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MODIFIED NASH TRIVIALITY OF A FAMILY OF
ZERO-SETS OF WEIGHTED HOMOGENEOUS
POLYNOMIAL MAPPINGS

By SatosHI KOIKE

§0. Introduction.

Let o = (a1, -+, ,) be an n-tuple of positive integers. Assume that the greatest
common divisor of a;’s is 1. Let N denote the set of positive integers, and let R denote
the set of real numbers. Let f: (R",0) — (R,0) be a polynomial function defined by

fa) =) Apal* - afr (Ag#0, Bi,---, B, e NU{0}).
B

We say that f is weighted homogeneous of type (a1, --,an; L) (a1, -+, an, L € N), if
C'lﬂl + - "+C¥nﬂn =1L fOI’ any ﬂ: (131)' ";ﬁn)-

Let J be an open interval, and ¢, € J. Let f; : (R*,0) — (R?,0) be a polynomial
mapping where each f; , is weighted homogeneous of type (a1, - - -, an; L;) (1 £ i £ p) for
t € J. We define a mapping F' : (R* x J,{0} x J) — (R?,0) by F(z,t) = fi(z). Assume
that F is a polynomial mapping (or of class C2). It is well-known that the following fact
holds under these assumptions:

Fact. If f71(0) NS f: = {0} for anyt € J (where 3" ft denotes the singular
pownts set of f;), then (R™ x J, F~1(0)) 1s topologically trivial 1.e. there exists a t-level
preserving homeomorphism o : (R™® x J,{0} x J) — (R™ x J,{0} x J) such that

o((R* x J,F~1(0))) = (R™ x J, £;1(0) x J).

Remark 1. Results generalizing this fact have been obtained in [2], [6]. But it seems
that the fact itself was recognized by many mathematicians a good while ago.

Since we consider the weighted homogeneous case with an isolated singularity, it
seems natural that stronger triviality than topological one holds. In fact, such triviality
called “modified Nash triviality” holds under the above assumptions (see Theorem in
§2). On the other hand, we have introduced the notion of “strong C° triviality” for
a family of analytic functions in [6]. Roughly speaking, strong C° equivalence is a C°
equivalence which preserves the tangency of analytic arcs at 0 € R”. In §4, we discuss
the relation between modified Nash triviality and strong C° triviality for a family of
zero-sets of weighted homogeneous polynomials.

The author would like to thank Professor M. Shiota for helpful suggestions concern-
ing Proposition 2 in §3 (semi-algebraic triviality theorem).
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§1. Some properties of Nash manifolds.

In this section, we recall some important results on Nash manifolds. A semi-algebrasc

set of R™ is a finite union of sets of the form
{:c eR” | filzg)=---= fi(2) =0, g1(x) >0, -, gm(z) > 0},

where f1,---, fx,91, -, 9m are polynomial functions on R". Let » = 0,1,2,---, 00, w.
A semi-algebraic set of R” is called a C" (affine) Nash manifold if it is a regular C”
submanifold of R™. Let M C R™ and N C R™ be C" Nash manifolds. A C* mapping
f:M — N (s<r)iscalled a C* Nash mapping if the graph of f is semi-algebraic in
R™ x R".

THEOREM 1 (B. Malgrange [10]). (1) A C*° Nash manifold 1s a C¥ Nash mani-
fold.
(2) A C*™ Nash mapping between C* Nash manifolds 1s a C* Nash mapping.

After this, a Nash manifold and a Nash mapping mean a C* Nash manifold and a
C“ Nash mapping, respectively.

THEOREM 2 (M. Shiota [11]). Let M1 D N1, M2 D N3 be compact Nash manifolds
and compact Nash submanafolds. If the pairs (M1, N1) and (M2, N3) are C* diffeomor-
phic, then they are Nash diffeomorphic.

Remark 2. In Theorem 2, we can replace the assumption of “C'*™ diffeomorphic”
by “C* diffeomorphic” ([12]).

THEOREM 3 (M. Shiota [12]). There ezist two (affine) Nash manifolds which are
CY diffeomorphic but not Nash diffeomorphic.

In general, Nash diffeomorphism is stronger than the notion of C* diffeomorphism.

§2. Result.

Let @ = (ayi,---,a,) be an n-tuple of positive integers. Put p = a; ---a, and
pi = pla; (1 £i< n). Set

S1(a) = {(Xa,+, Xa) €R™ [ X# 4.4 X200 = 1),
We define 7, : Si(a) x R — R" by
To( X1, Xnju) = (v Xy, -+, u* Xy).

Put E = Si(a) x R and Ey = 7;'(0) = Si(a) x {0}. Then E is a Nash manifold
and E, is a Nash submanifold. The restricted mapping 74|g-g, - E — Eo — R" — {0}
is a 2 : 1 mapping. Therefore 7, : (E,Eo) — (R",0) is a finite Nash modification.
Let J be an open interval and to € J, and let f; : (R",0) — (RP,0) (t € J) be a
weighted homogeneous polynomial mapping. We define F : (R™ x J, {0} x J) — (R?,0)
by F(z,t) = fi(x).

DEFINITION. We say that (R"® x J, F~1(0)) admits a m,-modified Nash trivial-
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1zation, if there exists a t-level preserving Nash diffeomorphism @ : (£ x J,Ep x J) —
(E'xJ, Egx J) which induces a t-level preserving homeomorphism ¢ : (R" x J, {0} xJ) —
(R"™ x J,{0} x J) such that

$((R* x J,F71(0))) = (R" x J, f;(0) x J).

THEOREM. Let J be an open interval, and let f; : (R",0) — (R?,0) be a polynomaal
mapping where each f;, is weighted homogeneous of type (a1, --,an;L;) (1 £ ¢ < p)
fort € J. Assume that F : (R" x J,{0} x J) — (RP,0) 1s a polynomial mapping. If
Y0NS f; = {0} for any t € J, then (R x J, F~1(0)) admits a w,-modified Nash
trivealization.

Remark 3. In the case n < p, f;1(0)NY f; = {0} implies f;1(0) = {0}.

Ezample 1. Let f; : (R3,0) — (R,0) (t € R) be a weighted homogeneous polyno-
mial of type a = (1,2, 3;13) defined by
fi(z,y,2) = 2% + z® + z2* + t3°2.
Then % = 132'2 4 y® + 2*. Therefore each f; has an isolated singularity. It follows
z
from the Theorem that (R® x R, F~1(0)) admits a 7,-modified Nash trivialization.

PROBLEM 1. Several kinds of topological triviality theorems for a family of analytic
varieties are known. Do modified Nash trwiality theorems hold under the same assump-
tion for a family of algebraic varieties?

§3. Outline of the proof of the theorem.

The proof of the Theorem consists of three parts.

STEP 1. Remark that Si(a) N f;72(0) (t € J) and Si() x J N F~1(0) are Nash
submanifolds of Si(a) and S;(«) x J, respectively.

PROPOSITION 1.  Under the same assumption as the Theorem, there exists a t-level
preserving C*° diffeomorphism
H: Si(e) x JNF10) — (S1(e) N £71(0)) x J.

EULER’S THEOREM. If f:(R",0) — (R,0) s weighted homogeneous of type (a1,
-+, an; L), then

alxlif_‘jr'""‘}'anxn af Lf.

32)1 E =

Many singularists would know that such a t-level preserving C* diffeomorphism in
Proposition 1 exists. But, thanks to Euler’s Theorem, we can concretely construct a C™
vector field on S1(a) x J N F~1(0), called the Kuo vector field ([8], [9]), whose flow gives
the diffeomorphism.

STEP 2. (semi-algebraic triviality theorem)
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PROPOSITION 2. Let M D N be a Nash manifold and a Nash (regular) submanifold
such that N 1s closed in M. Let p : M — R be a proper Nash submersion such that
the restriction of p to N 1s also a proper Nash submersion. Then there exists a Nash
diffeomorphism

& : (M,N) — (Mo, No) x R

such that p o =1 s the canonical projection onto R, namely, po @~ (mq,t) = t for
(mo,t) € My x R, where My = p~1(0) and Ny = (p|n)~1(0).

Remark 4. We can replace R by an open interval J in Proposition 2.

We can prove this proposition, by using the following results :

(i) Proposition 2 holds in the case where N = ( ([3] Theorem 1).

(i1) For 0 < r < oo, Proposition 2 holds in the case where M is a C” Nash manifold
with boundary N ([3] Theorem 3).

(iii) C" Nash tubular neighbourhood theorem holds for r > 1 ([12] Lemma 1.3.2).

(iv) CT Nash partition of unity holds for 0 < r < oo ([12] Corollaries 11.2.8, 2.9 and
Remark I1.2.13).

(v) C™ Nash approximation theorem holds for » £ w ([12] Corollary I1.5.7).

STEP 3. By Propositions 1 and 2, there exists a t-level preserving Nash diffeomor-
phism G : S1(a) x J — Si(e) x J such that
G(S1(a) x JNF1(0)) = (Si(e) N f71(0)) x J.
We write G(z,t) = (04(2),1) for (z,t) € Si(a) x J. We define a mapping @ : (E x J, Ep X
J) = (E x J,Ey x J) by
®((z; u),t) = ((01(2); u), 1)

Then this ® gives the modified Nash trivialization in the Theorem.

§4. Strong C° equivalence.

First, we define the notion of strong C° equivalence.

NotaTioN. (1) By an analytic arc at 0 € R™, we mean the germ of an analytic
map X - [0,¢) — R™ with A(0) = 0, A(s) #0, s > 0. The set of all such arcs is denoted
by A(R",0).

(2) For A, p € A(R™,0), O(A, i) > 1 (resp. O(XA, ) = 1) means that arcs A, p are
tangent (resp. crossing wsthout touching) at 0 € R™.

Let Ej,|(n,1) be the set of analytic function germs : (R",0) — (R,0), and let
S(R™,0) be the set of set germs at 0 € R”.

DEFINITION. Given f,g € Ej,|(n,1), we say that (R™, f1(0)), (R™,¢g71(0)) €
S(R™,0) are strongly C° equivalent, if there exists a local homeomorphism o : (R”,0) —
(R",0) such that

(D) o(£71(0)) = g7*(0),
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(I1) if A € A(R",0) with A C f~1(0) (resp. g71(0)), then o(}) (resp. o~ 1(})) €
A(R™,0), and

(III) for any A, u € A(R™,0) with A, p C £71(0), O(), p) = 1 if and only if O(a(}),
o(u) =

Let J be an open interval, and let f; : (R",0) — (R,0) (¢ € J) be a weighted homo-
geneous polynomial of type a = (a4, - - -, @, ) With an isolated singularity. In this section,
we discuss the relation between 7,-modified Nash triviality and strong C? triviality of
the family {(R”, £;1(0))}seJ-

(A) Consider the homogeneous case i.e. &y = --- = a, = 1. Recall the notations
E = S51(a) x R and Ey = Si(a) x {0}. We say that (X;u) = (X1, -+, Xn;u), (Y;s) =
(Y1,---,Yy;s) € E are equivalent, if

I X, = Y(liiﬁn)andu_.s,or

(i) X,=-Y,(1<i<n)and u=—
Then this relation is an equivalence re]atlon We denote by E and E'o the quotient sets
of E and Ej by the relation ~, respectively. Let 7 : (E, Ep) — (E, Eo) be the quotient
map, and let 7, : (E, Ey) — (R" 0) be the blow up at 0 € R". Then the following
diagram commutes :

(E, Eo)
I* N
(B,B) —= (R",0)

By the Theorem, {(R", f; 1(0))}tes admits a mo-modified Nash trivialization i.e.
there exists a t-level preserving Nash diffeomorphism ® : (Ex J, EgxJ) — (ExJ, Egx J)
which induces a t-level preserving homeomorphism ¢ : (R” x J,{0} x J) — (R" x J,{0} x
J) such that

$((R™ x J,F~1(0))) = (R" x J, fz1(0) x J) for to € J.

In this case, the Nash diffeomorphism @ induces a t-level preserving Nash diffeomorphism
®:(ExJ, EoxJ ) — (E x J, Ey x J) such that the following diagram commutes :

(E x J, Eq x J) Li»(ExJonJ) (_"iQ,(R x J,{0} x J)
’d a,d
(ExJ B xd) 0 Bx1Exn) 5D R x 7,{0) x J)

Therefore m,-modified Nash triviality implies strong CO triviality.
(B) Consider the case where oy = - =, < @41 =" =a, (1£5<n).
PROBLEM 2. Is the family {(R™, f;(0))}:es strongly C° trivial?
The Theorem in §2 has come from this problem.

(C) Consider the case where n = 3 and a1 < a3 < as.
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PROPOSITION 3. Let f,g: (R3,0) — (R,0) be weighted homogeneous polynomaals
of type (a1, a2, as3; L) (a1 < az < asg) with an 1solated singularity. Assume that two set
germs (R3, f=1(0)), (R3,97(0)) € S(R?,0) are strongly C° equivalent. If f~1(0) D
{z1 = 0}, then g~ 1(0) D {z; = 0}.

Ezample 1. Let f; : (R3,0) — (R,0), (¢ € R) be a weighted homogeneous polyno-
mial defined in §2. Then, by Proposition 3, {(R3, f;*(0))}.cRr is not strongly C° trivial
at 0 € R.

Ezample 2 (Briangon-Speder family [1]). Let f; : (R3,0) — (R,0) be a weighted
homogeneous polynomial defined by
filz,y,2) = 22 +tzy® +yTz + 2"
for [t| < 1+ ¢, where ¢ is a sufficiently small positive number. Then each f; has an alge-
brascally isolated singularity. But two set germs (R3, f571(0)), (R3, f21(0)) € S(R3,0)
are not strongly C° equivalent (Theorem A in [6]).

It follows from the Theorem and the above examples that modified Nash triviality
does not imply strong C? triviality in this case.

Remark 5. In [7], the author formulated a necessary condition for a family of
weighted homogeneous polynomials of three variables to be strongly C? trivial. Recently
T. Fukui has given a new approach to strong C° triviality of a family of polynomial
functions of three variables, by using toric resolution ([4]).
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