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COMPOSITION OPERATORS ON THE SPACE
OF ENTIRE FUNCTIONS

By B.S. KoMAL AND PREM SAGAR SINGH

Abstract

The composition operators on the space of entire functions I” have been
characterized. The invertibility of a composition operator Cy interms of the
invertibility of inducing map ¢ is obtained.

Preliminaries.

Let X be a non-empty set and let V(X) be a vector space of complex valued
functions on X. If ¢: X—X is a mapping such that f°¢=V(X) whenever
fEV(X), then a composition transformation C4 is defined by the equation

Cof=r°¢ for every feV(X).

In case V(X) is a topological vector space and C, is continuous, then we call
it a composition operator induced by ¢. If u: X—C\{0} is a mapping such that
(uCy)f=u. fep=V(X) whenever f =V (X), then a weighted composition operator
is a continuous linear transformation uC,: V(X)—V(X) defined by

(uCy)f=u.f-¢ for every feV(X).

A complex valued function f: C—C of a complex variable is called an entire
function if it is analytic in the whole complex plane. If f is an entire function
then there exists a sequence {f,} of complex numbers such that

| fnl¥® —>0  as n—oo and f=f(z)= g}oﬁz" ¢))

The power series in (1) is a uniformly convergent power series. Conversely
every sequence {f,} of complex numbers with |f,[|'/"—0 as n—oco defines an
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entire function f represented by (1). We can define a metric d in the class of
entire functions as d(f, g)=sup{| fo—g&sl, | fn—&x|"", n=1}. The class of entire
functions topologized by this metric is denoted by I". It is shown in Iyer [8]
that I" is a non-normable complete metrizable locally convex topological vector
space. The convergence of a sequence of entire functions in the metric topology
of I' is equivalent to the uniform convergence of entire functions in any circle
of finite radius. Such a convergence in /" will be called strong convergence
in I,

Every continuous linear functional f on I is given by f(a)= f‘, faan,, Where
n=0
a=a(z)= Zoa,.z” and {f,.} is a sequence of complex numbers such that {|f,|""}
n=

is a bounded sequence. The set of all bounded linear functionals on I” is denoted
by I'*. A sequence {a,} in I" is said to converge weakly to a<I" if and only
if f(an)—f(a) for every fel'*, If for each nZ,, we define ¢,: C—C as
e,(z)=z", then the sequence {e,: n=Z,} is a basis for I'. A sequence {a,} in
I" is called basis for I if for each a<I" there exists a unique sequence {f,(a)}

of complex number such that a= f‘,ot,,(a)a,,. The space I' of entire functions
N =

has been studied extensively by Iyer ([9], [10] and [11]).

In this note we plan to study composition operators on I'. Most of the
work on composition operators is done on Hardy spaces and L?-spaces. Nordgren
[13] has summarized some known information about composition operators on
L* and H? spaces. For further details about these operators we refer to
Schwartz [8]1, Swantan [9], Cowen [6], Boyd [2], Iwanik Mayer [12], Singh [16]
and Singh and Komal [17]. The weighted composition operators have been
studied by Carlson [3].

We have characterized composition operators on /. The invertibility of C
in terms of the invertibility of ¢ is reported. Weighted composition operators
on I have also been characterized. For R>0, we denote by Dy the open disc
{zeC:|zI|<R}). If ferI', then M(R, f)=sup{|f(2)|: z€Dg}. For zeC, the
evaluation functional is a map E,: I'-~C defined by E,(f)=f(z) for every f[I .
The symbol C(I") denotes the set of continuous linear operators on I’ into
itself.

2. Characterizations of composition operators.

In this section we obtain some characterizations of composition operators.
We first prove the following lemma:

LEMMA 2.1. Let R>0. Then for each zEDy and f<T,

RM(R, f)

|fl=
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Proof. By Cauchy integral formula
1 S f(w)dw

2mi Jep w—z

f(2)=

’

where Cp is the circle |w|=R. Hence

1 S [f(w)]|dw]
c

|f@)]=5— Tl — 2]

< M(R, f)g ldw]|
= 2n cr R—|z|

_ RM(R, f)
- R—|z] °

THEOREM 2.2. Let ¢: C—C be a mapping. Then C4=C(") if and only if
¢ is an entire function.

Proof. Suppose ¢ is an entire function. Since composition of two entire
functions is an entire function, so f-¢ is an entire function for each f&I'. We
prove that C, is continuous. It is enough to prove that Cy is continuous at
origin. Let R>0 be given. Then Dy is a compact subset of C. But ¢ is
continuous. Therefore ¢(D};) is also compact subset of C. Hence we can find
K>=M(R, ¢) such that ¢(Dg)cDg. Now convergence in I” is equivalent to
uniform convergence in any circle of finite radius. Suppose f,—0 strongly.
Then for each >0 we can find some n,>0 such that M(K, f.)<eK,/K where
Ky=K—M(R, ¢), for all n=n,. From Lemma 2.1, we have

KM(K, fa)
K—19(2)]

_ KM, f.)

Hence Cyfp=fn¢p—0 as n—co.

Conversely, suppose C4: "I is continuous. Then Cy4f=f-¢ is an entire
function for every f<I'. In particular, take f=J. Then ¢=I-¢=f-¢. Hence
¢ is an entire function.

| fa(g(2)] =

<e, for every z€ Dy and for all n=n,.

THEOREM 2.3. Let A=C(I"). Then A is a composition operator if and only
if Ae,=(Ae)" for every ncsZ,.

Proof. Suppose A is a composition operator. Then A=Cy for some entire
function ¢: C—C. Therefore

Aen=C¢gn=eno¢.—:¢"=(elo¢)"
=(Cg4e)"=(Ae,)" for every neZ,.
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Conversely, if the condition of the theorem is satisfied, then set ¢=~Ae,.
Clearly ¢ is an entire function. Hence Cg4 is a composition operator. Now

A/=A(, )= 5 ot
= éofn(Ael)nz gofn?yl

=C¢(§}o f,,en)=C¢f , for every feI'. Therefore,
A=Cy.

THEOREM 2.4. Let A=C(I"). Then A is a composition operator if and only
if A*ECE, where E={E,: z&C}.

Proof. For each zeC, the evaluation functional E,=I"* in view of Lemma
2.1. Since

(CFENf=ELCsf)=(f9)2)=Ff($(2))=Eg4ex(f)

for every f<I, so C§(E)CE. Hence if A=C,, then AXE)CE.
Conversely, if A*E,=E,, for some weC, then define ¢(z)=w. Now

(AfN2)=ELAf)=AXE,f
=Ew(f)= E¢(a)f
=f(g(2)=(CyS)(2)

for every z=C and fel'. Hence A=Cj,.

THEOREM 2.5. Let C4<C(I"). Then C¥:I'*~I'* is a composition operator
if ¢(2)=axz.

Proof. Suppose ¢(z)=az. Define ¢p: C—C by ¢(z)=az. We prove that
C§=Cy. Let feI* and x&l'. Then f(2)= 3 fnz" and x(2)=3} #,2". There-
fore, x(¢(z))=n§(£o¢)(n)z". But x(¢(z))=ngoﬁ,,(gb(z))”=n§o£n(az)”=7§oa"£nz”.
Hence by unique expansion of x(¢(2)), we have (£-@)(n)=a"%,. Similarly f(¢(z))=
flaz)=5a"fz". Now (CEX0)=F(Cox)=3 falfeg)m= 5 a™ fok(m)=(f ()
=(Cyf)x) for every x&l" and f&l'*. Therefore C§=C,.
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3. Invertible composition operators.

A continuous linear transformation A:I'—I" is called invertible if there
exists a continuous linear transformation B:I'—I" such that Ac-B=B-A=I, the
identity operator on /”. Similarly a mapping ¢: C—C is called invertible if
there exists a mapping ¢: C—C such that ¢-¢p=¢-p=1I, the identity mapping
on C. Let A=C("). Then A is called an isometry if d(Af, Ag)=d(f, g) for
every f, g<I’. In this section invertible and isometric composition operators
have been studied.

THEOREM 3.1. Let Cy4<I’. Then C, is invertible if and only if ¢ is in-
vertible with ¢~'<I.

Proof. Suppose Cy4 is invertible. Then thre exists A=C(") such that
ACy=C4sA=I. So we have

Aen:Aerlt:A((C¢Ael)"):A(((Ae1)°¢)n)
=A((Aey)"*¢)=ACy((Aey)")
=(Ae,)" for n=0,1, 2, ---.

By theorem 2.2 A=C, for some entire function ¢. It follows that ¢g-¢=¢-¢=1I.
This atonce implies that ¢ and ¢ are bijections. Hence ¢'<I.

To prove the converse, let ¢ be invertible with ¢-'<I". Then Cy4-: is a
composition operator. Clearly C4C4-1=Cy4-1C4=1. Hence C4 is invertible.

COROLLARY 3.2. Let C4<C(I"). Then Cy is invertible if and only if ¢(z)
=az+b, where (0#)a, beC.

Proof. By Theorem 3.1 C4 is invertible if and only if ¢ is bijective on C.
And this is the case if and only if ¢(z)=az+b with a+#0. (In fact, if ¢ is a
polynomial, then it should be linear. If it is not a polynomial, it has an es-
sential singularity at the point at infinity, so that it can not be one-to-one).

THEOREM 3.3. Let C4=C(I"). Then Cy is an isometry if and only if ¢(2)
=az where |la|=1.

Proof. Let C4 be an isometry. Then, d(Cy(e,), 0)=d(e;, 0)=1, so that we
have |$(0)|<1 and |g(n)|*"<1 for n=1, 2, ---. Also, d(C4(z+c), 0)=d(z+c, 0)
=max{l, |c|}. If |¢|>2, then |c+@(0)|<|c|. This means that $(0)=0. Next,
suppose ¢(m)+0 for some m=2. Since d(Cg4(ae,), 0)=d(ae,, 0)=|a| implies that
lag(m)|¥™<|a| or |a|<|a|™/|H(m)|, which yields a contradiction by letting
a—0. Hence, ¢(z)=¢(1)z. That |$(1)|=1 follows at once from the identity
d(@, 0)=d(C4(ey), 0)=d(ey, 0)=1.

Conversely if ¢(z)=az for some a=C such that |a|=1, then clearly C4 is
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an isometry.

4. Weighted composition operators on /.

A caracterization of weighted composition operators is obtained in this
section.

THEOREM 4.1. Let u:C—C and ¢: C—C be two non-trivial mappings.
Then uCy,sC’) if and only if u and ¢ are entire functions.

Proof. First we suppose that uCy is a continuous linear operator. Then
u. fo¢ is an entire function for every entire function f. Now, if we take f to
be a constant function which is equal to 1 every where, then we have u. fo¢
=u so that u is an entire function. Further, if we take f=I, the identity
function then wu.f.¢=wu. Suppose u#*0. By the assumption we see that
u(2)(@(2)(*=uCy(e,) is entire for every n=0, 1, 2, ---. That u is entire follows
from the case n=0. The case n=1 shows that ¢(z) is analytic wherever u(z)
#0. Suppose that u has a zero of order m>0 at a point a. If ¢(z) has a pole
of order % at the point a, then Cy(e,) has a pole of order nk there. So, for n
with nk>m the function uCg4(e,) cannot be analytic at . In case a is an es-
sential singularity for ¢, u¢ cannot be analytic at @. This means that ¢ should
be analytic at «. Hence, ¢ is an entire function.

To prove the converse, let u and ¢ be entire functions. Since product and
composition of two entire functions is an entire function, it follows that uCyf
=u. fe¢g=I" for every f<I'. Suppose f,—0 strongly. For a given R>0, as
in proof of Theorem 2.2 choose K>M(R, ¢) such that ¢(Dz)CDg. Let e>0 be
given. Then there exists 7,>0 such that

MQK, f.)< for every n>n,.

€
2M(R, u)
From Lemma 2.1, we have

lu(2)f o(@(2) | < M(R, u)| f(d(2))]

M@K, f1)
2K—1¢(2)]

=2M(R, u)M(2K, f.)<e

S<M(R, u) X2K

for each |z|<R and n=n,. Hence
M(R, (uCy)(fa))<e for every n=n,

Thus uCysf,—0. This proves that #Cy is continuous at origin. Since uC, is
linear, so uC4 is continuous everywhere. This completes the proof of the
theorem.
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