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ZίίO-HOMOLOGIES OF A FEW CELLS COMPLEXES

BY ZEN-ICHI YOSIMURA

0. Introduction.

Let KO and KU be the real and the complex K-spectrum respectively.
For any CTF-spectra X and Y we say that X is quasi KO ^-equivalent to Y if
there exists a map h: Y->KOΛX such that the composite map (μΛl)(lΛh):
KOf\Y->KO/\X is an equivalence where μ: KOΛKO-+KO denotes the multi-
plication of KO (see [4] or [3]). Such a map h is called to be a quasi KO*-
equivalence. If X is quasi /fθ*-equivalent to Y, then KO*X is isomorphic to
KO*Y as a /fθ*-module and in addition KU*X is isomorphic to KU*Y as an
abelian group with involution where the conjugation ψc1 behaves as an involu-
tion. Assume that CW-spectra X and Z have the same quasi /fθ*-types as
CW-spectra Y and W respectively. For any maps / : Z^X and g: W-+Y we
say that / is quasi KO ^-equivalent to g if there exist KO^-equivalences h:Y-+
KOΛX and k: W~^K0ΛZ such that the equality hg=(lΛf)k: W->K0/\X
holds. In this case their cofibers C(/) and C(g) have the same quasi ifO^-type.

A CW-spectrum X is said to be stably quasi ΛΌ*-equivalent to a CW-
spectrum Y if X is quasi KO ^-equivalent to the 2-fold suspended spectrum *Σ?Y
for some i. In this note we shall be interested in the stable quasi i£0*-types
of complexes with a few cells. Each complex with 2-cells is stably quasi KO*-
equivalent to one of the following spectra Σ ° V Σ t ( 0 ^ ' ^ 7 ) , SZ/t(t^ϊ), P=C(η)
and Q — C{rf) where SZ/t denotes the Moore spectrum of type Z/t and η:
Σ 1 - > Σ ° is the stable Hopf map of order 2. Our purpose of this paper is to
determine the stable quasi ifθ*-types of any complexes with 3- or 4-cells
(Theorems 5.3 and 5.4). In [4] and [5] we introduced some 3-cells spectra Xm

and X'm constructed as the cofibers of certain maps / : Σ*-^SZ/2 m and / ' :
Σ t S Z / 2 m ^ Σ ° and some 4-cells spectra XYm, XΎ'm and Y'Xn obtained as the
cofibers of their mixed maps. In § 1 and § 4 we study the quasi ifO*-types of
their cofibers C(g) for any maps g: Si~->AX realizing elements of KOXX when
X=SZ/2m, P, Q, Xm or X'm. In §2 we introduce some 4-cells spectra Xm.n

constructed as the cofibers of certain maps / : J}ιSZ/2n^SZ/2m, and then study
the quasi ifϋ^-types of their cofibers C(g) for any maps g: ^ιSZn^AX realiz-
ing elements of tJ]ιSZ/2n, KOΛX] when X^SZ/2m, P or Q. In §3 we in-
troduce some new small spectra XVm,n, VXm>n and XfXn,m needed in §4. In
§5 we prove Theorems 5.3 and 5.4 by using results obtaind in §§ 1-4.
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1. The cofibers of maps / : ^->SZ/2m and / ' : Σ*SZ/2m-*Σ°.

1.1. Let SZ/2r be the Moore spectrum of type Z / 2 r ( r ^ l ) , and ir: Σ°->
SZ/2r and j r : SZ/2 r ->Σ 1 denote the bottom cell inclusion and the top cell
projection. For the stable Hopf map η: Σ1—>Σ° of order 2 there exists its
extension Ί}X\ Σ1SZ'/2->Σ0 and its coextension ίjx: Σ2->5Z/2 with rjiix—η and
jtf^η. U s i n g t h e o b v i o u s m a p s p T t l : SZ/2r-*SZ/2 a n d p l i T : SZ/2^SZ/2r

we then set 7}r = vipr,i: Σ 1 5 Z / 2 r - ^ Σ ° and ^r=pi,rVi: Σ 2 - > 5 Z / 2 r , which
satisfy 7}rir = r) and jrηr = y> too. Hereafter we shall often drop as *', y, ^ and
fj the subscript "r" in the symbols ir, j r , rjr and fjr. Choose maps φ: Σ x 5Z/2
-+SZ/2ΛSZ/4 and φ: SZ/2ΛSZ/4^SZ/2 such that (lΛ/)p=l=$6(lΛ0 and
(lΛ/)ί&+¥>(lΛy)=l, and then consider the composite maps ^1 > 2=(^Λl)^>: Σ 2 SZ/2
->SZ/4 and 5 2 ii=^(?fΛl): Σ2SZ/4-*SZ/2. It is immediate that rjι,ϊi = η, jηU2

— rjy rj2,ιi—η and jrj2,i=v when the maps y> and 0 are replaced by the maps
<p+(XΛiη) and φ+(l/\ηj) if necessary. Set ^n,m = p2.mVi,2pn,i- Ί?SZ/2n ->
SZ/2m when m^2, and rjn,m=pi,mV2,ipn,2: Σ>2SZ/2n-*SZ/2m when n ^ 2 . Since
it is easily shown that ηn,m=Vn,m when m>2 and nϊ>2, we employ the nota-
tion ηn,m instead of η'n>m even if m = l . Evidently these maps 5n,TO satisfy
f]n,mi—fι and jηn,vt—ηy too.

Denote by F m , Fm, Z7m and ί7m(m^l) the small spectra constructed as the
cofibers of the maps if}: Σ 'SZ/2 -> SZ/2m~\ fjj: ΣιSZ/2m~ι -+SZ/2, ηι.m+1:
Σ 25Z/2->SZ/2m + 1 and ^ w + 1 > 1 : Σ2SZ/2m + 1->SZ/2 respectively. In [4] or [6]
these small spectra are written to be V2m, Vim, U2m and U'2m. We shall
denote by ι>: S Z ^ - ^ V , , , ^ : SZ/2-^V'm, in: SZ/2m+1-^Um and i&: SZ/2->Uf

m

the canonical inclusions, and by j v : Vm-+^2SZ/2, j ' v : F ^ - > Σ 2 5 Z / 2 m " 1 , ju:Um

-SΣ?SZI2 and ^ : Uf

m-^J^SZ/2m+l the canonical projections. Consider the two
cofiber sequences

(1.1) Σ ' S Z / 2 ^ Σ ° --> C(^) Λ Σ 2 5 Z / 2 and Σ 2 ^ > S Z / 2 ^ C(^) ̂ Σ 3

in which the cofibers C(η) and C(^) have the same quasi ίfθ*-types as Σ 4 and
Σ " 1 respectively (see [3], [4], [6] or (1.9) below). Then we get the following
two cofiber sequences

2mϊ ϊv jv I'v ϊv 2mj
(1.2) Σ° — > C(?j) —ί> Vm+1 — > Σ 1 and Σ 2 — > V'm^ — > C φ — > Σ 8

Since 7i.2 = (9Λl)?> and η2Λ = ψ(η/\l) there exist maps ^ 2 t l : C(τj)ΛSZ/4->
Σ 2 5 Z / 2 and η1>2: Σ 1 5Z/2->C(^)Λ5Z/4 satisfying f}2tl(lAi)=j and (lΛy)?i i 2

= ι , whose cofibers are Σ ^ i and U[ respectively. Hence we can choose maps

(1.3) λ: C(η)—>Σ° and λ: Σ 3 — > C(fj)

satisfying ιJ=4 and λj=4 so that their cofibers are Uι and U[ respectively.
It ίs obvious that Jι=4=jλ. So we get the following two cofiber sequences
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2mλ lu ju 2mλ ί'v ]'u
(1.4) C(?) —» Σ° — > £/m + 1 — > Σ'CO?) and Σ 3 — > C{η) — ^ U'n+ι —+ Σ 4 .

Let P and Q denote the elementary spectra constructed as the cofibers of
the stable Hopf map η : Σ1—>Σ° and its square η2: Σ2—>Σ° respectively. Given
such an elementary spectrum X as Σι> SZ/2m, P, Q or Vm+1 each CW-spectrum
having the same quasi KO*-type as X will be represented by AX. For simpli-
city we shall write Sτ (0^z^7) and SZm (m^l) instead of ΔΣ* and ASZ/2m.

LEMMA 1.1. For any map f: Si->SQ (0<i£7) its cofiber C(f) is quasi KO*-
equivalent to the wedge sum Σ ° V Σ t M or the following small spectrum Y\:
i) Y0=SZ/2m\/SZ/q; ii) YX=P\ iii) F 2 = 0 ; iv) Yi=Σ>4Vm+ί\/SZ/q where m^O
and q^l is odd.

Proof. Use the following maps go,m=2m : Σ°->Σ°, ^1=17: Σ ' - ^ Σ 0 , g2=η2:
Σ 2 - > Σ ° and gi>m = 2mι: Σ 4 - > Σ 4 C ( J ? ) , whose cofibers are SZ/2m, P, Q and
Σ4^m+i respectively. Then our result is immediate.

In virtue of Lemma 1.1 we observe that

(1.5) the small spectra Σ 2^m, Σ,4Um and T?U'm (ra^l) have the same quasi
/ΓO*-type as Vm (cf. [6, (1.3) and (1.4)] or [7, (1.9) ii)]).

1.2. Denote by Aίm, Nm, Pm, Qm and Rm(m^l) the 3-cells spectra con-
structed as the cofibers of the maps iη: Σ 1->5Z/2m, iη2: ^-^SZ/2111, η : Σ 2-+
SZ/2771, fjYj\ Σ 3->SZ/2m and τ)η2: Σ 4->5Z/2m respectively. Dually we denote
by M'm, NU, P'm, Q'm and R'm(m^l) the 3-cells spectra constructed as the cofibers
of the maps ηj: SZ/2m -> Σ°, y2Γ- Σ ^ Z ^ - ^ Σ 0 , v- Σ ' S Z ^ - ^ Σ 0 , VV-
Σ 2 SZ/2 m -^Σ° and η2fj: Σ 35Z/2m->Σ° respectively. When X=M, N, P, Q or
R we shall denote by ix: SZ/2m->Xm or i'x\ Σ°->^m the canonical inclusion,
and by j x : Xm-*Σ>d or j x : X'm-*Σd'~ιSZ/2m the canonical projection where
d=<ΆmXm and df=ά\mX'm. In [4,4.1] these 3-cells spectra Xm and Xr

m are
written to be X2m and X'2m, and their KU- and KO- homologies have been
calculated (see [4, Propositions 4.1 and 4.2]).

LEMMA 1.2. (1) For any map f: S i ->5Z m (0^/^7) its cofiber C{f) is quasi
KO^-equivalent to the wedge sum Σ ι + 1 V 5 Z / 2 m or the following small spectrum
Y^: i) ro-Σ1VSZ/2*(O^fe<m); ii)y1=Afm; iii) Y2=Nm or Pn; iv) Y*=Qn;
v) Yt=Rm or Σ ' V Σ ^ H i ί O ^ K m - l ) .

(2) For any map / : Σ t " 1 5 Z m - ^ 5 0 ( 0 ^ ^ 7 ) its cofiber C(f) is quasi KO*-
equivalent to the wedge sum Σ ° V Σ t 5 Z / 2 m or the following small spectrum Yx\

ii) Y^M'm\ iii) Y^N'm or P'm\ iv) Ys=Q'm; v)

Proof. Consider the following maps go>k = 2ki: Σ°->5Z/2 m , gι=iη:
SZ/2™, ^ 2 = ^ 2 : Σ 2
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ηη : Σ 3 -*SZ/2 m and gi,k=2kiλ : C(η)-^SZ/2m. The cofibers C(g0, k) and C(git k)
are the wedge sums J?\/SZ/2k and ^VUk+1 respectively whenever 0^k<m
—1, and C(^4,wι-i) has the same quasi KO*-type as the 3-cells spectrum Rm

since the map £4,m-i is quasi ifϋ^-equivalent to the map ηrf \ Σ4—>SZ/2m. On
the other hand, the cofiber C(g'l) coincides with the 3-cells spectrum Pm since
^+zy=(l-fή7/)j7 and (l-j-ή?y)2=l. Our result of (1) is now easy, and (2) is
dually shown to (1).

For any ra^l we consider the maps 6v=ηUm+i^ : Σ4—>SZ/2m+1 and 6v=

yηm+i,ι: Σ 3SZ/2m + 1->Σ° satisfying y&=6*=6w. Then Lemma 1.2 asserts that

(1.6) the cofibers C(βb) and C(fiv) have the same quasi #O*-types as Σ 1 VΣ 4 ^m
and Σ 4 V Σ 4 ^ m respectively.

In fact, these cofibers are obtained as those of the composite maps ιjv: Σ ~ ^ m
->Σ2C(?0 and ϊυ]\ Σ - 1 C(^) - ^ Σ ^ m , both of which are ifθ*-trivial because
KO7Vm=Q. Therefore our assertion (1.6) is certainly valid.

1.3. Recall that KOtP = Z or 0 according as i is even or odd. Using the
bottom cell inclusion iP: Σ 0 - * ^ and the top cell projection j P : P->Σ 2 we get
the following two cofiber sequences

2miP pP,M kM h'M p M , , P 2mjp

(1.7) Σ o _ ^ p _ _ ^ M m ^ Σ i a n d Σ i _ _ > M ; _ ^ p __+ Σ 2 >

Hence we can immediately show

LEMMA 1.3. (1) For any map f: Si->AP(Q^i£l) its cofiber C(f) is quasi
KO^-equivalent to the wedge sum Σ ι + 1 V P or the following small spectrum Yt\
YQ=Mm\/SZ/q where ra^O and q^l is odd.

(2) For any map f: Σ ι A P - > S 0 ( 0 ^ ^ 1 ) its cofiber C(f) is quasi KO ̂ -equi-
valent to the wedge sum Σ ° V Σ t + 1 ^ or the following small spectrum Yt: Yo=
YΓιM'm\/SZIq where ra^O and q^λ is odd.

Choose maps ξP: Σ 2 -^ P and ζ P : P —• Σ° satisfying jpξp=2=ζPiP, whose
cofibers are C(rj)=P[ and C(rj)=Pi respectively. Then we get the following
two cofiber sequences

2mξP pp. p. jj'p 2 m ζ P ipi pP,p
(1.8) Σ 2 - ^ ^ — > P'm+ι—>Σ3 and P —> Σ° — * Λ*+i — > Σ 1 ^ .

Lemma 1.3 combined with (1.8) asserts that

(1.9) the 3-cells spectra P'm+ί and Pm +i(ra^0) have the same quasi ifθ*-types
as Σ 2 ^ m and Σ " 1 ^ respectively, where M 0 = Σ 2 and M ί = Σ ° (cf. [4, Corol-
lary 5.4]).

Since ζpξp=η2: Σ2-»Σ°> we obtain maps pQ: C{η)-*Q and pQ: Q
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satisfying JQpQ=jj, pQi=2iQ, pQiQ—li and ]pQ—2jQ where iQ: Σ 0 - * ^ and j Q :
φ—>Σ3 denote the bottom cell inclusion and the top cell projection. Evidently
there exists the following cofiber sequence

pQ PQ $

(1.10) C(y) — > Q — > C{rj) — >

where δ is the composition of the maps ρPtP and pPtP> in (1.8). We moreover
obtain maps λP: Σ 2C(^)->P and ΛP: Σ 3 ^ - > C ( J ? ) satisfying jPlP=I, IPi=2ξP,
λPiP=λ and ;%>=2ζP because > * : [Σ 2 C(?), P]->[C(?) f Σ°] and ί? : [ Σ 3 Λ C(?)]
-^[Σ 3 , C(^)] are isomorphisms. Since the elementary spectra P and Q are
related by the following cofiber sequences

λp.Q PQ.P
Σ i/>— > Q — >

we here set

ξQ=λp,Qξp: Σ 3 —> 0, ζQ=ζppQ,p: Q —> Σ°

(1.11) pp=pQ,PpQ : C(rj) —> P, pP=pQλP>Q : Σ 1 / 3 —

* Q , λQ=XPpQtP: Σ 3<?

Recall that KOtQ = Z, Z/2, 0, Z according as Z'ΞΞO, 1, 2, 3 mod 4. As is
easily seen, there exist the following cofiber sequences

2 % PQ,N kN h'N pN.,Q 2mjQ

Σ ° - ^ O —> Nm—>ΣS Σ 2 - ^ i V ; —> (? —^ Σ 3 ,
^ 7 UQ,PQ,P) yVJp (η,ip) ΪQVλP,Q ηjQ

(1.12) Σ 1 — ^ <? > Σ 3 V P — > Σ 2 , Σ 1 — > Σ ° V Σ ^ >Q — > Σ 2 ,

2 w f Q |OQ.Q' ; 7 Q iρί |θρ.« 2 W C Q

Σ 3 — > Q — Oi + i — > Σ 4 , Σ° ^ > (?»+i -^> Σ ^ — > Σ 1

Hence we can immediately show

LEMMA 1.4. (1) For any map f: Si~*AQ (0^i<3) its cofiber C(f) is quasi
KO^-equivalent to the wedge sum Σ ι + 1 V Q or the following small spectrum Yt:
i) Y0=NmVSZ/q; ii) F ^ Σ ' V P ; iii) F3=0m+iVΣ35Z/^ where m^O and q^l
is odd.

(2) For any map f: Σ t+1Δ<?-^S0 (0^ι^3) iίs c ^ t e r C(/) /s ^MCS/ iίO*-
equivalent to the wedge sum Σ ° V Σ ι + 2 Q or the following small spectrum Yt:
i) Yo=Σ>-2N'mVSZ/q; ii) F ^ Σ ^ V P ; iii) Yz=Qm+1VSZ/q where m^O and
q^>l is odd.

1.4. Recall that KOiVm+ιs*Z/2m, 0, Z/2, Z/2, Z/2W + 2, Z/2, Z/2, 0 ac-
cording as /=0, 1, •••, 7.

LEMMA 1.5. (1) For any map f: Si->AVm+ί (0£i^7) its cofiber C(f) is
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quasi KO ^-equivalent to the wedge sum Σ ι + 1 Wm+i or the following small spectrum

F t : i ) r β = Σ 1 V 7 * + 1 (0^ft<m); ii) r 2 = Σ 4 P » + i ; iii) K, = Σ 4Qm+ i; iv) F 4 -
Σ 4 ^m + i or Σ 'VΣ 4 SZ/2* ( 0 ^ £ ^ m ) ; v) F ε ^ M m + 1 ; vi) r.=ΛΓ m + ι .

(2) For an y mα/> / : Σ ι " 1 Δ F m + 1 - ^ S 0 (0^*^7) its cofiber C(f) is quasi KO*-
equivalent to the wedge sum Σ°VΣ i ^m+i or the following small spectrum Y\:
i ) r o = Σ 4 # m + i or Σ4VSZ/2* (O^k^m); U ) F F E 4 M ; + 1 ; iii) Y2 = Σ4iV;+1;
iv) F 4 = Σ ° V Σ 4 ^ + i mk<m); v) r 6 = Σ 4 ^ + i ; vi) K7=Σ4Om+i.

Proof. Consider the following maps gOtk—2kivi: Σ°->Fm +i, g2=ivη : Σ2—•
m+i, gi,k=2kiv: C(rj)->V m+u #6=ιV0?Λl): Σ ' C O ? ) - * ^ ! ,
F W + 1 . The cofibers C(gOlk) and C(#4i*) are respectively

the wedge sums Σ ' V F ^ i and Σ1V(C(^)ΛSZ/2*) whenever 0<k^m, and
C(^4,w+i) coincides with the cofiber of the map 2m(ΪΛ0: Σ°->C(^)ΛSZ/2m + 1

which is quasi /CO*-equivalent to Σ4^m+i according to Lemma 1.2. On the
other hand, the cofibers C(g2) and C(g3) coincide with those of the maps tPirj:
Σ 15Z/2->Pm and ίQι^ : S1SZ/2-^Qm, and hence they are obtained as those of
the maps 2m-1zζP: P^C(η) and 2m~1zζρ: Q->C(?j). Further the cofibers C(g5)
and C(gt) coincide with those of the maps 2m(ΪΛip): Σ°->C(^)ΛPand 2m(iAiQ):
Σ°-^C(^)ΛQ. Therefore Lemmas 1.3 and 1.4 show that these four cofibers
have the same quasi KO*-types as Σ4^m+i, Σ4Qm+i, Mm+ί and iVm+1 respectively.
Now our result of (1) is immediate, and (2) is dually shown to (1).

Denote by Wm+ι and W'm+i (m^>l) the 4-cells spectra constructed as the
cofibers of the maps trj + fjj: Σ'SZ/2 -> 5Z/2m and lη + rjj: ^ιSZ/2m -> SZ/2
respectively. Note that ΣWm+i and Σ2W^m+i have the same quasi KO*-type
as Wm+1 (see [4, Corollary 5.4] or (4.12) below). Recall that / f tW m + 1

0, Z/2, 0 according as ί=0, 1, 2, 3 mod 4.

LEMMA 1.6. (1) For any map f: Si->AWm+i Φ£i£3) its cofiber C(f) zs
quasi KΌ^-equivalent to the wedge sum Σlt+1VWm+i or the following small spec-
trum Yt:i) F 0 - Σ δ ^ + i (Q£k<m); ii) Y2=Σ*Pm+ί.

(2) For any map f: Σ 1 " 1 ΔWm+1 -> So (0£ι£3) its cofiber C(f) is quasi
KO^-equivalent to the wedge sum Σ°VΣWm+i or the following small spectrum
Yt: i) YQ=Qk+ί (0£k<m); ii) r 2 - Σ 4 ^ m + i .

Proof. Consider the following maps gOtk=2kiwi: Σ,°->Wm+i and g2

=iwv:

Σ 2 ->^m + i The cofiber C(g0, *) coincides with that of the map (ηj, ifj): Σ x 5Z/2
-»Σil\jSZ/2k whenever 0£k<m. Therefore it is the cofiber of the composite
map ηjjvi Σ'^/fe+i-^Σ1, which is quasi #O*-equivalent to Σ5Q*+i according
to Lemma 1.5. On the other hand, the cofiber C(g2) coincides with that of the
map ipiη: *ΣιιSZ/2-*Pmy which is quasi ϋΓO^-equivalent to Σ4^m+i as shown
in the proof of Lemma 1.5.
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2. The cofibers Xm,n of maps / : Σ>ιSZ/2n->SZ/2m.

2.1. For any m, n^>l we here introduce 4-cells spectra Mm>n, Nm,n, Pm.n>
P'm,n, P'm,n, Qm.n, Q'm.n, Qm.n, Rm.n, R'm.n and R&.n COnStΓUCted aS the

of the following maps respectively:

iηj : SZ/2n — > SZ/2m, irfj : ^SZ/2n — > SZ/2m,

ίjj, irj and irj + rj] : Σ>ιSZ/2n — > SZ/2m,
(2.1)

rjηj, lηη and iηη + ηηj : Σ*SZ/2n — > SZ/2m, and

yy2j> irfη and iη2y + fϊη2j : Σ>*SZ/2n — > SZ/2m .

Of course Mltί = SZ/2ΛSZ/2, Nhl = SZ/2VΣ 2SZ/2, Pun=V'n+u P'm.i=Vm+u

P'!.n=W'n+1, Pίtl=WM+ι, Plk,m = PΛSZ/2m and Qlk,m=QΛSZ/2m. Moreover
we note that Σ>2Pm,n are quasi #O*-equivalent to P'ί.m (see (4.12)). In [4, 4.2]
the 4-cells spectra Λfm,n, Nm,n, Pm,n, P'm,n and P'^>n are written to be S2mf2n,
T2m,2n, V'2mt2n, V2m,2n and W2m,2n respectively. As is easily checked, the maps
{cM)ηη2j\ Σ>3SZ/2k->K0ΛSZ/2ι and (cΛl)iη2η: Σ>3SZ/2ι -> KOf\SZ/2k are
trivial whenever k<l, and the map (:Λl) (iη2v + VV2J): Σ>3SZ/2k->K0ΛSZ/2k

is also trivial where c: *Σ?-*KO denotes the unit of KO. So we notice that

(2.2) i ) when k<ί, Rt,k and R'ktt have the same quasi /TO*-types as the
wedge sums SZ/2ι\/^SZ/2k and SZ/2k\J^ASZ/2ι respectively, and

ii) Rk>k and R'k,k have the same quasi KO*-type.

In addition, R£,n has the same quasi KO*-type as Rm,n, SZ/2m\/^ASZ/2n or
Rm.n according as m<n, m—n or m>n.

For any m, n ^ l we moreover introduce 4-cells spectra Hm,n((m, n)Φ(l, 1)),
/ίm > n and L m > n constructed as the cofibers of the following maps respectively:

Vn m : Σ 2 SZ/2 n — > SZ/2m, ηη : Σ>3SZ/2n — > SZ/2m and
(2.3)

Σ 4 5Z/2 > SZ/2m .

Of course, Hm+ί,ι=Um and Hhn+ι=Un. Since the map i; : Σ - 1 C(^) -^ Σ2C(>?)
is quasi /CO*-equivalent to the multiplication by 4 on Σ6> the 4-cells spectrum
KUί has the same quasi if0*-type as Σ 6 SZ/4. We can easily calculate the
KU- and /ίθ-homologies of these 4-cells spectra X—Xmιn (m, n ^ l ) as follows
(cf. [4, Propositions 4.4 and 4.5]).

PROPOSITION 2.1. The KU-homologies KUQX, KUXX and the conjugation
φcι on KUoXφKUiX are given as follows:
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Λ=M m , n Nmtn Pm,n

Z/2m®Z/2n Z/2m®Z/2n Z/2n+ι®Z/2m-1 Z/2n®Z/2

KUίX^Z/2n 0 0 0 0

, ! /I 0\ /I 0\ /I 2m~n\ / - I -2 w " w + 2 \ / - I 0\

# H θ l) (θ - l ) (θ - l ) ( 0 1 ) Ll l)

Y p / n //
• ^ •* TO, 7i ^ TO, 71

m+l^n m<n m=n m>n

KU0X^ Z/2m+1(BZ/2n-1 Z/2n+ι®Z/2m'1 Z/2n@Z/2m Z/2m

KUXX= 0 0 0 0

_} J)

~~~ *x TO, 71 Vt TO, 71 *ScTO, 71 " T O , 71 * * TO, 71 * * T O , 71 -** TO, 71 - " T O , 71

(m, n)=£(l, 1) (m, w)=£(l, 1)
γ~ y/Om 7 /Om/T\ Ύ /On 7 /nm-i y /θmrτ\ Ύ ion 7 JOm

XX^ Z/2n 0 Z/2n- χ 0 Z/2Λ

Ψ~c= Vo - I ) Vo J Vo - i ) Vo l ) Vo 1)

Λ 2k + ί 2* + 2 Π 2k)\

Here Ak=( _ i Vo*+i ) and this m a t r i x operates on Z/2k+ι+2Q)Z/2ι as

left action.

PROPOSITION 2.2. The KO-homologies KOXX(0£t£7) are tabled as follows:

X\i= 0 1 2 3 4 5 6 7

Mm,n Z/2m Z/2n+1 Z/20Z/2 Z/20Z/2 Z/2 W + 1 Z/2n 0 0

Nm,n Z/2m Z/2 Z/2re+10Z/2 Z/20Z/2 Z/2w+10Z/2 Z/2 Z/2n 0

Pm,n Z/2™ Z/2 (*)n,m Z/2 Z/2m~ι@Z/2 0 Z/2n 0

P'm.n Z/2m 0 Z/2n~ι®Z/2 Z/2 (*)m.n Z/2 Z/2Λ 0

Pm,n Z/2m 0 Z/2" 0 Z/2m 0 Z/2Λ 0

Qm>n Z/2m Z/2 (*)m Z/2n+1 Z/2w-J0Z/2 Z/2 Z/2 Z/2n

Qf

m,n Z/2m Z/2 Z/2 Z/2n'ι®Z/2 Z/2m+1 (*)n Z/2 Z/2W

Qm,n Z/2m Z/2 Z/2 Z/2n Z/2m Z/2 Z/2 Z/2n
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Z/2 (*)n Z/2 Z/2m-ι®Z/2n^ Z/2 (*)n Z/2
(ro^n)

?;,n Z/2m($Z/2n Z/2 (*)m Z/2 Z/2m+ί®Z/2n~ι Z/2 (*)n Z/2

Hm,n Z/2m Z/2 Z/2 Z/2n~ι Z/2m~ι Z/2 Z/2 Z/2n

(m, n:

Km.n Z/2mφZ/2n Z/2 (*)m 0 Z/2W-10Z/2W-1 0 (*)„ Z/2

i . ,» Z/2-ΦZ/2 Z/2-ΦZ/2 (*)Λ Z/2 Z / 2 - 1 Z/2^ 1 Z/2 (*)n

/fere (*)m>1 = Z/2m+2 and (*) m ,^Z/2 m + 1 φZ/2 // n^2, αwίί (*)0.n is abbreviated
to be (*)„.

For the 4-cells spectra i?m > w and R'nt1Λ (2<m^n) their X^/-, iίO- and KT-
homologies are all equal, but their induced homomorphisms by τ : ^KT-^KO
(see [1] or [3]) are not equal when m<n. In fact, the induced homomorphisms
τ#: KT2tX —• K02ι+iX are represented by the following rows T2ι+Ϊ for X—
Rm,n (m<Ln) and R'm,n (m^n):

TX=(X 1): Z/2m®Z/2n —> Z/2, T 8 =(l 0): Z/2φZ/2 — ^ Z/2,
(2.4)

Γ5=(0 1): Z/2m®Z/2n —> Z/2, Γ7=(0 1): Z/2φZ/2 —> Z/2.

2.2. We here show

LEMMA 2.3. For any map f: Hl~lSZn-^ SZm (0£i£7) its cofiber C(f) is
quasi KO^-equivalent to the wedge sum SZ/2 m VΣ ι SZ/2 n or the following small
spectrum Yt: i ) Yo = SZ/2kVSZ/2m+n'k (0 ^ &<Min{m, n}); iϊ) Y1 = Mn,nf

SZ/2k\JΣιSZ/2n-m+k, Mk,n-m+k, SZ/2m-n+lV^SZ/2l or Mm.n,ltl (0<k<m<n
and 0<l<n^m); in) Y2=Nm,n, Pm,ny P'm,n or P'^n\ iv) Ys=Qm,n, (?i,n, Qm.n
or Hm,n) v) Y4=Rm,n(nι<n), R'm,n(nι^n), Km,n, Σ*Vk+ιWm+n-k-i or Σ>*Vk+i

-l, n-l\); vi) F 5 = Lm,n> Σi'Vk+1VΣl5Vn.m+k+1 or
and

Proof. Consider the following maps: i ) gOtk = 2kιj : *ΣrλSZI2n -> SZ/2m,
ϋ) gι=iηj: SZ/2n->SZ/2m

>gl>k=2kpn>m: SZ/2n->SZ/2m, gΊ,k=2
SZ/2n-+SZ/2m, iii) g2 = ιη2j, fjj, tη, irj + ηj: ^SZ/2n->SZ/2m, iv) g ^

, v) gi = qη2j, iη2η, y)η\ Σ
^ S Z / 2 w , gί,k = 2kiQ/\j)

and vi) g5=f}ηy : ^SZ/2n-+SZ/2m,g5,
C(rj)ΛSZ/2n->SZ/2m where ^0^,^: SZ/2n-*SZ/2m is the obvious map and ηnΛ

= V2.i(X/\Pn,2): C(7j)ASZ/2n-*Jl2SZ/2 for the map fj2tl given in 1.1. For any
* with 0 ^ £<Min{m, n} the cofiber C(go,k) is the wedge sum SZ/2kVSZ/

2m+n-kf a n d c(gltk) is the wedge sum SZ/2kVΣί1SZ/2n-m+k or
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Σ*SZ/2* according as m<ίn or m^n. The cofiber C(g[,k) is obtained as that
of the map (2n-m+k, ιη); J?-*Σ?\jSZ/2k when m^n, and as that of the map
2m~n+k\/7]j : Σ°VSZ/2*->Σ° when m^w. Therefore it is the 4-cells spectrum
MkίTl-m+k o r Mm-n+kίk a c c o r d i n g a s m <L n o r m ^ n . A s s u m e t h a t 0 < k <
Min{m—1, n — 1}. For the cofiber sequence

> {/„_! —> C(fj)ASZ/2n —> Σ>2SZ/2

we note that (lAj)πu=ju: f/π-i-^Σ1^?) and the cofiber of the map 2ktλjυ\
Σ"1^rn-i-^SZ/2m is the wedge sum SZ/2m+n-k-2VUk+1. As is easily checked,
the cofibers C(g4>k) and C(g'4tk) coincide with those of the maps (ifj,O) and
(iη + fjj, aiurfj): Σ15Z/2->SZ/2m+n-*-8Vί/ft+1 for some Q E Z / 2 . SO they are
respectively the wedge sums Vm+n-k-ι V Uk+1 and Wm+n-k-i VUk+1 because
iurfj—iuηjiirj + ηj). Of course, C(gitk) may be determined more easily since
it is obtained as the cofiber of the map 2w+7*-*-2ίV0: H"V^-ιUk+1-^C{fj)L On
the other hand, the cofiber C(gδ>k) is obtained as that of the map (2n'm+kJf 0):

Σ1V^/fe+i when m^n, and as that of the map (2*2,0):

n+k+i when ra^w. Therefore it is the wedge sum S^n-m
or Σ^+iVί/w-n+fc+i according as m<n or m^n. Since γj+itfj
Vn.rri+yηj^yn.mil+iyj), ^v + ̂ J^^vO +iyjj) and so on, our result is now
established.

For any m, n ̂  2 we here consider the map vn,m= ^i.m^n.Γ Σ 4 5Z/2 n ->
SZ/2m satisfying i^>mz=:6£ and jvn,m=6ϊJ. Then lemma 2.3 asserts that

(2.5) the cofibers of the maps 6vj and 6Vj+τ}η: Σ>3SZ/2n-*SZ/2m (2£m£
iβv and zβv-f^: Σ35Z/2n->SZ/2m(2^n^m) and vn>m: Σ4SZ/2n->SZ/2w(
n^2) have the same quasi ifθ*-types as the wedge sums Σ4^m-iVFn + 1, Σ4^m
VWn+u Σ4^n-iVFm + 1, H4Vn^\/Wm+i and Σ4Fm-iVΣ5Kn-i respectively.

In fact, these cofibers are obtained as those of the composite maps iγjχj\
Σ-^m-i->Σ2F;+1, iivju: Σ-^m-i-ΣW .i, i'ujv- Έ-'V^-ϊΣt'U'n-i, i'ujw'
Σ ^ ^ Σ ^ - i and ιWσ: Σ ^ m - i ^ Σ ^ U Since ju=]]u: Σ'^m-i ->
Σ25Z/2 and ι'u—Vυι\ SZ/2->U'n-u the first two maps are /ft9*-trivial when 2^
m^w, the next two maps are ΛΌ*-trivial when 2rgw5jra, and the last one is
always ift9*-trivial. Hence our assertion (2.5) is certainly valid.

2.3. The cofibers of the maps 2*iPj: Σ~ιSZ/2m-+ Pand 2kijP: P->Σ25Z/2
are the wedge sums Σ°VM* and Σ ' V Σ ^ ί respectively whenever 0
So we obtain

LEMMA 2.4. (1) For any map f: Σ>ι^SZm-»AP (O^i^l) lίs c^ter C(/)
is quasi KO^-equivalent to the wedge sum ^ΣtSZ/2m\/P or the following small
spectrum Yt: F 0 =Σ 0 VM* (0^k<m).

(2) For any map f: Σ>ιΔP->SZm (0<i£l) its cofiber C(f) is quasi KO*-
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equivalent to the wedge sum S Z / 2 m V Σ ι + 1 ^ or the following small spectrum Yx:

The cofibers of the maps 2 % / : ΣΓιSZ/2m->Q, iQηj: SZ/2m — Q, iQη\
-*Q and 2kξQj: Σ2SZ/2m-><? are the wedge sums Σ°VΛί*, Σ 3 V M ; ,

m and Σ 3 VQί + i respectively whenever 0<>k<m. From this fact and its
dual we obtain.

LEMMA 2.5. (1) For any map f: Σ ι " 1 5Z m ->ΔQ (0^ι^3) its cofiber C(/)
zs #w<2sz KO^-equivalent to the wedge sum Σ*SZ/2mV<? or the following small
spectrum Yx: i ) F0=Σ°ViV* (0^&<m); ii) K ^ Σ ' V M ^ ; iii) r 2 = Σ 3 VPm;
iv) F 3 = Σ 3 V 0 ί + i (0^ft<m)..

(2) For any map f: Σ ι + 1Δ<?-+SZm ( 0 g ^ 3 ) zϊs c ^ t e r C(/) 2S quasi KO*-
equivalent to the wedge sum S Z / 2 m V Σ t + 2 9 or the following small spectrum Yx:
i) yβ = Σ1VΣ"Wί (0^^<m); ii) r ^ Σ ^ V M , , ; iii) F2^Σ°VPm; iv) r 3 =

Λ + I (0<k<m).

The cofibers of the maps 2kiP]v: Έ~ιVm+ί~>P and 2*IV7P: P-*Έ2Um+ί are
the wedge sums C(η)\/Mk and Σ 3 ^(^)VΣ 1 Miί respectively whenever O^k^m.
So we obtain

LEMMA 2.6. (1) For αw y mflί / : Σ ι ~ 1 ΔF m + i->ΔP(0^/^l) ?ϊs co^er C(/)
is quasi KO ̂ -equivalent to the wedge sum Σ ^ m + i V P or the following small
spectrum Yt: F 0 = Σ 4 V M * (O^k^m).

(2) For any map f: Σ ι Δ P — Δ F m + 1 (Ogί^l) its cofiber C(/) 2S ^wαs/ i^O^-
equivalent to the wedge sum F m + iVΣ ι + 1 -P or the following small spectrum Yτ:
r β = Σ ι V Σ 8 A f ί (0£k<m).

LEMMA 2.7. (1) For any map / : Σ ι " 1 Δ F m + 1 - Δ Q φ£i£3) its cofiber C{f)
is quasi KO ̂ -equivalent to the wedge sum ^Vm+iVQ or the following small spec-
trum Yt: i) ro=Σ4VΛΓ* (0<k^m); ii) F 1 = Σ 3 V Σ 4 M ; + 1 ; iii) F 2 - Σ 7 V P ^ + 1 ;
iv) K 8 =Σ 7 V0ί + 1 (0£k£m).

(2) For any map f: Σ t + 1Δ<?->ΔFm + 1 (0^ι^3) its cofiber C(f) is quasi KO*-
equivalent to the wedge sum F m + 1 V Σ t + 2 O or the following small spectrum Yx:

ί (O^k^m); ii) F 1 = Σ 3 V M m + 1 ; iii) r , =

Proof. Consider the following maps go,k

:=2kiQjV' H~ιVm+ί~>Q, gi=iQi]jv.
Vm+ι->Q, g2=iQjJv: Σ ^ m + i - Σ 4 © and gs,k=2kξQ]v: Σ 2 F m + 1 - Q . The cofiber
C(go,k) is the wedge sum C(?j)\/Nk whenever 0<k£m, and C(gi) and C(g2)
are the wedge sums Σ3VC(o7;V) and Σ 7 V Σ 2 ^ m respectively. Here the cofiber
C{ΎJJV) has the same quasi KO*-type as Σ 4 M ^ + i in virtue of Lemma 1.5. On
the other hand, the cofiber C(gs,k) coincides with that of the map 2mljj'Q:
Σ" 1 OLi-^Σ 3 C(^). When 0<k<m it is just the wedge sum Σ3C(^)VQfe+1, and
when k—m it has the same quasi KO*-type as Σ3C(^)VQm+i because the map
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2mϊj: Σ35Z/2W+1—Σ4C(^) is quasi KO^-equivalent to the map rfη : ^SZ/271

-*Σ° Our result of (1) is now immediate, and (2) is dually shown to (1).

3. Some small spectra XVm>n, VXm,n and XrXn,m.

3.1. For any maps / : J?—SZ/2m and g: Σ>J^SZ/2m (t<j) we denote by
XYm the coίiber of the map fVg: Σ%VΣJ-*SZ/2m when the coίibers of the
maps / and g are denoted by Xm and Ym respectively. Dually we denote by
XΎ'm the cofiber of the map (/', g'): Σ'5Z/2W—Σ'~*VΣ° when the coίibers
of any maps / ' : Σ t 5Z/2 m ^Σ° and gf: Σ'SZ/2W->Σ° (*^Λ a r e denoted by
X'm and Y'm respectively. In [5] these 4-cells spectra XYm and XΎ'm are writ-
ten to be XY2m and XYίm, and their KU- and .KO-homologies have been cal-
culated in [5, Propositions 1.2 and 1.3] when X—M or N, and Y=P, Q or /?.
Let Xm and F™ denote the coίibers of any maps / : Σ ι -> 5Z/2m and ^r7:
ΣJ5Z/2m->Σ° H the composite map g'/: Σ^^-^Σ 0 is trivial, then the maps
/ and gf admit a coextension h: Σ>t+:f+1->Yin and an extension k: Σ ^ m -* Σ°
so that their cofibers C(h) and C(k) coincide. Its coincident cofiber is denoted
by Y'Xm when a suitable pair (/ι, k) is chosen as in [5, (2.1) and (2.2)]. In
[5] these 4-cells spectra YfXm are written to be Y'X2m, and their KU- and
ifO-homologies have been calculated in [5, Propositions 2.3 and 2.4].

For any map / : Σ'SZ/2->SZ/2m we denote by XVm,n (m, n^l) the cofiber
of the map (/, iyj):J?SZ/2->SZ/2m\/J?-lSZ/2n-1 when the cofiber of the map
/ is denoted by Xm,x. We are interested in XVm>n only when X=M, N, P and
Q because the other cases are of little importance. Note that XVmΛ=XmΛ

and NVm,n = SZ/2mVVn whenever m^n. In [7,(2.2)] the small spectrum
PVm.n is written to be Un-i,m,i> Moreover we introduce new small spectra
NVk

m,n> PVt.n and QV^,n (m, w^l and ^^0) constructed as the cofibers of the
following maps respectively:

(3.1) gp—2kijv

Jrηjjv: Ίl~ιVn —> SZ/2m and

jjv: Vn-^SZ/2m.

Since 2n-1jv=vjv: Vn—Σ1, it is immediate that #ft=0, gp={l+iηj)r)jjv, gk

N~
ii)2jjv, gkp=yjjv and gl

N=2l(l+2n~l)i]v when &;>Min{m, w+1} and/<w. Hence
it is easily shown that

SZ/2mWn when k = n

NVm,n when ^^Min{m, n+1}

SZ/2kWVm+n-k when ^<Min{m, n)

PVmtn when ^^Min{m, n)

SZ/2k\/Wm+n-.k when &<Min{m, n}.

(3.2)

* γ m, n —



/TO-HOMOLOGIES OF A FEW CELLS COMPLEXES 281

For any map / : ΣιSZ/2n-*SZ/2 there exists a map h: Σlt+2SZ/2n->Vm

satisfying jvh=f if the composite map ιηf: J?+lSZ/2n->SZ/2m~l is trivial.
By choosing such a map h suitably we introduce a new small spectrum
VXm,n (m, n^l) constructed as the cofiber of its map h when the cofiber of
the map / is denoted by X^n- Evidently VX^n^H^Xi.n* Choose a map f̂ :
Σ±5SZ/2n^Vm satisfying jvξv=ηη, and then set ξv—ξvi'- Σ>5-*Vm. Such a
map ξv with jvξv—yjη is uniquely determined, although ςv is unique only up to
quasi i£O*-equivalences. We are only interested in the following new spectra
VQm.n, VRm,n, VKm,n and VLm>n (m, n^l) constructed as the cofibers of the
maps ξvj: Σ4SZ/2n->Vm, ξvηj: Σ5SZ/2n-*Vm, ξv: Σ5SZ/2n->Vm and ξr(ηΛl):
Σl6SZ/2n->Vm respectively. According to Lemma 1.5 the cofibers C(ξv) and
C(ξvη) have the same quasi KO*-types as the elementary spectra Mm and Nm

respectively. The cofibers C(ξvj), C(ξv) and C(ξv(ηΛl)) are given as those of
certain maps gQ: C(£F)->Σ6, gK * ΣϊG-^C(ξv) and gL: Σ 7 - * ^ ^ ^ ) , which induce
£$(1) = 2n G KO6C(ξv) s Z, ^^(1) - 2*-1 G KO6C(ξv) s Z and gL*Q) = 271"1 G
KOΊC(ξvη)=Z. Applying Propositions 4.1 and 4.2 and the dual of Proposition
4.5 established below we can observe that

(3.3) the small spectra VQm>n, VKmf7l and VLm,n are quasi KO^-equivalent to
Σ5#n+i,m+i, Έ6P'n-i,m+i and MVm>n respectively. In particular, Qun, Kί>n and
Lι,n are quasi /TO*-equivalent to Σ3^n+i,2, Σ^ή-i^and Σ 6 MF 1 > n respectively.

3.2. We can easily compute the KU- and /ΓO-homologies of the new small
spectra Y=XVm,n, QV°m,n and VRm,n (m, n^l) for X=M, N, P and Q, where
XVmtl=XmtU QVt. !=(?&.! and VrΛ1>Λ=Σ1/?i.n.

PROPOSITION 3.1. i) The KU-homologies KU0Y, KΌtf and the conjugation
ψcι on KUoYQKUiY are given as follows:

= MVm,n NVm,m PVm,n QVm,n QV°m,n

^ Z/2m Z/2mφZ/2n Z/2m0Z/2n Z/2m

^ Z/2n 0 0 Z/2" 0

&= (o - i ) (o I) (o l ) (o l) (o - I )

ii) The KO-homologies KOXY (0^'^7) are tabled as follows:

Y\i = 0 1 2 3 4 5 6 7

MVm,n Z/2m (*)n Z/20Z/2 Z/2nφZ/2 Z/2m+1 Z/2 0 Z/2n~ι

NVm,n Z/2™@Z/2n~ι Z/2 (*)nφZ/2 Z/2φZ/2 Z/2m+1φZ/2w Z/2 Z/2 0
(m>n)
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PVm,n Z/2m®Z/2n-1 Z/2 (*)m0Z/2 Z/2 Z/2m'ι®Z/2n 0 Z/2 0

QVm,n Z/2m Z/2n~λ®Z/2 (*)m (*)n Z/2m'ι@Z/2 Z/2n Z/2 Z/2

QV°m,n Z/2m Z/2n Z/2 Z/2 Z/2m Z/2n Z/2 Z/2

VRm,n Z/2m0Z/2 Z/2 Z/2n0Z/2 Z/2 Z/2W+1 Z/2 Z/2n+1 Z/2

in which (*)i = Z/4 and (*)^Z/20Z/2 if 1^2.

For the small spectra QV°m>n and Σi'Q'lm their KU- and #0-homologies
are equal, but their ifT-homologies are not equal. In fact,

(3.4) i) KTliQVl,n**Z/2m0Z/2n , Z/2n+1, Z/20Z/2, Z/2W+1 according as ι =
0, 1, 2, 3 when ?2^2;

ii) KTM,n = Z/2m®Z/2, KTiQZ.nSsZ/4, Z/4 or Z/20Z/2 when
1, n>m=l or otherwise, KT2Q£,n^Z/2n®Z/2 and /CT3Q^n

Z/2w0Z/2π or Z/2m"10Z/2π + 1 when m>n, m=n or m<n.

3.3. Consider the maps

l ^N'm and
(3.5)

where the map h'N: ^2-+N'm given in (1.12) satisfies jf

Nhr

N—ι and 2m/*^=
4ίy2. Since it coincides with the cofiber of the map ιυrf j \ ^ιSZ/2m-^Unt the
cofiber C(φn) is quasi ifθ*-equivalent to the small spectrum Σ 4 F/? n , w con-
structed as the cofiber of the map ξvηj: Σ95Z/2m->Σ4T/

7i. On the other hand,
the cofiber C(φn,0), denoted by N'Nntm (m, w^l), has the following KU- and
KO-homologies:

PROPOSITION 3.2. i) KUQN'Nn, m s Z/2n0Z/2w on which Φd1=(l _^
and KUtN'Nn.^0.

ii) KOiNfNn,m^Z/2n^\ Z/2, Z/2m+1, Z/2 according as i=0, 1, 2, 3 mod 4
unless (m, n)=(l, 1), αnrf KOtN'N^Z/4, Z/2, Z/4, Z/2, Z/20Z/2, Z/2, Z/4,
Z / 2 according as i=Q, 1, •••, 7.

Denote by £m (m^l) the cofiber of the map 2m~1(5Λ/): Σ
->Σ°» which has the same quasi ifθ*-type as the elementary spectrum R'm.
Then there exists a cofiber sequence

pf

R

(3.6) CO?) >

where i : R'm-*C{Ύj)/\SZ/2m is the canonical projection. Using the map/π,* =
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(2*+2n, 2k~H): Σ°-^Σ°VC(9) we here introduce a new smalljφectrum Rr

n,k.m
constructed as the cofiber of the composite map p'Rj'n,k: Σ 0 ^ ^ m Assume that
l<Lk<m. Then the small spectrum R'n,k,m coincides with the cofiber of the
map hntk,m=:2m+n-k-1Jv(2n + 2k)]v: C ( ϊ ) V Σ " % - Σ ° because j'RpRfn.k =
2*-1(ιΛi): Σ 0 ^C(ί0ΛSZ/2 m . Note that hn,ktm^2sλV2njv, 2*λ\/Q or 2sIv2*;V
according as k>n, k — n or k<n where s=m+n — k — l. When k=n the cofiber
C(Λn.ft.m) is evidently the wedge sum ί/ m VF n , and when k>n it coincides
with the cofiber of the map (2m, 0): C ( ^ C ( 2 V ) = C ( ^ ) V S Z / 2 \ When &<w,
it is given as the cofiber of a certain map ln,k,m'- C(?j)-^C(2kjv) which is quasi
iTO*-equivalent to the map 2s+1iR: Σ 4 - > Σ 4 ^ . Consequently we observe that

(3.7) whenever l^k<nι the small spectrum R'n>k,m has the same quasi KO*-
type as Σ4SZ/2wVSZ/2n, Σ>4VmWn or Σ4#m+n-*,* according as k>n, k = n
or k<n.

When k>m the map /Λ>jfe=(2*+2n, 2k~ιΐ) is replaced by the simpler map
/ n = ( 2 n , 0). Thus the small spectrum R'n>ktW/ is constructed as the cofiber of
the composite map pf

Rfn: Σ ° - ^ m Therefore it coincides with the cofiber of
the map (2m-1iλ, 2 m ): C(rj)-+SZ/2nVC(η) when 6>Min{m, n]. Since it is the
cofiber of the map 2m-1i(λΛj): Σ"1C(^)ΛSZ/2m-^5Z/2π, we see that

(3.8) the small spectrum R'n,k.m has the same quasi KO*-type as R'n.m whenever

We here rewrite the small spectrum Λή.m.m to be R'Rnim,- Since it is
obtained as the cofiber of the map 2mΊvju\ ^~lUm-*Vmt the small spectrum
R'Rm.m is quasi /£O*-equivalent to the small spectrum constructed as the cofiber
of the map ivη-η2]V: Σ>3Vm->Vm or irf-fj: ΣδSZ/2->Σ2SZ/2 according as m>2
or m—l. In particular, R'Ri,i has the same quasi /fθ*-type as Σ 2 # ί . i By (2.2)
and (3.8) we note that the small spectrum R'Rn,m has the same quasi KO*-
type as SZ/2nVΣ 45Z/2m when n<m.

PROPOSITION 3.3. i ) KUQR'Rn m = Z/2n φ Z / 2 m on which ψά1 = 1 and

ii) K0tR'Rn,m=Z/2n+1 φZ/2 7 7 1" 1, Z/2, (*)w, Z/2 according as i = 0, 1, 2, 3
mod 4 u/Λβn m<n or m=n^2. Here (*)x^Z/4 and (*)m^Z/2φZ/2 ι/ m^2.

For the small spectra R'Rm,m and VmVΣ>4Vm (m^2) their /if£/-., iίO- and
J^T-homologies are all equal, but their induced homomorphisms by τ: ^KT^
KO are not equal. In fact, the induced homomorphisms r*: KTuR'Rm.m-*
K02i+1R'Rm,m (m^l) are represented by the following rows T 2 ι + 1 :

T 1 = ( 0 1): Z/2 m 0Z/2 w — ^ Z/2, T , = ( l 1): Z/20Z/2 — > Z/2,
(3.9)

T B =(1 0): Z/2 w eZ/2 m — ^ Z/2, T 7 =(0 1): Z/20Z/2 — > Z/2.
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4. The cofibers of maps / : Σι-Xm and / ' :

(1

(4

4.1.
.12) we

ξ

•1) 9

I

Using
set

u=pr.

M = PP.

M = PP.

the

Mξp

MPP

MJp;

maps

: Σ 2 -

: C{η)

: s^c(

PP.M

—

v ) -

: P-+M.

my ζN

Mm,

+ Mm,

m and PQ, N :

PQ' NζQ 2mi

PN~~PQ, NPQ

AN==PQ, N%Q

Q-

?)—^

given i

These maps satisfy jMξM=2=jNξN> jMpM=ηjj> JNPN=JJ and jMλM=λ=jNλN.
Recall that K0iMm^Z/2m, 0, Z0Z/2, Z/2, Z/2m + 1, 0, Z, 0 according as ι=0, 1,
•••,7.

PROPOSITION 4.1. For αnj mα/) / : Si-^AMm (O^i^Ί) its cofiber C(f) is
quasi KO^-equivalent to the wedge sum Σ u l V M m or the following small spectrum
Yι: i ) F 0 = Σ 1 V M , ( 0 ^ K m ) ; ii) Y2 = MPmt Pί,n+ιVj?SZ/q or P&,n+ιV
Σ?SZ/q (n^O); in) Ys=MQm; iv) Y^MRm or Σ X V Σ 4 M , (0£k<m); v) Y*=

(72^0) where q^l is odd.

Proof. Consider the following maps gOtk—2kiMι: *Σ?-i>Mm, gi=iMfj'. Σ2—•

Mm, ^ 2 , r t = 2 Λ ^ : Σ 2 ->M m , gί,n=2nJM+iMV - Σ 2 - M m , gz=iMηη : Σ 3 - M m , ̂ 4 , , =
jf: C{τj)-*Mm and ^ 6 > n = 2 n ^ : Σ 2 C ( ? ) - M m . The cofibers Cfe4)fe) and

6.») are given as those of certain maps h4>k: Σ°—> C(2kpP) and /ι6(n^ Σ°—*
C(2nIP). Here the map h4tk is ΛΌ*-trivial whenever 0^y^<m, and Λ6tΛ is quasi
iίθ*-equivalent to the map 2mίM: Σ ° - ^ Σ " 2 M n . Hence they have the same
quasi ift9*-types as Σ ^ Σ 4 ^ * and Σ~2^ή,m+i respectively when 0^k<m and
w^O. Moreover the cofiber C(g4,m) has the same quasi JTO*-type as MRm

because the map g4>m is quasi /ίTO*-equivalent to the map iMr}rf\ Σ 4 - ^ M m
Since the remaining cofibers are easily observed, our result is shown.

Recall that KOiNm^Z/2m, Z/2, Z/2, Z0Z/2, Z/2m + 1, Z/2, 0, Z according as

PROPOSITION 4.2. For any map f: Si->ANm(0^i^7) its cofiber C(f) is
quasi KO ̂ -equivalent to the wedge sum Σt+1VΛfm or the following small spectrum
Y^: i)Yo=Ί:1VNk(0^k<m); ii) F 1 = Σ 3 V M m ; iii) Y2=NPm; iv) Ys=NQm,
Q'm,n+iVΣ>zSZ/q or %n + iVΣ 3 5Z/^(n^0); v) Y4=NRm or Σ V M ^ K
m); vi) r B = Σ 7 V M r o ; vii) Y,=MVm,n+1V^SZ/q (n^0) where q^l is odd.

Proof. Use the following maps go,k—2kiNi: Σ°-^iVm, gi=iNiy. Σ 1 -• Nm,

^Nm and ^ 7 > 7 l = 2 n J ^ :
. By a similar argument to the proof of Proposition 4.1 we can

easily show our result.
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4.2. Consider the following cofiber sequences

λp. Q PQ.P ip]p ^Q,R PR.P 1QJP

-Σ*P-^Qm—+pn^>Σ*p and Σ2Q —> Λm — ^ Pm —> Σ3Q

and then set

fρ — λptQζp\ 2 4 > Qm> ζRz=^Q,RζQ%' Σ J 5 > Rm >

(4.2) pQ=λp.QpP: Σ 2 C(ί?)—-*Q W , p Λ = * Q i Λ j 5 ρ :

ϊg=Λp.β2p: Σ 4 C ( ? ) — > Q m , J Λ = ^ i Λ J β :

These maps_ satisfy yρ£ρ=2 = ;*£*, ; ρ / o ρ = ηjj, jRpR — jj and jQλQ = 1 = jRλR.
Denote by Qm and ΛTO (m^l) the cofibers of the maps ηjj: Σ~ιC(η)-*SZ/2m

and rjηj] : C(η)-*SZ/2m

y which have the same quasi ϋfO^-types as the elemen-
tary spectra Qm and Rm respectively. Choose maps hQ: Σ°-^ζ?m and hR: Σ 1 ^
Rm satisfying jqhq—χ—jRhR> hqfj—ιqηj and hRη—iRrjηj where ιQ: SZ/2m-*Qm

and ιR: SZ/2m —>Rm are the canonical inclusions, and j Q : Qm^C(η) and j R :
Rm—**ΣΛ1C(ΪJ) are the canonical projections. We moreover choose a map ξQ:
C(τj)^Qm satisfying jQξQ=2 and lρ(lΛy)=ϊρ/0i.w(;Λ5i). Recall that KOiQm =
Z®Z/2m, Z/2, (*)m, 0, Z0Z/2 7 7 1- 1, 0, Z/2, 0 according as /=0, 1, •••, 7 where

and (*)m^Z/2®Z/2 if m^2.

PROPOSITION 4.3. F<?r αw^ mα/> / : Si-*AQm (O^i^Ί) its cofiber C(f) is
quasi KO^-equivalent to the wedge sum Σ*+ 1Vζ?m or the following small spectrum
Yι: i)Yo=ΣιQVSZ/2k (0£k<m), PVm,n+ί\/SZ/q (n^O) or SZ/2kVWm+n+ί-k\,
SZ/q(0^k<Min{m, n+1}); ii) Y,=MQm; iii) Y2=NQm or Σ 4 V P m ; iv) F 4 =

Ψi+i ( 0 ^ * < m - l ) , Km,n+1VSZ/q (n^O) or Σ 4 F .
—1, n}); v) F 6 = Σ ° V F m wΛβrβ ^ ^ 1 w odd.

Proof, Consider the following maps go,k=2kiQi: Σ°-»#m, go, n=2nhQ : Σ°

i: Σ ° - 0 m , gi=iQiη: Σ 1 - © * , g * i * Σ 2 Q

-<?m, gί.n.k=2nςQ+2kϊQiλ: C{rj)-^Qm and ^ β = j 5 g : Σ 2 C ( ^ ) - ρ m . The cofibers
C(gΌ,n), C(^o.n.jk), C(^4,n) and C(gί,n.*) coincide with those of the maps fjjjr:
Σ-Ύn+i-^SZft", ηjjvΛ-2Hjv: YrιVn^-SZI2™y phm(JΛrj): Σ^CtyΛSZft**1

SZ/2m and pi,m(jΛf})+2ki(λ/\j): Σ"1C(^)ΛSZ/27 l + 1—SZ/2W respectively. When
0<*n<k, both of the first two cofibers are the small spectrum PVm,n+1 since
yjjjv-\-2n+1ijv=(l-\-iηj)ηjjv. Moreover the second cofiber is the wedge sum
SZ/2k\/Wm+n-k+i whenever 0<*k^n, because it is obtained as the cofiber of
the map (0, irj + rjj): Σ'SZ/2-*SZ/2 kVSZ/2m + n ' k. Since the maps ρum(JAη)
and pi,m(j Λτ})+2ni(λΛj) are quasi KO ^-equivalent to the maps rjfj and ηη +
iη*η=(\+tηj)i)η: Σ35Z/2n + 1—SZ/2m, both of the last two cofibers have the
same quasi 7iT0*-tyρe as the small spectrum Kmtn+ι when 0<,n£k. Moreover,
according to Lemma 2.3 the last cofiber has the same quasi KO*-tyρe as the
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wedge sum Σ4Vk+iVWm + n.k whenever Q^Lk<Mm{m—l, n). Since the remain-
ing cofibers are more easily observed, our result is established.

Recall that K0xRm^Z/2m, ZφZ/2, (*)TO, Z/2, Z/2m~\ Z, Z/2, Z/2 according
as ί=0, 1, •••, 7 where (*)i^Z/4 and (*)w^Z/2®Z/2 if m>2.

PROPOSITION 4.4. For any map f: Si->ARm (0^z^7) its cofiber C(f) is
quasi KO^-equivalent to the wedge sum Σ * + 1 V # m or the following small spectrum
Yi i) Kβ = Σ1VΣβVSZ/2* ( 0 ^ * < m ) ; ii) Yι = MRM, QVm,n^\J^ιSZ/q or
OVrίi.n+1VΣ1SZ/^(nS0); in) Y*=NRm or Σ 5 VP m ; iv) F 3 - Σ 5 V Q m ; v) Y*=
Σ 1 V Σ 5 V Σ 4 F , + 1 ( O ^ ^ < m - l ) ; vi) Y*=Lm.n+lV??SZ/q (Λ^O); vii) F . = ^ V
P m ; viii) Fv^Σ'VQm where q^l is odd.

Proof. Use the following maps go,k
:=2kij^: Σ°-*^m, £ i = W 7 : Σ 1

=2 Λ Λ Λ : Σ 1 ^ Λ», g'u n=2nhR+ϊRiη : Σ 1 - Λw, gt=i&η*: Σ 2 -^ Λ«, 5rί

/?W and ^ 7 = ^ (
Then we can easily show our result by a similar argument to the proof of
Proposition 4.1.

4.3. Note that the elementary spectrum M'm is quasi ZfO*-equivalent to
Σ^m+i We can choose a map ξP: Σ3-^Pm+i (m^l) satisfying jPξP=2 whose
cofiber is the small spectrum i/m+1>1. In other words, there exists a map />:
Σ^m+i. i-^Σ 3 whose cofiber is Pm+1. Since the map fP: Σ ' ^ i - ^ Σ 8 is pati-
cularly quasi ΛΌ^-equivalent to the map ηrj: Σ 5 S Z / 2 ^ Σ 3 we notice that

(4.3) the elementary spectra M[ and Mx are quasi KO*-equivalent to Σ 4 Qί and
Σ 2 Qi respectively.

Recall that KOtM'm^Z9 Z/2m+ι, Z/2, Z/2, Z, Z/2m, 0, 0 according as /=0, 1, - , 7.

PROPOSITION 4.5. For any map f: Si-*ΔM'm (0^i£7) its cofiber C(/) is
quasi KO^-equivalent to the wedge sum Σ ι + 1VM'm or the following small spectrum
Yτ: i ) YQ=Mn,mVSZ/q(n^0); ii) Yι=PVΣt

ιSZ/2k (0^k<m); iii) r β = M / M T O

iv) yv=M'ΛΓw; v) K4=Σ 1 ί ί« + i .» + iVSZ/^(n^0); vi) Ys=
where q^l is odd.

Proof. Use the following maps gOt n=2ni'M : Σ ° - M ^ gltk=2kh'M : Σ 1 - ^ ,
g2=h'Mη: Σ 2 - M ; , gs=h'Mη*: Σ 3 - M i , ^ . n = 2 ^ F : Σ 4 - Σ 1 / 3 » + i and * β i l k =
2kh'Mλ: ^Ciη^MU. Then our result is easily shown.

We can choose a map ^Λ :̂ C(η)-^Nf

m satisfying pN,tQp'N—'pQ so that its
cofiber is the elementary spectrum V'm obtained as that of the map 2m~1j:
Σ " 1 C ( ^ ) - > Σ 2 , where the map pN>tQ: N'm-^Q is given in (1.12). In other
words, there exists a map f'N: m~lVf

m-*C(Yj) whose cofiber is N'm. Since the
map f'N: Σi^Vί-^Ciη) is quasi iί:i9*-equivalent to the map η2η: Σ 75Z/2->Σ 4,
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we notice that

(4.4) the elementary spectra N[ and Ni are quasi /f0*-equivalent to Σ 4 ^ ί and
2 2 ^ i respectively.

Recall that KOiN'm=Z, Z/2, Z/2m+1, Z/2, ZφZ/2, Z/2, Z/2m, 0 according as i=
0,1, - , 7 .

PROPOSITION 4.6. For any map / : Sf-ΔΛTm (0^ι'^7) its cofiber C(/) is
quasi KO^-equivalent to the wedge sum ΣZ+1V-Λ/"™ or the following small spectrum
Yτ: i) Y0=Nn,mVSZ/q(n^0); ii) r , = P V Σ ! S Z / 2 n ; in) Y2=QVl}2SZ/2k (0£
k£m); vr)Y* = N'Mm\ v)Y, = N'Nm, Σ ^ V SZ/q, ^VRn+unV SZ/q or
N'Nn+ί,mVSZ/q(n^0); vi) Y,=PVΈ6Vm; vii) Y6=Q\ZΣ>«Vk+1(O£k<m) where
q^l is odd.

Proof. Consider the following maps go,n=2ni'N: Σ 0 ^ N m , £ 1 = * ^ : Σ 1 - ^
N'm, g*,k=2kh'N'.J?->N'm, g>=h'Nη:Σl*-*Nί» g*

N'm9 gί,n=2np'N+h'NVjy. C{τj)-*N'm, g5=p'N(VΛl): HιC(rj)-*Nr

m and gtth

=2kh'Nλ: Σ2C(τj)->N'm- The coflbers C(g4,0) and C(^, o) are given as those of
certain maps h4t0 and h'4t0: Σ" 1 C(^)-^Σ 2 , both of which are quasi KO*-equi-
valent to the map 2m'1j: Σ ' ^ C ^ Σ 2 . Hence they have the same quasi KO*-
type as V'm. When n ^ l the maps gi>n and gί,n may be replaced by the maps
φn—2n~ιif

Nλ and φn,o=::2n~1i/

NλJthr

Nηηj given in (3.5). In fact, these maps φn

and φn,Q are respectively quasi ifθ*-equivalent to the maps g4,n and gf

A,n when
n ^ 2 , and φγ and 0 l t O are respectively quasi AΓO^-equivalent to the maps g'4tl

and g4>1. Since the remaining coflbers are easily observed, our result is shown.

4.4. Using the map pQtq>: Q-^Qm given in (1.12) we set

PQ=PQ.Q'£Q- Σ 3 — > 0 m , P'Q=PQ.Q'PQ. C{η)—>% and
(4.5)

These maps satisfy JQ$'Q = 2/, /ρjόρ = 0 ; and j'όλ'q—ίλ^ Moreover we choose
maps hq\ Σ5-^0m and hQ: Σιb->Qm satisfying j'qh'q^irf and j'qhq—r) as in [5,
(2.1) and (2.2)]. Recall that KOtQ'm=Z, Z/2, 0, Z/2m~\ Z, (*)w, Z/2, Z/2m ac-
cording as ί=0, 1, •••, 7 where (*)x^Z/4 and (*)m^Z/2φZ/2 if m^2.

PROPOSITION 4.7. For any map f: St -> ΔQf

m (0^2^7) its cofiber C(f) is
quasi KO ^-equivalent to the wedge sum Σt+1Vζ?m or the following small spectrum
IV. i) Yo^Qn.rrvVSZ/qin^O); ii) Yί=PVΣ>3SZ/2m iii) r 3 = Σ 4 V Q L i ((K&<
m-1); iv) Yt=Σ*MVn,mVSZ/q(n^0); v) F 5 = P V Σ ^ m or Q'Pn\ vi) F 6 -
O'Q,^; vii) YΊ=Q'Rm or Σ 4 V Σ 4 0 ί + i (0^y

Use the following maps go,n=2niq: Σ°-^0m, gi=i'Qη:
e ; 2n' C{)* Q'm, gs=hQ: Σ 5 - Qίι, 5rί
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QL, gί'=hQ+h'Q: Σ 5 - ^ , g*=hQη : Σβ-><?ίι and gΊ, k=2%: Σ ' C O ? ) - ^ . Then
we can easily show our result by a similar argument to the proof of Proposi-
tion 4.1.

4.5. Consider the following cofiber sequences

^P,R PR.Q 1PJQ
2(? and Σ 2 ^ — > R — > Q — > Σ 3 Λ

and then set ξR=λPtRξP: Σ4-*R, ρR=λQ,RρQ : ΈιC(η)—R and λR=λPtRλP:
-+R where R denotes the cofiber of the map rf : Σ 3->Σ° Since the elementary
spectrum R'm is related to R by the following cofiber sequence

we get maps

ξR=pR,R>ξR:Σ*—>R'm, Pk=PR.R'pR:HlC(7i)—+R'M and
(4.6)

ϊR=pR.R>λR:

which satisfy j'RξR=2i, jRpR=ijj and 7 ^ = /J. Moreover we choose maps
A«: Σ 5 - ^ m and hR: Σ 6 - ^ m satisfying jRhί=iη and /£ΛΛ=?ί as in [5, (2.1)
and (2.2)]. Using the map pR: Σ°VC(^)^/?m given in (3.6) we here set

j£=pi(2, 1): Σ° —-> Λί., f i=Piα, 2): C(^) — ^ Λ; and
(4.7)

ft=Pi(0, 1): CO?)—>/?;.

These maps satisfy ;^Λ=iΛί, jili=2(lAi)and ;ΛΪCΛ=lΛί. Recall that KOιR'm
^Z®Z/2m, Z/2, Z/2, 0, Z0Z/2"1"1, Z/2, (*)m, Z/2 according as ί=0, 1, ••• , 7
where (*)i=Z/4 and (*)m^Z/20Z/2 if m^2.

PROPOSITION 4.8. For any map f: Si->AR'm (0^i<7) its cofiber C(f) is
quasi KO^-equivalent to the wedge sum Σt+1Vi?m or the following small spectrum
Yt: i)Y0 = R'Rm, Σ 5 VΣ 4 i ? ί + i (0^Km-l) , Rf

n,mySZ/q (n^
SZ/2nVSZ/q(0^n^m-l), Έ4VmVVnVSZ/q (l< n < m-1), Σ
SZ/q(Q^k<Min{m-l, n-1}) or R'Rn.m\/SZ/q (n^m); ii) r !
iii) F2=QVΣ4SZ/2m: iv) F 4 = Σ 5 V ^ + i (0^fe<m

Σ4SZ/2WVΣ4FΛV5Z/^ ( l^n^m-1) or
, n-1}); v) F 5 = P V Σ 4 F m ; vi) F 6 - 0 V Σ ^ , ^ R'Pm) vii) F 7 =i?'

where q^l is odd.

Proof. Consider the following maps go,n—2nϊR: Σ°^^m, gΌ,k=2kλ'R:
R'm, go.n.k=2nj'R+2kλR: Σ 0 - ^ ; , ^ i = ί i ? : Σ 1 - RL g*=W: J^-* Rί, g
2nκR: C{r))^R'm, g'*,k=2kξ'R: Σ 4

1):
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Σf-*R'm and gΊ-hRη\ Σ 7 ^ # m The coίiber C(g4,n) coincides with that of the
map h4,n=(2m-%2m(lAi)): C(r))^ Σ°V(C(?)ΛSZ/2n). When n£m it is the
wedge sum Um\/(C(7j)ASZ/2n)y and when n>m it is obtained as the coίiber of
the map 2 n "UV2 m - 1 I(lA;): C(^)V(Σ"LC(ί)ΛSZ/2m)-^Σ 0 which is quasi KO*-
equivalent to the map kA,n — 2n~1λ\/7]2η : C(^)VΣ3SZ/2W -+ Σ°. The cofiber
C(&4.τι) is given as that of a certain map U,n: Σ 3SZ/2W —>Un which is quasi
iTO*-equivalent to the map q4>n=2m-1ivij: Σ 3 SZ/2 m ->Σ 4 ^n. A s i s easily seen,
the cofiber C(q4>n) is the small spectrum Σ4AΓFra,m. Since go.n,k = p'R(2k+1+2n,
2ki)t its cofiber C(gQt7ltk) is exactly the small spectrum Rf

ntk+i,m From (3.7)
and (3.8) we recall that it has the same quasi #O*-tyρe as Σ4SZ/2mVSZ/2n,
Σι4Vm\/Vn or Σi^Rm+n-k-i.k+i according as n<k+l^=m, n = k-\-l<m or k+l<
Min{ra, n). And R'n,mtm is written to be R'RUtm when n^m. Assume that
0£k<m-l. Since ^ > n . * = P/e(2*5, 2*+ 1+2n), its cofiber C(^4.n.*) is given as the
cofiber of a certain map h4>n>k: C(η)-+ C{φntk) where φn,k=(2kλ, 2* + 1 +2 n ) :
C(9)-*Σ°VC(9). Note that C(φn,k) is Σ°V(C(^)ΛSZ/2n) or Uk+1VC(rj) accord-
ing as k^n or k — n—1, and it has the same quasi JCO*-type as i?i+i when
k£n-2. Then the map Λ4f».* is expressed as (2m~% 2m(l/\i))\ C(^)->Σ°V
(C(yj)ASZ/2n) when ^ ^ n , and as (0, 2 m ) : C{η)-> UnVC{η) when fc=n-l.
Therefore the cofiber C(h4,n>k) is the wedge sum Um\J(C(η)/\SZ/2n) or Z7nV
(C(rj)ASZ/2m) according as k^n or k = n—l. When k£n—2 the map Λi.n.*
is expressed as - ί n . * ( 0 , 2m+n-k~1): C(η)^C(φn,k) where 2n,*: Σ,°VC(rj)->C(φn,k)

is the canonical inclusion. So its cofiber coincides with that of the map h,n,k —
{2% (2* + 1 +2 w )( lΛ0) : C(η)-> Σ°V {C{?i)ASZ/2m+n-k-1) which is quasi KO*-
equivalent to the map q4,n,k=(2kϊ, 2k+1i): Σ 4 ^ Σ 4 C ( ^ ) V Σ 4 S Z / 2 m + r i - * " 1 . Since
it is obtained as the cofiber of the map i(2m+n-k-\ 2kj): Σ 4 VΣ 3 SZ/2* + 1 ->
Σ 4 C(^), the cofiber C{q4,n,k) is the small spectrum Σ 4 ^ F m + n _ Λ _ i , f e + 1 . Thus
C(A4.n.*) has the same quasi ϋΓO*-tyρe as Σ 4^ym + w-fe-i, *+i when 0 <; & ^
Min{m—2, n—2}. Since the remaining cofibers are easily observed, our result
is established.

4.6. We first consider the maps hM: Σ 5 ^ M ^ , hN: Σ 5 — ^ , A^: Σδ-*Qm
and A«: Σ5-^^m satisfying jf

MhM=ηη2, jlίh^fiη, JQ^Q^V2 a n d JR^R^V a s

in [5, (2.1) and (2.2)]. The cofibers of the maps hM, ίiN, hNη, h'Qi h'R and hRη
are denoted by M'Rm, N'Qmi N'Rm, Q'Nn, R'Mm and R'Nn respectively. Ac-
cording to Propositions 4.5, 4.6, 4.7 and 4.8 we observe that

(4.8) the 4-cells spectra M'Rm, N'Qm> N'Rmy Q'N^ R'Mm and R'Nm are quasi
UΓO*-equivalent to the wedge sums PVΣ>δVm, P V Σ 6 ^ W , <?VΣ6FTO,

and QVΣ>4Vm respectively (cf. [5, Corollary 4.5]).

On the other hand, it follows from Proposition 4.3 that

(4.9) the cofiber of the map iQ6v: Σ4-^0m+i (m^l) is quasi jKΌ*-equivalent to
the wedge sum
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Consider the maps ιPiη : Σ 1 —> Pm, iptη2: Σ 2 —* Pm, hP\ Σ 5 -* P'm and
Σ 6-*^m whose coίibers are respectively denoted by MPm, NPm, P'Qm, and P'Rm

where the map hP satisfies j'Php=ήη as in [5, (2.2)]. Since Pm+ί and P'm+i
have the same quasi ifθ*-tyρes as ^Σι~ιM'm and *Σ2Mmy Propositions 4.1 and 4.5
imply that

(4.10) i) the small spectra MPm+ι, NPm+u P'Qm+i and P'Rm+1 (m^l) are quasi
#O*-equivalent to TΓιM'Mm, Σ - 1 M W m , Σ2MQm and Σϊ2MRm respectively,
and dually

ii) the small spectra M'P^+u N'P'm+u Q'Pm+i and R'Pm+i (m^l) are quasi
UΓ0*-equivalent to JjxMfMm9 N'Mm, M'Q'm and MfR'm respectively.

Moreover we notice that

(4.11) i) the small spectra P'QX and Q'PX have the same quasi #O*-type as
the elementary spectrum P,

ii) the small spectra P'RU R'PU Σ ' M Λ and Σ^M'Pί have the same quasi
iίθ*-type as the elementary spectrum Q, and

iii) the small spectra Σ W Λ and N'PΊ have the same quasi /ίθ*-type as
the wedge sum Σ ° V Σ 4 .

Choose a map pP: Σ25Z/2-> P ^ + 1 (m^l) satisfying jPρP = pum+i whose
cofiber is P'm, and then consider the map gΆ,n—2npP+pPj: C(η)-> P'm+ι where
PP=PP,P'PP' C(^)->F^Pm+i and it satisfies pPjP=iηjj. According to Proposi-
tion 4.1 the cofiber C(g[,n) has the same quasi KO*-tyρe as Σ2^m,n+i On the
other hand, it is obtained as the cofiber of a certain map K>n\ C(jpgi.n)-+Σ°
where CU'pgί.n) has the same quasi KΌ*-type as M'm. Applying the dual of
Proposition 4.1 we can verify that it has the same quasi Zft9*-type as P'£+i,m.
Consequently it follows that

(4.12) Σ2^m,π (m, n ^ l ) are quasi iίθ*-equivalent to Pί,m.

By virtue of (4.3) and (4.4) we can compare Propositions 4.1, 4.2, 4.5 and
4.6 with Propositions 4.3, 4.4, 4.7 and 4.8 to observe that

(4.13) i) the small spectra MQU MRX and NRX are quasi ΛΌ*-equivalent to
Σ'Mζ?!, ΣW<?! and Σ?NRX respectively,

ii) the small spectra M'MU M'NU N'MX and N'NX are quasi KO*-equi-

valent to Σ'Q'Qu H'Q'Ru Ί^R'Qi and Σ'R'Ri respectively,
iii) the small spectra PVhn+1, QVUn+1 and QV0

hn+1(n>0) are quasi KO*-
equivalent to S ^ U + i , Σ2Qί,n+i and Σ>2QΊ,n+i respectively,

iv) the small spectra H2,n+u ^i.π+i and L1>n+1 (w^O) are quasi KO*~
equivalent to Σ3Qή.i, Σ 4 ^ n , 2 and Σ 6 M F 1 > 7 1 + 1 respectively where (?ί.i=Σ35Z/2
and Pί.2=Σ 2 5Z/4, and

v) the small spectra VRnΛ and N'Nntι(n^2) are quasi Zf0*-equivalent
to R'n,ι and ^R'Rn.i respectively, and VRltU R'RU1 and Σ*N'Nhl are
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quasi /ίθ*-equivalent to Σ2^ί, i

5. The quasi KO*-types of a few cells spectra.

5.1. For any finite CPF-spectrum X we denote by #X the number of all
the cells in X. Let (X, Y) be a relative CW-spectrum such that X is obtained
from Y by attaching one (/+l)-cell, thus X=YVJeJ+1. For any map / : Σ * — ^
there exists a map g: Σι~ιC{πf)-^Y whose cofiber C(g) coincides with C(/)
where π: X-^Σ1J+1 denotes the collapsing map. Assume that dim F ^ + l ^
k+1. If j<k — ly then any map / : *Σk--*X is always S£?*-trivial. If j — k — l
or k, then C ( π / ) = Σ J + 1 V Σ H l or Σ>J+1SZ/t for some ί^ l . Therefore, in order
to determine the quasi ϋΓO*-types of any CW -spectra with O+l)-cells it is
sufficient to deal with the cofibers of the following maps:

i ) any SQ*-trivial map / : Σ * - ^ ,

(5.1) ii) any map g: Σ>JSZ/2m-->Y and

iii) any map g: Σ^VΣ*—>Y with k=j or j+1

where #X=n, #Y — n—l and dim Y ^.j+1. For any graded abelian group
G={Gi\ the wedge sum V Σ z 5 G t of Moore spectra is simply written to be SG.

LEMMA 5.1. Let X be a CW-spectrum having the same quasi KO*-type as
Y=SAV(PΛSB)V(QΛSC) with ^ = { ^ 0 ^ 7 , B={Bj}oijsi and C={C*}Os**8
free. If any map f: S0->X is SQ*-trivial, then its cofiber C(f) is quasi KO*-
equivalent to one of the following spectra Σ V F , F-7,i,*, Y-6.*.2 and Y^u-z
where F - u ^ V Σ ^ F V Σ 1 ^ F- 6 )* l 2VΣ 6=FVΣ 2(? and K 2 i l,- 8VΣ sί?=^VΣ 2V

Proof. The cofibers of the maps ιQη: Σ°—Σ" 1 © and (η\ iQη): Σ°—Σ" 2 V
Σt~ιQ are the wedge sums Σ ' V Σ " " 1 ^ and Σ ' ^ V Σ " 1 ^ respectively where R
denotes the cofiber of the map ηs: Σ 3~*Σ° In these cases they are quasi
i£O*-equivalent to the spectrum F 2 ) 1 ,_ 3 . Now our result is easy.

If any map / = ( / i , Λ) Sk->S0VY is SQ^-trivial, then there exists an SQHe-
trivial map g: Σ" 1C(/i)->F whose cofiber C(g) coincides with C(/). Note that
C(/i) has the same quasi ifO^type as the elementary spectrum P or Q unless
/i is iCOnc-trivial. By the aid of Lemmas 1.2, 1.5 and 2.4-2.7 it is verified that

(5.2) the quasi KO*-tyρe of C(/) is completely determined when Y=ΣltSZ/2m

or Σ ^ m and /=CΛ, / a ) : 5,->S0VF is SQ*-triviaI.

As is easily seen, we obtain

LEMMA 5.2. For any map g: Σ 'VΣ*->Σ° (0^/^&) its cofiber C{g) is quasi
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KO^-equivalent to the wedge sum Σ ° V Σ ; + 1 V Σ * + 1 or the following spectrum
VSZ/qJ YQt8r+1=MmVSZ/q, Y9tBr^=NmVSZ/qf F 8 r + 1 , t

or r g r + u = ^ u r + 2 = Σ u l V ί (f, r^O) where m^O and q^l
is odd.

For any finite CW-spectrum X we denote by ko(X) the rank of KU*X®Q
and by kv(X) the rank of Tor(KU*Xy Z/p) for each prime p where KU*X^
KU0X®KU1X. Set k(X) = ko(X) + Max{2kp(X)\. Then it is immediately

v
checked that

(5.3) #X^k(X) and #Z

In particular, KU*X=Z®Z®Z or ZφZ/2mφZ/q when #X=3, and KU*X =
Z®Z@Z®Z, Z®Z®Z/2m®Z/q or Z/2m®Z/2n®Z/q®Z/r when #X=4, where
m, n>0 and both of q, r ^ l are odd.

Recall that each CW-spectrum with 2-cells is stably quasi /ίO^-equivalent
to one of the following spectra: Σ°VΣ* (0^z^7), P, Q or SZ/2m\/SZ/q where
m^O and q^l is odd. Using Lemmas 1.2, 1.3, 1.4, 5.1 and 5.2 and (1.6) we
can immediately show

THEOREM 5.3. Let X be a CW-spectrum with 3-cells. Then it is stably
quasi KO ^-equivalent to the following spectrum Y:

i) The "KU*X=Z@Z®Z" case: F ^ Σ V Σ ' V Σ ' , ^VΣ"7 or QVΣ 7

ii) The "KU*X=Z®Z/q(q^l odd)99 case: Y=
iii) The "KU*X^Z(BZ/2m(BZ/q (m^l , αnrf ^ 1 odd)" case: F =

, Σ δ V F m , Mm, iVm, Qm, Rm,

5.2. Let I b e a CW^-spectrum with 3-cells and / : Sk -> X an SQ*-trivial
map. Since the quasi ifθ*-type of X is completely observed in Theorem 5.3,
we can easily determine the quasi ift^-type of the cofiber C(/) by means of
Propositions 4.1-4.8, Lemma 5.1 and (5.2). We next deal with any map g=
giVg2: SjVSk->SZm. Evidently there exists an SQ*-trivial map A: S*->C(#i)
whose cofiber C(h) coincides with C(g). Since the quasi KO*-tyρe of C ( ^ Ί ) is
completely given in Lemma 1.2, we can easily determine the quasi ϋfθ*-type
of C(g) by means of Propositions 4.1-4.5 and (5.2), too. Dually we can deter-
mine the quasi KO*-type of C(g') for any map g'=(£f

u gί): Σ>JSZm->S0\/St.
Let Y be a CW-spectrum with 2-cells having the same quasi KO*-type as

the elementary spectrum P or Q. For such a CW-spectrum Y=S°^Je8r+2 or
S°\Je*r+3 it is easily shown that

(5.4) any map g=giVg2. Σ ' V Σ * - * ^ is quasi KO ^-equivalent to the map
gtVQ or 0V£2 if

Let Y be a CW-spectrum with 2-cells whose attaching map a: Σ ι - * Σ ° is KO*-
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trivial, and g=gi\Zg2. Σ 'VΣ*—^ (—1^'^/^fc^y+l) be any map. Assume
that the map g is never quasi ZfO*-equivalent to the map gi\/0 or OVgV When
k>i+l the cofiber C(g) is obtained as that of a certain SQ^-trivial map h:
Σ*->C(gi). In this case it is easy to determine the quasi ifθ*-type of C(g)
as is stated above. In the k—i or z+1 case the cofiber C(g) is quasi KO*-
equivalent to the wedge sum Σ1VΣίVSZ/2mVSZ/^ (/=0, 1) or Σ1VMmVSZ/^
for some m^O and some odd q^l if the composite map πg: Σ J VΣ f e -^Σ ι + 1 is
trivial. If not so, there exists a map h: Σ'VΣ*SZ/f-»Σ° ^r some ί^l,
whose cofiber C(h) coincides with C(g). When such a map h is S(?*-trivial,
the quasi KO*-type of C(h) is easily determined by a dual argument to (5.2).
If not so, then the cofiber C(h) is the wedge sum SZ/2mVl^lSZ/2nVSZ/qV
Σ,ιSZ/r (1=0, 1) or M^nVSZ/qVΣi'SZ/r for some m, n ^ 0 and some odd
q, r>l.

In virtue of (5.1) we can now show our main result by the above observa-
tions combined with (2.5), (4.8), (4.9) and Lemmas 2.3, 2.4 and 2.5.

THEOREM 5.4. Let X be a CW-spectrum with 4-cells. Then it is stably quasi
KO^-equivalent to the following spectrum Y :

i) The "KU*X=Z@Z®Z®Z" case: F = Σ°VΣ*VΣ'VΣ*, ^VΣ'VΣ*,
QVΣ'VΣ*, PVΣ ; Λ PVΣ>JQ or QVΣ>JQ (0<i£j£k^7).

ii) The "KU*X^Z®Z®Z/q (q^l odd)" case: Y=ΣlJVΣkVSZ/q, Σ>JPV
SZ/q or Σ>JQVSZ/q(0^j£k<7).

iii) The "KU*Xs*Z®Z®Z/2m®Z/q(m^l, and q^l odd)" case: Y=WV
SZ/q and W^Σ'VΣ*VSZ/2m, Σ ;^VSZ/2m, Σ>JQVSZ/2m, Σ°VΣ*VFW, Σ5V
Σ*VFm, ^PVVmf Σ z 0VF m , Σ*V*W, Σ*V-Yi, XYm, XΎ'm, Y'Xm (O£j<k<
7 and 0^l<2) where Xm=Mm, Nm, Qm or Rn; X'm=%-lM'n, Σ~2N'm, Σ"3(?m or
Σ~*R'm; XYm = MQm, MRm, NQm or NRm; XΎ'm = ^-3 M'QU, Σ " 4 M ^ ; ,
Σ"W'(?; or Σ,-iN/RU;andY'Xm=Σ-ιM/Mmj ^lMfNm, ^2NfMmy Σ"WiVm,
Σ-'Q'Gm, ΊrzQ'Rm9 Σ-*R'Qm or ^~*R'Rm.

iv) The "KU*X^Z/2m®Z/q®Z/r (m^O, and q, r ^ l odd)" case: Y=SZ/2m

VSZ/q\JΣ>JSZ/r (0<j^3), VmVSZ/q\/^lSZ/r (l g/^3) or WmVSZ/qVΣ,2SZ/r.
v) The "KU*X=Z/2m®Z/2n®Z/q®Z/r (m, n ^ l , αwd ,̂ r ^ l odd)" case:

F = UVSZ/qVΣ'SZ/r and U = SZ/2m\/^SZ/2n (0rS;^7), F m V Σ ^ n (; = 1),
F m V Σ 4 ^ n ( | w - n | ^ 2 and 7=0), VmVWn (m+2<n and j=0), WnVVn (m^
n+2 and ;=0)
+ 1), P m + 1 . n

, 1))
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