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1. Introduction

In this paper the term “meromorphic function” will mean a meromorphic
function in C. We will use the standard notations of Nevanlinna theory : T(r, f),
m(r, ¢, ), N(r, ¢, ), Nz, ¢, ), Nu(r, ¢, 1), Nu(r, ¢, ) (c€CU{oo}, k=1, 2, ),
and we assume that the reader is familiar with the basic results in Nevanlinna
theory as found in [3]. Further, we will use the notations and terminology
defined in the following (i)-(vi):

(i) Let f and g be distinct nonconstant meromorphic functions. For
r>0, put T(»)=max{T(r, f), T(r, g)}. We write a(»)=S(r) for every function
g : (0, o0)—(—o0, co) satisfying o(r)/T(r)—0 for r—oo possibly outside a set of
finite Lebesgue measure.

(ii) For two nonconstant meromorphic functions f, g and ceC\U{} we
denote by 7#(r, ¢)=7(r, ¢; f, g) (resp. A, (r, c)=7.(r, ¢; f, &), As(r, c)="Hs(r, c;
f, g)) the number of distinct roots of at least one of the equations f=c¢ and
g=c in |z|<r (resp. the number of distinct common roots of f=¢ and g=c
with the same multiplicities in |z| <7, the number of distinct c-points of f or
g which are not common to f and g in |z|<r). We write

N(r, o)=N(r, ¢; f, g)=S: {7it, ¢)—#(0, )} /t dt+7(0, ¢)logr,
Nir, o0=Nr, c; f, g)=S: {fit, ©)—7,0, c)}/t dt+7,0, ¢)logr (j=1, 3)
and
NZ(ry C):-'I\_](r, c)—l\_,l(r’ C) .
Further, for a complex number a(+#0, 1) we write

N@r=N(r, 0)+N(r, )+N(r, ©)+N(r, a),

Nin=N,r, 0+Nr, D+Nr, ©)+Nr, a) (=1, 2).
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(ili) We say that f and g share the value ¢ IM” (resp. CM”) if Ny(r, c)
=S(r) (resp. Nu(r, c)=S@)).

These notions IM” and CM” are slight generalizations of IM (See [2,
p 545].) and CM (See [2, p 545].) (or “CM?” (See [5, p 172].), respectively. It
is easily seen that Theorem F, Corollary 1, Lemma 2 in [2] and Theorem B’
in [5] remain valid if IM and “CM?” are replaced by IM” and CM?”, respec-
tively. And so, using the argument of the proof of Theorem 1 in [5], we see
that Theorems E and 2 in [2] are still true if IM and CM are replaced by
IM” and CM”, respectively. The function ¢ defined in [4, 5 7] satisfies
N(r, oo, ¢)=S(r) and m(r, o, ¢)=S(») if IM 1is replaced by IM”, and
hence Lemma 2 in [7] remains true if IM is replaced by IM”. (For convenience
sake we state in §3 only a part of these facts without proof- which will be
used to prove our results.)

(iv) For a given complex number a(+0, 1) and two nonconstant meromor-
phic functions f and g we write

n'®(r, o)=#{z.€C; |z.|<r, z. is a c-point with multiplicity p for
f and with multiplicity ¢ for g, where p and ¢ satisfy
max(p, g)=k+1. z.is counted max(p, g)—k times.}
(¢=0,1, o, a; k=0, 1, 2), and

N (r, c):gor {(n®, ¢)—n®N0, ¢)}/t dt+n®(0, c) log r
(c=0,1, 0, a; k=0, 1, 2).

(v) Let N(r, f=g=c with (p, ¢)) denote the counting function of the c-
points with multiplicity p for f and with multiplicity ¢ for g, each point counted
once. Further, we denote such a c-point by z.(p, ¢).

(vi) Let a(+0, 1) be a complex number, and let f and g be two noncon-
stant meromorphic functions. For ¢=0, 1, a, o we use the following notation :

Aur, O)=#{z2.€C; |z.| =7, f(z)=gz)=c, f'(z)=—g"(20)+0,
f’/(Zc):g”(Zc)y f/”(zc):‘g/”(zc), 3f”(2c)+2ﬁ<c)(f'(zc))2:0}
(c¢=0, 1, a), where

k(c)=(a+1)c—1){(a—2)c—a(a—1)}/a*(a—1)
+(a—2)c{(a+1)c—(a®*+1)}/a(a—1)
(a+1)/a (c=0)
=1 2—a)/(a—1) (c=1),
(1—2a)/a(a-1) (c=a)

fin(r, 0)=#{2.€C; |z.| =7, f(Q)=a/(z—2.)+(a+1)/34+ flz—z=)+ -+,
g@)=—a/(z—2.)+(a+1)/3—Blz—2.)+ -, a0}
(a and 8 may depend on z.),
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Nutr, c)=g: {Aint, ©)—An0, &)} /t di+7n(0, ¢)logr.
Further, we write

1\711(7’):1\711(7’, 0)+Nu(7’, 1)+Nu(r, °°)+Nu(7’, a).

2. Results

In this section we give some estimates for meromorphic functions sharing
four values IM”. Without loss of generality we may assume that these four
shared values are 0, 1, « and a.

In Theorems 1-4 we assume that f and g are distinct nonconstant mero-
morphic functions sharing four values 0, 1, o and @ IM”. Further, we assume
in Theorems 1-3 that g is not any Moébius transformation of f.

The following Theorem 1 is a refinement of a well known theorem of R.
Nevanlinna [6, p 122].

THEOREM 1. 2T(r)+3Nu(r)<3N(»)+S(r).

Our Theorem 2 contains a corresponding result to an author’s uniqueness
theorem for meromorphic functions sharing three values CM [9, Theorem 2].

THEOREM 2. 2T(")+3{Ny(r, D+Nu(r, a)} +{N®(@r, )+N>(r, a)}
<3{N(r, 0+N(r, )} +2{Ny(r, 0)+Nor, )} +5(r).

Our Theorem 3 is a refinement of so called 2-2-Theorem of G. Gundersen

[21.
THEOREM 3. (i) There exists a positive constant K, satisfying
2T(r)+3Nu(r)+{N ®(r, D+N®(r, a)}
SK(Nor, 04+No(r, )} +S(r).

We may take K,=11 of a=—1, anii K,=17 otherwise.
(ii) Particularly if N\(r, )=Nu(r, 0)+S¢) and N.(r, c0) =Nu(r, c0)+Sk)
hold, then we have

2T(N+3{Nu(r, D+Nu(r, &)} H{N® (@, D+N®(r, a)}
<(13/2){Ny(r, 0)+Ny(r, )} +5(r).
Finally, using a method of E. Mues [4], we prove
THEOREM 4. (i) There exist positive constants K, and K, satisfying

T=SKAN(r, 0)+N,(r, )+N\(r, a)} +K:N(r, 0)+S(r).
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We may take (K., K:)=(11/2, 19/2) if a=—1,1/2 or 2, and (K., Ks)=(10, 17)
otherwise.

(ii) Particularly if N (r, f=g=c with 2, D)+N (@, f=g=c with (1, 2))=
S(r) for ¢=0, 1 and a, then

T(r<Ni(r, 0)+N.(r, D+N\(r, a)+2N(r, ©)+S(r).

(ili) Assume that Ny(r, ¢, f)+Nur, ¢, g)=S) for ¢=0,1 and a, and that
for each ¢=0, 1 and a N(r, f=g=c with (2, 1))=S(r) or N(r, f=g=c with
1, 2)=S(r). Suppose further that if #{z.(2, )} =2 (resp. #{z.(1, 2)=2), then
g'(z2, D)=const. Cce,1, for all z.(2, 1)’s (resp. f'(z.(1, 2))(=const. Ceu,2 for
all z.1, 2)’s). Then we have

T(r)éz{lvl(ry O)+N1(r, 1)+1v1(7', a)+N(r} oo)} +S(r) .

Remark 1. The estimates of Theorems 1, 2 and 3 (ii) are sharp in the
case of a=—w, where w(#1) is a third root of 1. Consider the two functions
F, G and two values A, B in [8, p94]. If we put f=F/A, g=G/A, and a=
B/A(=—w), then f and g are distinct meromorphic functions sharing four
values 0, 1, a, o IM, and g is not any Mobius transformation of f. Further,
f and g satisfy the estimates of Theorems 1, 2 and 3 (ii) with equality.

Remark 2. The estimate of Theorem 4 (ii) is sharp in the case of a=
—1, 1/2 or 2. For a=-—1 this is illustrated by the pair of F and G in [7,
Theorem 1]. For a=1/2 or 2 we can obtain an example from these F and
G with the aid of a Mobius transformation.

Remark 3. The estimate of Theorem 4 (iii) is sharp in the case of a=
—1/8, —8,1/9, 9, 8/9 or 9/8. For a=—1/8 this is illustrated by the pair of
f=(e*+1)/(e*—1)* and g=(e*+1)*/8(e*—1). This example is due to G. Gundersen
[1]. Fora=-—8,1/9,9, 8/9 or 9/8 we can obtain an example from these f and
g with the aid of a Mébius transformation.

3. Lemmas

In this section, we assume that f and g are distinct nonconstant meromo-
rphic functions sharing four values 0, 1, co, a IM”. Then the following (3.1)
(3.8) hold:

@B.1) T(r, N=T")+Sr), T(r, &)=Tr)+S();
3.2) N@#)=2T()+S);
3.3) N, 0, f—2)=N(r, 0, f—g)+S")=N(r, 0)+N(r, )+N(r, a)+S(r);
(3.4) NO(r, 00)=N(r, oo, f—g)+S(r),
N(r, o, /)+N(r, =, g)=N(r, )+N(r, )+S(r);
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(3.5) If Nor, 0, f’) refers only to those roots of f'=0 such that f+0, 1 and a,
and if Ny(r, 0, g’) is similarly defined, then Ny(r, 0, f')=S(r) and Ny(r, 0,
g")=S(r) (cf. [2, Lemma 2]);

(3.6) The function

e f'g(f—er
T fe(f—D(g—1(f—a)g—a)
satisfies T(r, ¢s)=S(r) (cf. [4, p 113]);

3.7 mr, oo, f'/(f—g)+Ni(r, oo, f'/(f—g)=S({),
m(r, o, g'/(g—)+Ny(r, o, g'/(g—f)=S(r) (cf. [7, Lemma 2]);

(3.8) Suppose further that f and g share two values of 0,1, co,a CM”. Then
a=—1, 1/2 or 2. In this case f and g is connected with exactly one of
the following relations: f+g=0(a=-1), fg=l(a=-1), f+g=1(a=1/2),
(f=1/2)(g—1/2)=1/4(a=1/2), f+g=2(a=2), (f—1)(g—D=1(a=2) (cf.
[5, Theorem 1]).

For (3.1), (3.2) and the second equation of (3.4), see [4, Hilfssatz 1]. (3.3) and
the first equation of (3.4) are easily verified by using the function ¢-which we
denote by ¢; in this paper-in the proof of [4, Hilfssatz 1].

4. Proof of Theorems
4.1. Proof of Theorem 1. Consider the functions
_ U= g1

“.1) Y=V T gle—a)
4.2) P2 %{:ﬁ) - i;fj:f)) :
4.3) $s= (f—{),(J}i—a) B <g—f)l(§—a> ’
4 #= f(f—lf)/(f—a) B g(g—f)/(g—a) '

If ¢,=0 for k=1, 2, 3 or 4, then it is easily seen that f and g share four
values 0, 1, @, o CM”. Hence by (3.8) g is a Moébius transformation of f,
which contradicts our assumption.

Now, consider the case ¢,%0 for all k=1, 2, 3, 4. We first note from the
fundamental estimate of the logarithmic derivative and (3.1) that

4.5) m(r, ¢,)=Sr) for k=12, 3, 4.

By substituting into (4.1) the Taylor expansions of f and g ata z, (1, 1) which
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is counted into 7 (r, 1), we see that ¢, has a zero whose multiplicity is at
least four at this point. Hence from (4.1), (3.1), the first fundamental theorem
and (4.5) it follows that

(4.6) N(r, 1)+3Nu(r, DEN(r, 0, $)+SH=T(r, $.)+S(r)
=N(r, o0, ¢:)+ST)<Ny(r, 0)+Ny(r, a)+Ny(r, «)+S(r).
In the same way, we deduce from (4.2), (4.3) and (4.4) that

4.7 N(r, a)+3Nu(r, @)SNy(r, 0)+No(r, 1)+No(r, 0)+S),
(4.8) N(r, 0)+3N.(r, DN, (r, 1)+Ny(r, a)+Ny(r, c0)+S()
and

(4.9) N(r, «0)+3Ny(r, «0)<Ny(r, 0)+No(r, )+Nao(r, a)+S(r),

respectively. Taking (3.2) into consideration, the combination of (4.6)-(4.9)
yields the estimate of Theorem 1. ]

4.2. Proof of Theorem 2. Define ¢, (=1, 2) by (4.7). From the argument
of the first part of the proof of Theorem 1 we deduce that ¢,50 (=1, 2). In
this case, (4.6) and (4.7) hold, and so,

(4.10) Ni(r, D+Ni(r, )+3{Nu(r, D+Nu(r, a)}
S2{Ny(r, 0)+Nu(r, )} +S(7).
Next, by (3.1), (3.2) and the first fundamental theorem
(4.11) . N(r, 1, f)+N(r, a, /)+N(, 1, @)+N(r, a, g)<4T(r)+S(r)
=2{N(r, 0+N(r, D+N(r, O)+N(r, )} +5(r).

Since 2{N(r, D)+N(r, a)} +N®(r, D+ND(r, a) < N(r, 1, f)+ N(r, a, f)+N(, 1,
2)+N(r, a, g)+S(r) by the definition of IM”, it follows from (4.11) that

(4.12) NO(r, D+ND(r, a)<2{N(r, 0)+N(r, )} +S(r).

Further, from (3.3) and the definition of N®(r, ¢) we deduce that

(4.13) Ny(r, D)+Nyr, a)+N®(r, )+N>(r, a)
=NS@, DN (r, a)+S(r).

Thus the combination of (3.2), (4.10), (4.13) and (4.12) yields the estimate of
Theorem 2. [ ]

4.3.1. Proof of Theorem 3. (i) Define ¢, (=1, 2) by (4.5), and further
define ¢, (=5, 6, 7, 8, 9) as follows:
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_ f'g'(f—g)
fe(f=1)(g—1)f—a)g—a)’

(4.15) ¢,={%+2L— S }_{_g;:ﬂg_'__g'__ g 3

Ps

f f=1 f—a g g &1 g—a
(4.16) Ps=¢s’—(1+a)¢s
and
(4.17) Po=0,"—(1+a)’¢s.

Consider the case that ¢;=0 for j=8 or 9. Then from (4.16), (4.17) and
(3.6) we have T(r, ¢,)=S(r) for j=6 or 7. Noting that N(r, oo, ¢j):1\—/2(r, 0)+
Ny(r, )+S) (=6, 7) from (4.14), (4.15) and (3.5), we obtain Ny(r, 0)+Ny(r, o)
=S(r), which implies that g is a Mobius transformation of f in view of (3.8).

Now, assume that ¢,;%0 for j=8 and 9. The substitution into (4.16) (resp.
(4.17)) of the Taylor (resp. Laurent) expansions of f and g at a z, (1, 1) (resp.
2 (1, 1)) gives ¢s(z0(1, 1))=0 (resp. ¢y (2 (1, 1))=0). (See [5, pp. 174-175].)
Especially if z,(1, 1) (resp. z.(1, 1)) is counted into 7, (7, 0) (resp. 7y (7, o)),
then ¢, (resp. ¢,) has a zero whose multiplicity is at least two at this point.
Hence, from (3.1), (3.3)-(3.6), the first fundamental theorem and the fundamental
estimate of the logarithmic derivative it follows that

(4.18) Ny, 0)+Nyu(r, 0N, 0, ¢o)+SST(r, ¢g)+S(r)
=2T(r, pe)+Sr)=2{Ny(r, 0)+Ny(r, o)} +S(r)
and
(4.19) Ni(r, ) +Nu(r, )N, 0, po)+S=T(r, po)+S(r)
=2T(r, §2)+S(r)=2{Ns(r, 0)+Ns(r, o)} +S(7).
Combining (4.18) and (4.19) with the estimate of Theorem 2, we have
(4.20) 2T () +3N () +N®@F, D+N®(r, a)
<K, {Nyr, 0)+Nyr, o)} +S()

with K,=17.

Finally, we consider the case a=—1. In this case we note that ¢ (z, (1, 1))
=0 and ¢, (z.(1, 1))=0 (Especially if z,(1, 1) (resp. z..(1, 1)) is counted into
fis (7, 0) (resp. 7y (7, o)), then ¢, (resp. ¢,) has a zero whose multiplicity is
at least two at this point.), and so the above estimates (4.18) and (4.19) can be
replaced by



336 HIDEHARU UEDA
(4.18Y Ny(r, 0)+Ny(r, ON(r, 0, )+SHET(r, ¢po)+S(r)

=Ny(r, 0)+Ny(r, )+S(r)
and

(4.19y N.(r, )+Ny(r, )N, 0, ¢)+SE=T(r, ¢.)+S)
=Ny(r, 0)+Ny(r, 0)+S),

respectively. Thus the combination of (4.18)’, (4.19) and the estimate of
Theorem 2 yields (4.20) with K;=11. [ ]

4.3.2. Proof of Theorem 3. (ii) Define ¢;, and ¢,; by

R e e B e !

o f g & g g

I S e e ey Sl i s e O L
respectively. Assume first that ¢,,=0. In this case we have f'f/(f—1)X(f—a)
=Lg'g/(g—1)g—a) with a nonzero constant L. If L=1, then f and g share
four values 0, 1, co, a CM”, and so by (3.8) g is a Mobius transformation of f.
Unless L=1, then N(r, 0)=N(r, 0)+S#) = Nu(r, 00+S(r) = S(#) and N,(, 1)+
Ni(r, a)+N(r, ©)=S(r). Applying Theorem 4 (i) -which will be proved later-
to 1/f and 1/g with shared four values oo, 1,0, 1/a IM”, we conclude that
there does not exist such a pair of f and g. The case of ¢,;=0 can be handled
in the same way as the one of ¢,,=0.

Now, consider the case of ¢,,0 and ¢,,50. By substituting the Taylor
(resp. Laurent) expansions of f and g at a z, (1, 1) (resp. z. (1, 1)) which is
counted into 7. (7, 0) (resp. 7iu(r, o)) into (4.21) (resp. (4.22)), we see that @i,
(resp. ¢.,) has a zero whose multiplicity is at least two at this point. Hence
from (4.21) and (4.22) it follows that

2N(r, 0)=2Ny(r, 0)+S(r)<N(r, 0, $10)+S()
<T(r, $10)+Sr)=N(r, 0)+S(r)

and _ _
2N(r, 00)=2N(r, c0)+SF)=N(r, 0, ¢..)+S()

<T(r, ¢11)+S(7)=N2(7; 00)+S(r),

respectively. Combining these with the estimate of Theorem 2, we obtain the
estimate of Theorem 3 (ii). |

4.4.1. Proof of Theorem 4. (i) By (3.1) we easily see that T(r, f')+
Z(r, g = 2’1;(r)+2N (, ) + S(r), _and frOI_I_l (3.3) and (3.5) it follows that
N(, 0, f)+N(r, 0, g’) = Nyo(r, 0)+Ny(r, 1)+Ny(r, a)+ S(»). Hence using (3.2),
we get
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(4'23) m(r’ 0) f’)+m(r, 0) g/)+N1(7’, 0, f/)+N1(7', 0) g’)
<N.(r, 0)+Ny(r, )+Ny(r, a)+3N(r, «)+S(r).

Now, we define two auxiliary functions ¢, and ¢s:

(4.24) ¢12:2L,,,- —3{—]}:—{- f{—,l + fila }—-Zg—/,l-{—Z{%/—-{— gi_,f-i_ gg:a}
f/
f g
and
R e A e
_of
M

Making use of (3.3), (3.4), (3.5) and (3.7), we obtain the following estimates for
N(r, oo, @5) and N(7, co, ¢13):

(4.26)  Ni(r, 0+N(r, D+Ni(r, a)+Ny(r, ©)+2,::N(r, f=g=0,1 or a
with (p, D))+SE)SN(r, o0, ¢12)<Ny(r, 0)4+Ny(r, )+Ny(7, a)
+N(r, )+ p2sN(r, f=g=0, 1 or a with (p, 1)+5(r),
4.27)  Ny(r, 00+Ny(r, D+Ny(r, a)+Ny(r, )+ 2N, f=g=0,1 or a
with (1, 9))+SH)=N(z, o, ¢1)SNi(r, 0)+Ny(r, D+Ni(r, a)
+N(r, )+ 3:N(r, f=g=0, 1 or a with (1, ¢))+S().
According to E. Mues’ calculations (See [4, pp. 116-117].) we have
(912°/205)(20(2, 1)=(a+1)*,  ($1s*/20s)20(1, 2))=(a+1),
($12°/206)(2:(2, 1)=(2—a)’,  ($:1s*/2¢s)(2:(1, 2))=(2—a)’,
(915°/25)(2a(2, 1))=(2a—1)* and (@s*/2¢s)(2.(1, 2))=(2a—1).

As will be shown later

(4.28) $12°/2¢s%(a+1)%, (2—a)?, (2a—1)
and
(4.29) 015°/2¢:£(a+1), (2—a)?, (2a—1)

hold. Hence from (3.6), (3.7), (4.26), (4.27) and (4.23) we deduce that
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(4.30) N(r, f=g=0, 1 or a with (2, 1))+N(r, f=g=0, 1 or a with
(L, 2)SN(r, (a+1), ¢12*/2¢)+N(r, 2—a), ¢1s°/2¢s)
+N(r, 2a—1)%, ¢15°/2¢5)+N(r, (a+1), P1s®/2¢s)
+N(r, 2—a), ¢1s’/2¢s)+N(r, (2a—17, ¢1s*/2¢s)
=6{N(r, o, 1)+ N(r, 0, ¢15)} +5(r)
S12{Ny(r, O+Ni(r, D+N(r, a)+N(r, o)}
+63,::N(r, f=g=0, 1 or a with (p, 1))
+634:3N(r, f=g=0, 1 or a with (1, ¢))+S()
<18{N.(r, 0)+Ny(r, D+Ni(r, a)} +30N(r, «)+S().
Together with (3.2) and (4.23), this yields
2T()=N(r)+Sr)={Ni(r, 0+Ny(r, D+N(r, a)}
+{Ny(r, 0)+Ns(r, 1)+Ny(r, a)t +N(r, ©)+S(r)
<{Nu(r, 0)+Ny(r, D+Ny(r, a)} +N(r, f=g=0, 1 or a with (2, 1))
+N(r, f=g=0,1 or a with (1, 2))+ Ny, 0, f)+Nui(r, 0, g")+
N(r, 00)+Sr)<20{N.(r, 0)+N.(r, )+N(r, a)} +34N(r, «0)+S(r).

This gives the estimate of Theorem 4 (i) with (K,, K;)=(10, 17).
Consider the case of a=—1. Then, ¢+1=0 and (2—a)*=(2a—1)* hold, so
that (4.30) is replaced by

N(r, f=g=0, 1 or a with (2, 1))+N(», f=g=0, 1 or a with (1, 2))
<3{N(r, oo, ¢12)+N(r, 0, $13)} +S()
SY{Ni(r, 0)+Ny(r, D+Ny(r, @)} +15N(r, o0)+S(r).

Combining this with (3.2) and (4.23), we obtain the estimate of Theorem 4 (i)
with (K,, K;)=(11/2, 19/2). The cases of a=1/2 and 2 can be handled in the
same way.

It remains to show (4.28) and (4.29). We prove only that ¢,.*/2¢;%(a+1)
since the other cases can be handled in the same way. We assume that ¢;,°’=
2(a+1)*¢s, and will seek a contradiction. Consider first the case of a#—1.
By the symmetry of ¢; on f and g we have

(4.31) 01 =2(a+1)¢;=¢:5°.
If N,(r, )#S(r), then by (3.4) there exists a z.(l, 1) satisfying Res(z.(1, 1),
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f)#Res(z.(1, 1), g). Let a=Res(z.(l, 1), f) and a’=Res(z.(l, 1), g). Simple
computations on (4.31) give {(2a—a’)/(a—a’)}?=0={2a’—a)/(¢’—a)}?, which
is impossible. Hence N,(r, ©)=S(r), so that equality (up to an S(») term) must
hold everywhere in (4.26) and (4.27), and further by (3.6) and (4.31) all sides of
(4.26) and (4.27) are equal to S(r). Together with (4.23) this yields

m(r, 0, f)+m(r, 1, f)+m(r, a, f)+m(r, 0, g)
+m(r, 1, @)+m(r, a, g)=S(r),
Ni(r, 0, f)+Ni(r, 0, g)=S(r)
and _ _ .
Ny(r, 0)+N(r, )+Ny(r, a)=5(r),
so that for ¢=0, 1 and a we have
4.32) T()=T(r, 1/(f—c)+Sr)=m(r, ¢, {)+N(, ¢, f)+S)
<m(r, ¢, /)+Ni(r, c)+2N(r, f=g=c with (2, 1))
+N(r, f=g=c with (1, 2)+3Ny(r, 0, f)+3Nuy(r, 0, g)+S(r)
=2N(r, f=g=c with (2, 1)+N(r, f=g=c with (1, 2))+5(r)
<2N(r, f=g=c with (2, 1))+N(@, ¢, g)/2+S(r)
<2N(@r, f=g=c with (2, 1)+T()/2+S(r).

(4.32) guarantees the existence of all of z(2, 1), z;(2, 1) and z.(2, 1) (cf. [4, p.
116]), which implies that (a+1)*=(2—a)*=(2a—1)?.. This is impossible. Next,
consider the case of a=—1. ¢,,=0yields f'/f+f'/(f—1)+f"/(f+1)—(f"—28")/
(f—8)+g'/g+g'/(g—D+g'/(g+1)—(g'—2f")/(g— =0, ie.,

(4.33) (f—g)P/f(f—1)(f+Dglg—1)(g+1)=A

with a nonzero constant A. If N,(#, ©0)#S(r), then by (3.4) there exists a
2 (1, 1) satisfying Res (z.(1, 1), f)#Res(z..(1, 1), g). By substituting the Laurent
expansions of f and g at such a point z.(1, 1) into (4.33) we obtain A=0,
which is a contradiction. Hence N, (7, «0)=S(r), and so using the same argu-
ment as in the case of a#—1, we arrive at a contradiction.

This completes the proof of Theorem 4 (1i). ]

4.4.2. Proof of Theorem 4. (ii) From our assumption and (4.23) we have
No(r, 0) + No(r, D+ No(r, ) =N(r, 0, f) +N(r, 0, g) + S(*) = Nu(r, 0, f') +
Ni(r, 0, g)+S@)<N.(r, 0)+N.(r, )+N,(r, a)+3N (r, ©)+S(r). Hence by (3.2)
2T(N=2{N,(r, 0)+N,(r, D+N.(r, @)} +4N (r, 0)+S(). u

4.4.3. Proof of Theorem 4. (iii) We make use of the proof of Theorem
4(i). Simple calculations give ¢,(20(2, 1))=—2g"(z0(2, )1 +1/a), ¢1x(2:(2, 1))=
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2g'(z1(2, D){1+1/(1—a)}, ¢1(24(2, D)=2g"(24(2, 1) {l/a+1/(a—1)}, @is(2(1, 2))=
—2f"(z(1, 2))1+1/a), ¢is(zi(1, 2))=2f"(z:(1, 2)){1+1/(1—a)t and @i(z.(1, 2))=
2f'(z.(1, 2)){1/a+1/(a—1)}. Hence, if neither ¢,, nor ¢, is constant, using our
assumptions the above estimate (4.30) can be replaced by

(4.30Y  N(r, f=g=0,1 or a with (2, 1))+N(@, f=g=0,10r a
with (1, 2)<3{N.(r, 0)+Ni(r, 0)+Ni(r, D+Ny(7, a)+N(r, )}.

Further, under our assumption, Ny(r, 0)+Ny(r, 1)+Nyr, a)=N(r, f=g=0,1 or
a with (2, 1)4+N(r, f=g=0, 1 or a with (1, 2))+S(r) holds. Thus the estimate
of Theorem 4 (iii) follows from (4.30)Y and (3.2). It remains to consider the
case that ¢, or ¢,; is constant. In each case, we easily obtain (f—g)%/
{fg(f—1)Xg—1)(f—a)g—a)} =e4**E with two constants A and B. This implies
that Ny, 0)+N.(r, )+N.(, a)+N(r, ©)=S(). But by Theorem 4(i) there
does not exist such a pair of f and g. [ |
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