 0, A)=Ny(r, 0, D)~m-T(r, e¥)

with m=1, 2, 3, 5. Then L should be a polynomial such that deg L=deg H.
In this case we can return back y from F. Then we have

A=D-12,
The number of poles of I is finite again. Hence G?-1*=1. The zeros of G
coincides with poles of /. Hence G=Qe” with rational 8 and M entire with
M(0)=0. M may reduce to constant 0. In this case 0;%0; for 7.

CASE 2). N(r, 0, A)~2T(r, €M), that is, yi#7ys, 7177 7eF7s but ys=rp.
Then Ny(r, 0, A)=Ny(r, 0, D)~m-T(r, e) with m=1, 2, 3, 5. Then L should be
a polynomial such that deg L=deg H. We can return back y from F. Then
A=D-I1?. Then number of poles of I is finite. Hence G?-1°=1. The zeros of
G conincides with poles of I. Then we can count the multiple zeros. The
counting function of multiple zeros

Ny(r, 0, A)=1+0(1))Ny(r, 0, D),
where Ny(r, 0, A)=N(r, 0, A)—N,(», 0, A). Hence

Ny, 0, A)=2-T(r, e¥)
and
N(r, 0, A)=1+0))6—m)T(r, e*).

Then m=5/2, which is absurd, since m is an integer.

CASE 3). Ny(r, 0, A)~T(r, e”), that is, y:1#r.=7:=7.. Then Ny, 0, D)~
2-T(r, e¥) and the counting functions of triple zeros Ni(r, 0, A), Ny(r, 0, D)
satisfies Ny(r, 0, A)=Nsy(r, 0, D) and Ns(r, 0, A)=3-T(r, e¥), Ny(r, 0, D)=3-T(r,
eY). This is a contradiction.

CASE 4). A does not have any simple zero. Then either

Ny(r, 0, D)~T(r, e¥) or N(r, 0, D)~3-T(r, &%)
but
Ny(r, 0, A)=0(1) or Ns(r, 0, D)~5-T(r, &%)

where N; is the counting function of multiplicity 5. All of these lead to a
contradiction.
Therefore we have
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D:Aﬁzez‘”

with a rational function B. Further D, A must have only simple factors.
Hence we have

5.-T(r, e¥)~N(r, 0, D)=N(r, 0, A)~4T(r, e¥).
Hence

T(r, eL)wéT(r, e®),
We have
—4b.%y,°e* + Byyo*ett+ Byyoe’t + Byyo*e*t + Biyoet + B,
=(Axo et T 4 AgxyetH + Ayx,2e + A, 5,0 4 Ay BPe*

with non-zero constants B,, A,, A,. By Borel’s unicity theorem we have only
two possibilities : either

M=0, —4b.*y,*=A,x,p?, By=A.8% 5L=4H and B,=B,=B,=B,=A4,
=A,=A,=0

or
M=—2H, 5L=—4H, —4b,y,*=A,8*, By=Ax,'8* and B,=B,=B,=B,
=Ay=A,=A,=0.

If F defines the surface R*, then the same proof does work. So we shall

omit its detail.
We assume that F defines the surface R,*: F*—U,F*+U,F*—U,F+U,=0

With U1:y08L+y1, Ug':alyoeL+yz, ngazyoeL, U4=asyoeL, Whel‘e y1:b4+b5,
Vo=bsbs, @, =b,~+by+b;, a,=b,by+b,bys+bsb;, a;=bb,b;. Then we have

DR7*:AR13'GZy
where G may have poles, whose number is finite. Let us denote
D= Be(yoe"—0:)(yoe" —0:)(yoe" —8s)(yoe" —0)(yoe™—0s) yoe*
=Bey,e’r+ By, el + B,y et + B3y *e’t + Byyotet + B, yoek
with non-zero coefficients B,, B;. Quite similarly we have
D x=Ag,, p?e*”

wtih a rational function 3. Further Dgx and Ag, must have only simple
factors. Therefore

5T (r, eX)~AT(r, ef).
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By
BeyosesL_}_BsyoBesL+B4yo4e4L+BsyoseSL+B2y02ezL+BlyoeL

=(Agxo*e T+ Asxoi e + Ayxo®e™ + A xoet +Ag) p2e™
and by Borel’s unicity theorem we have two possibilities :
2M—L=0, 5L=4H, By,"=A,%,'8?, B,y,=A4,8* and B;=B,=B;=A,=A,
=A,=0
or
AH+2M—L=0, 2M— L=5L(5L=—4H), Af*=By,’, Aix,*f*=B 1,
and B,=B,=B;=B,=A,=A,=A,=0.

If P(R,;)=8, then there is a non-constant regular function F on R,; such
that P(F)=8 and F=f,+f,y+f:y*+ f.y® defines the surface X;. Then

Dy, =Ag, ,-G*.
And we can prove that
DX1=ARIS'132€2M

with a rational function 8. Then Borel’s unicity theorem implies that A,=A,
=A,=0. Hence we have the following result. In the following theorems we
always assume that ¢¥ is an entire function of finite order.

THEOREM 1. Let us denote the discriminant of R,
Ag, = Auxy* et T+ Asx® e + Ayxy’e® + Ay xoef + A,

with non-zero coefficients A,, As. If at least one of coefficients A,, A,, A, does not
vanish. Then P(R,;)=6.

THEOREM 2. Let us denote the discriminant of R,
Ap, ;= Aexo* e H+ Asxo® e’ + Axyt et + Ayxy®et + Ay,

with non-zero coefficients Ag, As. If at least one of coefficients As, A,, A; does not
vanish, then P(R;)=6.

THEOREM 3. Let us denote the discriminant of R,,
Ap ;= Agxo®e®F + Asx " + Aot et 4 AgxoP e + ApxPe??

with non-zero coefficients A, As.. If at least one of coefficients A;, A, As does not
vanish, then P(R.;)=6.
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THEOREM 4. Let us put the discriminant of R,
Ap,y=Asxo*e™ +Axste T+ Ay xo®e™ 4 Ay xte®™ + Ay xe”

with non-zero coefficients As, A;. If at least one of coefficients A;, A;, A, does not
vanish, then P(R,,)=6.

The same holds for R,,.

THEOREM 5. Let us put the discriminant of R
Apyy=Axo* e 4+ Agxo®e® T 4 Apxy®e®™ + Ay x et + A,

with Ay=—27 and A,+0. If at least one of coefficients As, A,, A, does not vanish,
then P(R,5)=6.

The same holds for R,.
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