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ON A FACTORIZATION OF A PRIME NUMBER

IN AN ALGEBRAIC NUMBER FIELD

BY SHOICHI WATANABE

We study in this paper a factorization of a prime number p in an algebraic
number field k of degree n.

NOTATION. Let notation be as follows:
Z -the ring of rational integers
Oo, ωu -" , ωπ_i] (ωo=l) an integral basis of k

n-i
<i)i<θj= Έ^XijkOύk ( i , / = 0 , 1 , ••• , n — 1 ;

X, Uj (O^tjt^n—1) ••• indeterminates

7 1 - 1

dtk^ΊlxijkUj.

The following fact is well known: if p= HPt

H is the factorization of p in k,
then

where Pt(X, Uo, Ult •••, Un-\) is an irreducible polynomial moάp in k. We shall
show an application of this result.

LEMMA 1. Let notation be as above. Suppose that there exist rational integers
^ 1 ) , Ci c r ) and & r

( s ) satisfying

Ci( s )ί:/ r~s : )Ξ 2 #ι./*c*(r ) (mod/?),

1 (if s=i)

0 (if s>i),
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Then kr

cn = l (modi).

Proof. By definition of xtJk,

fl (if k=i)

[0 (if kΦi).

So putting y=0 in (l)e, we have

Σ &r

C5Ws)Cocr-s)ΞΞ£i(r) (mod p).
5=0

By the condition about ct

w in (l)e,

Ί (if s=r)

[0 (if sΦr).

Therefore & r

c o Ci c r ) = Ci c o (modi). Putting i—r, we have & r

( r ) = l (modi).

LEMMA 2. Under the assumption of Lemma 1, we have

n-l π-1 r

Σ r (r)/7 — V̂  V b ( s)r (s)/» (.r~s)TT fmnH ^ ^

7 1 - 1 7 1 - 1 7 1 - 1 7

Σ c * c r ) β « = Σ c* t r > Σ * o * ^ =

= S ΣΣ kr^ct^cf'-vUj (modi).

LEMMA 3. Let notation be as in Lemma 1.

Λ(2 1Π 1Π \ — / 1 \Zs,,( l» i )/ . ( i « 2 ) . . . /» ( « ί » )

B(i, s, zy r ) = Σ ^(ί> W'IJ ••* > Wz^w^.

TAβn

r β ί - C i < o (if s < r )
2 = 1 f> Sί Z> Y \ 0 (if

Proof. If s ^ r > W i > ••• >w;ε, then w;2<s. so c w , < o = 0 . Therefore 5(i, s,
=0. Suppose s < r . Since

we have

I
i 1

1

fl
1
1

ίo

(if

(if Wι

= s)

<s),
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(2) β(i, s,l,r)=-c,< >- Σ ctWcw«\
r>Wi>β ι

Further

' Σ 1 ^ , S, Z, r)= "Σ" 1 { Σ ( - W ^ ^ 1 0 * - cWa^'W
2 = 2 2 = 2 r > W 1 > >W Z _1>«

> > > > s

r Σ Σ (
z=l r > w 1 > >io,>»

Γ Σ ' Σ (
2=2 r>wί>->wz>s

= - Σ ( -

r>u>l>">Wr-s-i>s

Therefore

(3) " Σ " 1 ^ ' , S, 2T, r )= Σ c t

( β l ) ί » 1

( l > + ( - l Γ l " 1 C t ( r " 1 ) C r - i ( Γ " ! > - ct+1< \
2=2 r>w1>« ι

Similarly

(4) B(i, s, r-s, r ) = ( - l ) r - ^ r - 1 ) c r . 1 ^ - « - ^ + 1

C S ) .

If z>r—s+1 and r>Wi> ••• >w/2, then ^ 2 < s , so cWχ

w=0. Therefore

(5) £(ί, s, ̂ , r)=0 (if >ε^r-5 + l ) .

By (2), (3), (4), (5), we get

(-cx

w (if s < r )
Σ β(ί, s, 2, r )={

10 (if s ^ r ) .

L E M M A 4. Lβί A(i, wu ••• , w;2) /?β as m Lemma 3. Pwf

r
Σ ^4(ι, u/i, ••• , wz)awk.

>w 1 > >iϋ

Proof. By t h e definit ion of i4(z, i6Ί, ••• , wz\

c » ( r M ( r , u i, ••• , wz)=-A(i, r, wu — , w«).

S u b s t i t u t i n g u ; t + i ( l ^ i ^ * ) for z^t in i4(ι, r, wlt -•• , wz), w e h a v e

(6) ^ ( r ) Σ Σ i4(r, u; t , ••• , wz)aWzk

2=1 r>tϋ1> >iϋ 2
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= — Σ Σ A(i, r, w%, -" , wz)aWzk.
2=2 r > w 2 > > w 2

Therefore

r + 1

bik r+i=flϊjfe+ Σ Σ A(i, Wu '" > wz)aWzk

r

r + l

+ z Σ r ^ Σ w A(i, r, w2, - , wz)aWzk (by wz^
r

\{i, Wu -" , wz)aWzk—ci

<ir:>arkΣ
>
Σ A(r, wu - , w,)α»,* (by (6))

1 > > M>

THEOREM 5. Suppose that there exist integers 0(2^1), cι

ir:> and kτ

(l)e. T/iβw /> is divisible by Pe in k, where

P=(p, ω.-c^, ω2-c2<°\ ••• , ωn-i-cn-iw).

Proof. By definition

τ ι - 1 n-in-i n-i

j — Σ Σ Xιjk<t>kUj= Σξ= Σ
,7 = 0

Therefore we have

000 — ξ flθl

«12

flθn-1

fllΛ-1
= 0 ,

satisfying

so Wf= ΐ l 6 ( < > = | α i * l , where α α is the (i+l, &+l)-entry of the matrix. Let

bikr be as in Lemma 4. We shall show that

(7) (mod />)

holds, where bikr is the (/—r+l, &—r+l)-entry of the matrix.
(7) holds when r=0, since bik^—aik. Suppose that (7) holds when r<e—l.

If we add
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I ? c * ( r ) X ( t h e (fe—r+1)—th column of \bikr\)

to the first column, then ( / — r + 1 , l)-entry becomes

Σ Σ A(i, w» •••, w.)Σctτ)aw,t
2=1 r>ιy1> >w 2 fe=0

Σ Λ(», w» - , w,)eWt
1 r>w1>">w2

(mod p) (by Lemma 2)

(modi) (by Lemma 1, 3).
^ = 0

Therefore

= ( " S c/°>/7Λr+11ftίt r + 11 (by Lemma 4).

So we get

C£XbikΛ (modi),

hence ΐ l ( ^ — ί c < ) ) is divisible by (X-^CjmuX mod p. Putting X=ξ, we get
t=o V ^=o /

that p is divisible by Pe, where P is as mentioned in Theorem 5.

Example 6. Factorization of 3 in Q(a), α3

Put ω o =l, <0i=a, ω2=(a2—α+l)/3. Then [ω0, ωi, ω2] is an integral basis
of Q(α), and

= — 1 0 ( y 0 — ω i — ί w 2 ,

Therefore c β

( β ) = l , Cx ( 0 ) =-l , ca<
β )=l, ^ O

C O ) =1 satisfy the condition (l)x (mod 3)
of Lemma 1 and co<

O)=l, ^ ^ ^ ^ ^ - l , c / ^ 1 , c 2

c l ) =0, feow=A1<°>=jfe1c
1>=l

satisfy the condition (1)2 (mod 3) of Lemma 1. So by Theorem 5, 3 is divisible
by Pi and P2

2, where

ft=(3, fih+1, ωj-1), P 2=(3,

Hence 3=P ι P 2

8 .
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The following Theorem is an application of Theorem 5.

THEOREM 7. Let notation be as follows:
a an algebraic integer of degree n,
f(X) the minimal polynomial of a,
gi(X) {i—0, 1, ••• , n—1) a monic polynomial of degree i,
Gt(X)=gt(X)/a% (at<=Z),
[G 0 (α), Gi(α), •••, Gn_i(α)] an integral basis of Q(a),

gi(X)gj(X)=f(X)qtJ(X)+rtj(X) (deg r o ( Z ) ^ n - l ) ,
Fιj(X)=f(X)qtj(X),
Pmi\\at.

Suppose that there exist ratsonal inteZers b and e(^l) such that F l/
r )(^)^0

( m o d pmi+mJ+ί) and G^r\b)^Z (z, ; = 0 , 1, •••, π - 1 r = 0 , 1, ••• , e-l\ arethe
F%fr\X) and G+r\X) are the r-th derivative of Fxj{X) and G&X) respectively.
Then p is dsvisible by Pe in Q(a), where

P=(P, G1{a)-G1{b)9 G2{a)-G2{b), - , G»-i(α)-G»-iW).

Proof. Put Gi(a)Gj{a)=niβxιjkGk(a) (xιJk^Z). Then

(8) gi(a)gj(*)= fjoytjkgk(a) (yxJk =

On the other hand, since gi{oί)gj{ά)=rij{a)> we have

from (8). Since degg *(Z)<;tt — 1 and άegrtj(X)<n—1, we have ns(X)=-

^ from (9), so

(10) r t /

By definition {gigJY
r\b)^rtJ

(-r\b) (modpmt+mJ+1), since Ft/
r>(&)=0 (modpmi+nJ+1).

Therefore (gigjYrKb)= "ίίytjkgkir\b) (mod p™i+mj+1) by (10). Dividing both sides

by atdj, we get

(11) (GiGjYrKb)= II x%JkGh<
rKb) (mod />)

since Gt<
r\b)&Z, pmi\\at and ί^llα,. Now we put

(12) c%

w=atGiw{b)/s\ and kr

w = ar/asar_s.

Then c ι

c s ) and ^ r

c s ) are integers and
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Ί (if i=s)
c — i

10 (if i<s).
Further

=(ar/r\XGtG,)<-r\b)

={ar/r\y£xιjkGh^\b) (mod/)) (by (11))

= Σ 1 χ , ^ c * c r > (by (12)).
fc=0

Therefore /> is divisible by Pe in Q(a) by Theorem 5, where P is as mentioned
in Theorem 7 since ct

(0)=Gi(fc).

Example 8. Factorization of 2 in Q(α), / ( α ) = α 3 - α 2 - 2 α - 8 = 0 . (See [1]).
Put G,(X)=X and G2(Z)=(Z2-Z)/2. Then [1, Gx{a\ G2(α)] is an integral
basis of Q(α). Since f(X)=X(X-2)(X+l) (mod 8), we get /(0)=/(2)=/(-l)=0
(mod8) and G1(0)=G2(0)=0, d(2)=0, Gβ(2)=l, G 1 ( - 1 ) = G 2 ( - 1 ) Ξ 1 (mod2).
Therefore 2 is divisible by

Λ=(2, α, («2-α)

P8=(2, α, (α2-α-2)/2) and

P8=(2, α - 1 , (α 2 -α

by Theorem 7. So we have 2^PίP2PB.
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