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ON A FACTORIZATION OF A PRIME NUMBER
IN AN ALGEBRAIC NUMBER FIELD

By SHOICHI WATANABE

We study in this paper a factorization of a prime number p in an algebraic
number field % of degree n.

NOTATION. Let notation be as follows:
Z --- the ring of rational integers
[we, @y, ++* , @n_y] (wy=1)--- an integral basis of %
n-1
WiW;= é‘;oxljkwk (2, ].=0, 1, cee ﬂ.—‘l; xi,kEZ)
X, U, (0<j<n—1) - indeterminates
n-1
52 2 ij]
7=0
. n—-1 . .
é”’sz w;PU, 0<isn—1)
=0

n-1
a¢k=1§ x,,ij].
The following fact is well known: if p= f[Pfi is the factorization of p in &,
=1
then

n-1
I (X—69)= [TPAX, Us, Uy, -+, Un ),

where Py(X, Uy, U,, -+, U,_,) is an irreducible polynomial mod p in 2. We shall
show an application of this result.

LEMMA 1. Let notation be as above. Suppose that there exist rational integers
e(=1), ¢i™ and k.® satisfying

7 n—1
{ B 0cD0 = xpen ™ (mod p),

(1)3 C.(a)_____{l (lf Szl)
l 0 (f s>i2),
0sr<e—1, 0=isn—1, 0Z7&€n—1, r, i, jEZ.
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Then k,.<=1 (mod p).

Proof. By definition of x,j,
{1 (if k=)
Xior=
0 (f k+1).

So putting ;=0 in (1),, we have
32;kr(oci(s)co(r—s)zci(r) (mod p).

By the condition about ¢;¢ in (1),
{1 (if s=r)

ColTO=
0 (f s#r).

Therefore £,¢¢;*">=c¢;"> (mod p). Putting /=7, we have £,.¢=1 (mod p).
LEMMA 2. Under the assumption of Lemma 1, we have
n-1 n-1 7
2 ck(”aikE 2 2 kr“)Ci(s)L'J(T—s)U] (mod p).
k=0 7=0 $=0

Proof.
n-1

n-1 n-1 nel/n-1
D Ma= 2 ¢ X xtijj= 202 xtjkck(r))UJ
k=0 k=0 =0 7=0 \k=0
T
=3 3 k000U, (mod p).

LEMMA 3. Let notation be as in Lemma 1. Put
AG, wy, o, W)=(—1)7¢ 00 VP e gy, [P,

B(Z’ S, 2, r): 2 A(Z} Wiy vy wz)cw,“)-
T>WIS>DW,

Then
—ci (if s<r)

> BG, s, 2, r)={
z=1 0 (if s=7).

Proof. If szr>w;> - >w,, then w,<s. 80 ¢,,,*=0. Therefore B(i, s, z,7)
=(0. Suppose s<r. Since

{1 (if wy=s)
Cw, =

0 df wi<s),
we have
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(2) B(i, 5,1, )=—cP— 3 ¢ P0¢, P,
r>W>8
Further
T-8-1 . r-s-1
2 B, s, z,nN= 3 { > (—1)Zci<w1>cwl<wz> e Cp, e
z=2 =2 TS>W D> S>W_1>8

(_l)zci(wl)cwl(wz) e ch(S)}
TOW>D>W >

T—-8-2
—_— 2 2 (_l)zct(wﬂcwl(wz) cwg(s)
=1 r>wiSTow>s
r-8~1
+ = 2 (=1 04,2 ooe €4,
=2 T>WS>T>W,>S 1 z
=— 3 (~Defme,®
T>W>8
_1 T“U‘lc (w]_)c (wg) ... c e (3)'
r>w1>--~>wr-s-1>s( ) : b Yr-osti
Therefore
r-g-1
&) 3 BG, s, z,n= B e N T
= 1
Similarly
4) B(, s, r—s, r)=(—=1)""%¢, V¢, ;TP s €0y

If zzr—s+1 and r>w,> -+ >w,, then w,<s, s0 ¢,,>=0. Therefore
5) B(@, s, z, r)=0 (if z=zr—s+1).

By (2), 3), (4), (5), we get

- —c, 2 (if s<7)
> BG, s, z, r)={
z=1 0 (if s=r).

LEMMA 4. Let A, w,y, -+, w,) be as in Lemma 3. Put

T
bipr=air+2 2 AG, wy, -, W)Bw k.
Z=1TSW > D>W,

Then bigri1=birr—¢.brs .
Proof. By the definition of A(i, wy, -, w,),
A, wy, o, w)=—AG, ¥, wy, 0, W,).

Substituting w.y; (1=/<2) for w, in AG, r, wy, ---, w,), we have

r
(6) bi(r)z 2 A(r) Wiyt wz)awzk
Z=1T>w>>w,
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7+1
= 2 2 A(lr v, Wsy wz)awzlz .
Z2=2 TOWIDTDW,

Therefore

r+1
bik rer=aip+ 2 > AG, wy, -, W)Bwe
2=1 THID>WI>D>W,

=+ D AG wy o, W)w e+ AG, ),

=1T>W > D>w,

A(Z, v, We, =, wz)awzk (by w;go)
=2 T>We>SW,

,
=au+2 B AG wy, e, W)Bw,e—C Ay
2=1T>W > D>W,

—6”3 S A, wy e, w)aw,  (by (6)
z=1 r>w1>-~->wz

zbikr_cz(r)brk'r .

THEOREM 5. Suppose that there exist integers e(=1), ¢, and k.® satisfying
(1)e. Then p is divisible by P® in k, where

P=(p, 0,— €1, 0— €, -, Wno1—CraP).

Proof. By definition

n-1 n-1n-1 n-1

wé= 2] wtij]= PN xtjkwkU]: 2 i@y .
7=0 7=0 k=0 k=0

Therefore we have
Qoo—§ Qo Qop  voeeeeeee Qon-1
Q1o a,—§& Qg cooveeees Qin-1
.............................. =0,
An-10 An-11 Apoyg oo Qpo1n-1—§

so Né= ’i:%le(‘>=[ai,,|, where a;, is the (7+1, k+1)-entry of the matrix. Let
bix- be as in Lemma 4. We shall show that

n-1 T
@ Ne=(3e,®U;) tbus|  (mod )

holds, where b;., is the G—r+1, k—r+1)-entry of the matrix.
(7) holds when »=0, since b;zo=a;,. Suppose that (7) holds when r<e—1.
If we add
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5 i x(the (k—r+1)—th column of |bie,|)

k=71+1

to the first column, then (f—r+1, 1)-entry becomes

-1

n-1
kE e by = Igock”)bikr

=T

n-1 T n-1
=X aMan+ Y D AG wy, , W) I M au,k
k=0 =1 TS>W > >W, k=0

n—

T T
=3 s‘;okr“’c]("”(cz"’—lrz ZAG wy, e, wz)cw,"’)U;

1
] =1T>W S>> W,
(mod p) (by Lemma 2)
—zc,‘”%lc,“"UJ (mod p) (by Lemma 1, 3).
=

Therefore
n-1 r+1
Ne=(Z ¢, 0U,) " lbisr—eiPbrss| (mod p)
J=0
n-1 41
:(5‘3 c](“’U,) |bix 741l (by Lemma 4).
-
So we get

Ne=(5 ¢, U) 1bucl  (mod p),

hence ﬁl(X—E<i’) is divisible by (X—— nﬁ‘; c,“”U,)e mod p. Putting X=§&, we get
1= 7=
that p is divisible by P¢ where P is as mentioned in Theorem 5.
Example 6. Factorization of 3 in Q(a), a*+3a-+31=0.

Put w,=1, w,=a, w,=(a*—a+1)/3. Then [w,, w,, w.] is an integral basis
of Q(a), and

0,*=—wo+w;+30,,
w,0,=—10w,—w,—w;,
(2)22—:7(00_3(01 .

Therefore ¢, =1, ¢,“P°=—1, ¢,P=1, k=1 satisfy the condition (1); (mod 3)
of Lemma 1 and ¢,¥=1, ¢, Y=¢,=—1, ¢,P=1, ¢,?=0, kyO=k,O=k, V=1
satisfy the condition (1), (mod 3) of Lemma 1. So by Theorem 5, 3 is divisible
by P, and P,%, where

P1:(3) wl+]—’ (l)z""l), P2=(3: w1+l) (l)2+1).
Hence 3=P, P2
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The following Theorem is an application of Theorem 5.

THEOREM 7. Let notation be as follows:

Qeeeees an algebraic integer of degree n,

F(X)-eeee the minimal polynomial of «,

g:(X) =0,1, -+, n—1)------ a monic polynomial of degree i,

G(X)=g«(X)/a. (a:.€2Z),

[Goa), Ga), -+, Gp_i(@)]+--+ an integral basis of Q(a),

gi(X)g(X)=Ff(X)q. ( X)+7.(X) (deg ri(X)=Sn—1),

Fuf(X)=f(X)gu(X),

" a.,.
Suppose that there exist ratsonal inteZers b and e(=1) such that F,,"(b)=0
(mod p™i*™i*Yy and G;¢(b)eZ (7, j=0,1, ---, n—1; r=0,1, -+, e—1), arethe
F,,"(X) and G;"(X) are the r-th derivative of F,(X) and G« X) respectively.
Then p is dsvisible by P° in Q(a), where

P=(p, Ga)—G(b), Ga)—Gyb), -+, Gn_r(@)—Ga_y(b)).

Proof. Put Gi(a)Gj(a)=:Z;‘,:xlj,,G,,(a) (xusZ). Then

®) Z(@Z(O= "5 15s8(@)  (un=rs0105/0s).

On the other hand, since gi(a)gja)=ria), we have

©) ru@= 3 yings@)

from (8). Since deg g.(X)<n—1 and degr,(X)<n—1, we have r (X)=
Zg::yt,-,,gk(X) from (9), so

(10) P (X)= 8 yuga(X).

By definition (g:g;)¢"(b)=r.,">(b) (mod p™i*™i*!), since F,,*">(b)=0 (mod p™i+™j+?),
Therefore (g:g;)"(b)= gyt,kgk‘”(b) (mod p™it™j*1) by (10). Dividing both sides
by a.a,, we get

(D (GG T(B)= 5 %3 GaP(B)  (mod p)

since G;"(b)eZ, p™illa, and p™ila,., Now we put
12) . =a,G;(b)/s! and k,®Y=a./aa,_;.

Then ¢, and %2, are integers and
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{1 (if i=s)
C,(‘)=

0 (f i<s).
Further

2 ke, 0= 3 (0,808, 0@,GO(b)/5 X0 r,G, T OB) (r—5)1)

=(a,/r !)é‘o(g)Gt(”(b)G,”‘”(b)
=(a,/r)(GiG;)}"(b)

=(ar/r)E £pGaP(B)  (mod p) (by (11)

=S rpa® by (12).

Therefore p is divisible by P¢ in Q(a) by Theorem 5, where P is as mentioned
in Theorem 7 since ¢,‘®=G;(b).

Example 8. Factorization of 2 in Q(a), f(a)=a*—a*—2a—8=0. (See [1]).
Put G(X)=X and G, X)=(X*—X)/2. Then [1, G(a), Gya)] is an integral
basis of Q(a). Since f(X)=X(X—2)(X+1) (mod8), we get f(0)=f(2)=f(—1)=0
(mod 8) and G,(0)=G,0)=0, G,2)=0, G,2)=1, G(—1)=G,(—1)=1 (mod 2).
Therefore 2 is divisible by

P1=(2) a, (a2__a)/2)’
P,=2, a, (a*—a—2)/2) and
P3=(2: a_]-; (a2—a—2)/2)}

by Theorem 7. So we have 2=P,P,P,.
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