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§0. Introduction.
In [1] A. Hinkkanen proposed the following problem :

2.65. Since the knowledge of the zeros of an entire function f leaves an
unknown factor, e¢" say, in the Hadamard product for f, one can ask if f is
determined by the zeros of f and its first few derivatives. Does there exist an
integer k=2 such that, if f and g are entire and f™ /g™ is entire and non-
vanishing for 0<n=<#k, then f/g is constant unless

f()=e®*, gz)=e”*¢ or f(z)=A(e*—Db), g(z)=Ble™**—b™")?

The proposer has shown (unpublished) that £=2 will do in certain cases; for
example, when f and g have finite order. The example

f(2)=(e*—1Dexp(—ie’), glz)=(1—e *)exp(ie™)

shows that one sometimes needs 2=3.
One can ask a similar question for meromorphic functions, with the ad-
ditional possibility that

f(@)=A(e*™»—1)71, g(2)=B(1—e~r)-1
for any non-constant entire function A.

On this problem G.G. Gundersen [3] gave some information about the con-
nection between the unknown factor and the zeros. In this paper we shall
investigate this problem when 2=2 under the restriction on the order p of 4, that
is, p<2. Then we can see that the answer to this problem is yes when k=4,
and if k=3, there is only one possibility in addition.

We assume familiarity with Nevanlinna’s theory and with its standard nota-
tions (see, [4]).

§1. Results.

THEOREM. Suppose that two meromorphic functions f and g of hyper-order
less than 2 satisfy the condition that ™ /g™ is entire and non-vanishing for 0<
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n=2. Then f/g reduces to a constant unless

(1) f(R)=e®*,  g(z)=e%*e;

(2) fR)=A(e—c),  g(2)=B(e~¥—c™);

(3) f@=AE®=1)7,  gz)=B(l—e" ")

for any nonconstant entire function h of order<2;

(4) f(2)=Aexp{ce®**—az)}, g(z)=Bexp{cle~**P+az)};
(5) f(2)=A(e***—1)"2exp (2az—e~a*+P),

g(z):B(e‘“*”—l)“z exp (___Zeaz+b) 5

_ z ac(eaC+b—1)dC
(6) f@=Aexw|| e

_ ¢ a(l—e *M)dg
8()=5 exp{go (l—c)(aC+b+2km‘)}

with an integer k and c+1;

z al+b__
(7) f@)=Alaz+b+2kmi) eXp{So (1—ac()e(ac+bﬁg§m)}'

. 2 1—e-al+d
8(x)=Blaz+b+2k ’”)exp{go (la—ci)(az-l—b+2)g7§z')}

with an integer k and c+#1;

e®tv—1

(8)  fa=AH@exp| ~ | HOMH ©+cemesm(Spm=)"}a],

2(2)=BH(@) exp[-SZH@-I{H'(CH(%}l-)m}dc]

with an integer m(=2) and c+1, provided that H and L are entire functions of
order at most 1, vanishing only at zeros of e™***D—¢ and of e***°—1, respec-
tively, and satisfy

eaz+b__1 m-1

H’(z)L(z)+mH(z)L’(z):( L(z) ) e—(m—1)(az+b)(e(m-1)(az+b)_C);

or possibly,
(9) f(2)=H(z)L(2)* exp(N(z)),  g(z)=H(z)L(2)" exp(M(z2)),
where entire functions H and L are given by

(H(2)L(2))' (4 —1)— ae ™+ H(z) L(z)= %+ 4 —1,
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Further H vanishes only at one-points of e%**° excepting those of e®**¢, and L
vanishes at all the one-points common to e®**° and e®**¢. Also M and N are entive
functions satisfying

—H'[ — ’ az+b__ Iy ’
_1 H'L—kHL and N'=2 H'L kHL.

M AL AL

Here HL is not zero-free, and if L has never a zero we may chose it the constant
1. While otherwise, k 1s an integer different from 0, =1, —2 and —3, and then
—a/c is a rational number equal to (k—1)/(k+1) but a positive integer.

In any case, A, B, a, b, ¢ and d are constants with A-B-a-c+0.

COROLLARY. In the above theorvem, if we suppose additionally that f"'/g"’
is also entire and mnon-vanishing, then the possible pairs are those of (1), (2), (3)
as in the theorem and

(10) f(Z)ZA exp(ealﬂi)’ g(z)=B exp(e—(az+b)) .

The pair (10) is obtained from the possibility (8) by setting L(z)=e®***"—1,
¢c=—1 and m=2. Also the example given by Hinkkanen is contained in (8)
with a=1, ¢®={, c=—1, m=2 and L(z)=1, thus

Hz)=i(e**—1)e 2.

The author, however, do not know whether there indeed exist entire functions
H and L as in (9).

In this theorem it is sufficient for our proof that f/g=e® say, has hyper-
order less than 2, that is, the order of « is less than 2. On the restriction we
can say slightly more that Theorem still holds when it is of order 2 and minimal
type. Then the function A2 in (3) should be so. Without this restriction our
method, Lemma 1, does not work in the case where

m(r, e")+m(r, e*)
n < oo
m(r, a’)

limsup
00
(r¢E)

fl gl f// gl/ A . .
for e*== /=z1 and e*==; ~#1. In this section E denotes a set of finite
f / g f / g
linear measure, which is not always the same. Then we can see
N, 8)+N(r, 1/8)+N(r, 1/8)+Ni(r, 1/8")+No(r, 1/8") _
m(r, a’) '

limsup
Feb)
Here in Ny(r, 1/¢’) only zeros of ¢’(z) not corresponding to the multiple zeros
of ¢(2) are to be considered. The following is such a pair satisfying the assump-
tions of our theorem apart from the restriction on the order of «,

f(z):exp{cgz(ea(b—l)dC} and g(z):exp{cgz(l—e'G‘C))dC},
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where G is any entire function. In fact, then e"®=g*® =¢%® gand
a'(z)=ce ¢@®(f®» 1),

therefore m(r, a’)=2+o(1))m(r, e®)(r & E), unless G is a constant.

§2. Preliminaries.

To obtain our results we shall make proper use of two tools according to
the order of the function a’=f’/f—g’/g. One is the so-called Borel’s unicity
theorem, or impossibility of Borel’s identity, which is expressed as in Lemmas
1 and 2. The other is an elementary fact in the theory of Ordinary differential
equations : for functions f, and f, holomorphic in a simply connected domain
D, the solution of Riccati’s equation

w'(2)=f(2)w(2)+ fo(2)[w(2)]?

is given by

w(z)=w(z; 2o, 1/co)
= evexn{~{. £:0a}-[ r@exp{~{ r@aefat] ",
where z,&D and ¢, is a nonzero constant (see, for instance [5]).

LEMMA 1 (Hiromi and Ozawa [6]). Let a,(2), a,(z), -+, a,(z) be meromorphic
Sfunctions and let g,(z), --+, .(2) be entire functions. Further suppose that

2.1) TG, ap=o{ Zmlr, e},  j=0,1, -, n
holds outside a set of finite linear measure. If an identity
3 aDe @ =a,(2)
holds, then we have an identity
:Zlcyay(z)e“‘”=0,
where the constants ¢, v=1, ---, n, are not all zero.

LEMMA 2 (Gross [2; p. 108, Lemma 5.1]). Let ai(z) be entire of finite order
<p. Let giz2) be entire, and let g:(z2)—g{2)i+#j) be a transcendental function or
polynomial of degree greater than p. Then

2 ai@eri 0 =a,()

holds only when
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az)=a,(2)= -+ =a,(2)=0.
Also we need the following unicity lemma :

LEMMA 3 (Osgood and Yang [7]). Let P(z), Q(z) be two nonconstant poly-
nomials of the same degree. If

P —1

f(Z): ;'Q(;TT

is entire then
P(z)=m(Q(2))+2nxi,

where m, n are integers.

§3. Proof of Theorem and Corollary.

By the assumption let us set

3.0.1) f(2)=g(2)e"®
(3.0.2) f'(2)=g'(z)ef®, and
(303) f//(z):g//(z)ef(z) s

where «, 8 and 7 are entire functions of order less than 2.

There is nothing to prove if « is a constant. Also if 8 is a constant, then
f(2)=Cg(z)+D with constants C=e? and D. Suppose that D+0. Then this
together with (3.0.1) gives

D D
g(2)=’m and f(Z)———-l-_W,

where a is a nonconstant entire function. This is found in (3) of our theorem.
Now we suppose that neither a’ nor B’ vanishes identically. Then differ-
entiation gives

g _  ad@
3.0.4) g(z)  ef@a@_]
and
(3.0.5) gz _ B

g'(z)  er@-B@_]

from (3.0.1), (3.0.2) and (3.0.3). Further differentiation and substitution of (3.0.4)
and (3.0.5) give the initial identity

(306) (a//+a12)e—a+2ﬂ—r_{a//_a/(ﬁ/_ar)}e-aﬂe__ {a”-i—a’(ﬁ’—a’)}eﬁ‘T:a’z—a”.

Now we shall show that functions 8—a and B—7 must be linear.
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§3.1. Linearity of 8—a and B—7.

Case 1: B—a is not linear.
Let S—a be denoted by h. Then (3.0.6) becomes

(311) (a//+alz>e2h+a-y_(a//_h/a,/)eh,_(a//+hlal)eh+a-7=alz_all.

We note that neither a@”+a’? nor a”—a’? vanishes identically for our function
« is nonconstant entire. Also we have two estimates

3.1.2) m(r, @’)=S(r, e*) and m(r, h')=S(, e*)

by our assumption on the order of @ and the theorem on logarithmic derivatives

(see, [4D.
If a”—h'a’=0, then (3.1.1) becomes

(@”+a'®)e?r*e T —2a" " T=q2—a”
and while a”+h'a’=0,
(3.1.3) (a”+a'?)e?+e1—2a"e*=a'*—a” .
Due to (3.1.2) Lemma 1 leads then each identity to
Cla”"+a'®)e"=2a” and (a”+a’?)e****T7=2Ca”e"

for a nonzero constant C, respectively. The former gives a contradiction by
(3.1.2). For the latter equation, by substituting it into (3.1.3) we have

2(C—Da"e*=a"*—a”,

which is also a contradiction.
An application of the lemma to (3.1.1) gives an identity

3.1.4) Cila”"+a®)er* T4+ Cyla”+h'a’)e* T=—Cya”—h'a’),
where the constants C, are not all zero. Then C,=0 implies C,-C;#0 and
a’—h'a’=Cla”"+h'a’)e* 7, C=—-C,/C,.
On substituting this into (3.1.1) we obtain
(@”"+a'®)e*r* e T —(C+1)(a”+h a)err* T=a"*—a”.

Here a simple analysis shows C+1+0. Thus a further application of the lemma
leads this to the result

(all+a/2)eh=D(all+h/al>

with a nonzero constant D. The estimation
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m(r, eM=m(r, **** )+m(r, e"**7)4+0(1)

makes this possible. The result is however impossible due to (3.1.2). Also
C,=0 gives C,-C,+0 and

(a”—h'a")e*=Cla” +a'?)e?r*e-T, C=—-C,/C,.
Again by substituting this into (3.1.1) we have
(1—=C)a"+a'?)e e T—(a”+h'a’)ert* T=q'*—a”.
Then we must take C=1 and thus
(@”+h a')ert* T=a”—a'® and (a’+a'?e** T=a”—h'a’.

Hence we arrive at the results a’=h’ and (e***7—1)a”=—(e"**74+1)a’? since
h'+a’'=p'#£0. Then the property of exponential functions and entireness of
a’(#0) permit only to get e"**7=—1 and a”=0, which is however impossible
now. Thus we may apply Lemma 1 to (3.1.4) and get a contradiction again.

Case 2: —a+pB is of the form Az+B, A and BeC, with e4**531,
Then our initial identity (3.0.6) becomes

(315) (a/’+a’2)e“"+3eﬂ’7—(a”—Aa')e"”B—(a”—{—Aa’)eﬁ'T:a'z——a”.

Now we suppose that 8—7 is a non-linear entire function. Then the esti-
mates
m(r, a')=S(r, ef7) and m(r, e2**B)=S(r, ef7)

reduce (3.1.5) to the result
(a”—i—a’z)e‘“"B——(a”+Aa’):(a”—Aa’)e“‘”B—(a”—a’z)EO.

Then we have a’=+ A and A%4**P=+ A%, This is impossible since a’z0.
Hence we need only to discuss Identity (3.1.5) when B—7 is also of the
form Cz+D, C, DeC, with e°?**P=%1. Then our identity is

(316) (a//+a(2)e(A+C)z+(B+D)_(a//_Aa/)eAz+B_(a//+Aa/)eCH-D:__a/z_al/.

There is a difference in methods according to the growth of @’. Therefore we
distinguish the cases whether a’ is of order less than one, or not.

§3.2. The case where the order of «’ is less than one.

Then the method that we make use of is Borel’s unicity theorem represented
as Lemma 2. To do this we have four possibilities to be considered in (3.1.6).
The first one is that A=0. Then (3.1.6) becomes

{(eB——l)a”—l—eBa’Z}ec”D:(eB——l)a”—i»a'z .
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It now follows either C=0 or
(eB—1a"+ePa’=(eP—1)a"+a"*=0

from the present assumption. The latter result gives ¢®=1. This is however
outside our observation. While C=0 gives the identity

(eB—1)(eP—Da"+(e*P—1)a=0.

The entireness of @’ shows that ¢#*P=1 and a’ is a constant. Then the equa-
tions (3.0.4) and (3.0.1) imply the result (1).
Next we suppose that A+0 and C=0. Then

{(eP—1)a"+ePa’*+ Aa’}e4**B=(eP—1)a” +a'*+ AePa’,
and the assumption leads this to the result
(e?—Da”+ePa’+ Aa’ =(eP—1)a” +a'*+ AePa’ =0.

Hence we have a’=A and ¢?=—1. Then (3.0.4) and (3.0.1) give the paira(2).
In the third possibility, A+C=0 and A+0, the identity (3.1.6) becomes

(a”——Aa’)e“*B—i—(a”+Aa’)e3+De‘(‘4”B>:(eB+D+1)a"+(eB+D—1)a'2.
An application of Lemma 2 leads us to the conclusion
a”—Aa':a”-l—Aa’:(eB“’—i—1)a”—|—(e3+D—1)a’250,

which is evidently impossible.
Finally if A=C=0, then

(a”+a'2)e3+l’e“2—{(eB—}—eD)a”—(eB——eD)Aa’}e’“:a’z—a”,
which implies by the lemma
a’+a*=(eP+eP)a” —(eF—eP)Aa'=a—a”=0.

This is again impossible. Therefore the application of Lemma 2 to (3.1.6)
shows that the identity is impossible due to the similar reason. The observa-
tion is now completed on the present assumption.

§3.3. The case where a’ is of order p for 1<p<2.

Here we regard Equation (3.1.6) as

(3.3.1) (eAz+B_1)(eCz+D__l)all+(2A2+BeCz+D___l)a12+A(eAz+B_eCz+D)al:O’

that is, we consider that a’ is an entire solution of Riccati’s equation
(eAz+BeCz+D_1)

(eAZ+B_ 1)(eCZ+D__ 1)

Az+B Cz+D
e4#B—p
( ) w=0.

2
w +A (eAz+B__1)(eCz+D_ 1) -

(3.3.2) w'+
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Hence by the fact mentioned in §2, a solution of (3.3.2) is given by

(3.3.3) wk)=w(z; 2, 1/Co)

2 eAC+B__eCC+D
_[C°exp{S,0A (4GB _T)(®GD 1) ac}

z eA5+B__eCE+D

2 eA£+BeCC+D_ 1 ~1
+SZO (4B _1)(¢0D_1) exp{ScA (e45¥B_1)(eC+D_1) dé}dq

possibly apart from zeros of e4**—1 and of ¢°**?—1. In the strict sense, the
zeros of e4**P—1 and of ¢°**P—1 are all joined to the point at infinity by cuts
which have no finite points in common, and as our domain D we take the
complex plane less the cuts. And let z,&D and also choose Cy(+#0) arbitrarily.
We note that we shall take suitable branches as the occasion demands.

There are three cases to be separated in our observation, thatis, (i) A=0,
(ii) C=0 and A+0, and (iii) otherwise. In the case (i), (3.3.3) becomes

. 2 (eBeCtrP—1)dl -1
w(Z)—{Co—"SZO m}

with e®+#1. A simple analysis shows that this does not represent any non-
constant entire function. While the assumption (ii) leads to

(3.3.4) w(z)=Ad(d—1)(e***B—1){C 0?4+ B — 242+ B (d —1)?} 1

for d=e?/(¢?—1) and a constant C, depending on z, C, and d. We require

that every zero of the denominator should be cancelled by that of the numerator,

since w(z) must be entire. Easily we see that C,#0. Hence we obtain C,=

(2d—1)e*™e* for some integer m. Then we can show by Lemma 3 that d

must be a rational number, even so w(z) in (3.3.4) represents no entire function.
In the general case, a calculation gives

o eAz+B__1 z eAC+BeCC+D__1 -1
3.35)  w(a)=e* W{CHFS,OW dC} z€D)
with an integer / and the constant
C1=C g4I (gAZ0+B__])(gC20+D—1)-4/C, n an integer.

Suppose that A+C=0, then
w(Z):—e—(Az+B)(eAz+B—1)(eAz+B_eB+D){C1+(eB+D_1)(Z""‘Zo)}_1.
If ¢B*P=1, C,#0 and we have the entire function

a'(z)=Ke 4+B)(gA2+B_1)2 KeC\{0},
thus by (3.0.4)
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8'(R) _ i1 -caze>
202) K(l—e ¢ ).

Hence we can get the pair (4). Calculation shows that this pair does not satisfy

the further condition required in Corollary.
While if ¢B*? is different from one, the constant C,—(e?*?—1)z, must be

equal to either of
2kni+B)(ef*P—1)/A and (2kmi—D)(eB*P—1)/A
for an integer k. Then the function w(z) represents our function a’(z),

Ae—(Az+B)(eAz+B_1)(eAz+B_eB+D) and Ae—(Az+B)(eAz+B__1)<eAz+B_eB+D)

(1—eB*P)(Az+ B+-2kni) (1—e®+*?){Az+ B—(B+ D) +2kxi} ’

respectively. By (3.0.4) and (3.0.1) the former case implies the result (7) with
the help of (3.0.5). And for the latter we have the result (6) similarly by (3.0.4)
and (3.0.1). In each case their third order derivatives do not have the property
required in Corollary.

Next we put A=C. Then we can see that ¢®4¢P?=0 and

w(e)=—A(e**?—1){ A(Co—2)(eA7—1)—2}

for some constant C,. Evidently this can not be any entire function. Hence
we shall proceed to the general case that is the main part of this proof.

§ 3.4. Discussion about the monodromy of the function w(z).

Recall that we consider an entire function a satisfying the equation (3.3.1)
and note that for a zero of e4**5—1, z, say,

(e1*P—1)a’(z){a’(z)— A} =0,
and for a zero z, of e¢**P—],
(e*1*B—1)a'(z){a’(z2))+ A} =0.

Now we require that one of the solutions given by (3.3.5) in D should be
the a’, a single-valued and regular function in the whole plane. In fact the
one-points of e4+B are regular points of them. For our purpose therefore it is
sufficient to impose the following monodromy condition on the w(z): Let z’ be
any point in a neighbourhood of a one-point z, of e°**? and I'=I(z’; z,) any
sufficiently small circular loop at z’ with center z,. Then the value w(z’) at
the initial point of I” should coincide with the value w*(z’) at the terminal point.

Evidently as z describes I, ¢°**P—1 winds the origin once with the same
(positive) direction. Hence we have
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w(z')=
ezz:l(A/C)ze-Zz(A/C)z<eAz' +B___l)<e(}z' +D__ 1)—A/C

C1+S" (e48+BCL+D__1)(p0%+D 1)_A/C_ldc+SF(QAC+BZCC+D— 1)(e%+D— 1)'A/C-1dc.
)

The condition w(z’)=w*(z’) is thus equivalent to the representation

(3.4.1) Sr(emﬂeccw—1)(eCC+D—1)-A/C-1dc
=(p-274/00 1){CI+SZ'(9AK+BQCC+D__ 1)(eCC+D__ l)-A/C—ldC} .
20

Suppose ¢~27¢4/9tx1, Then

ezlz(A/C)t(e—zz(A/C)z_1)(eAz' +B_1)(eCz' +D_1)—A/C

Sr(eAC+BeCC+D___ 1)(eCC+D_ 1)—A/C—1dc

w(z")=

and we shall discuss the “value” w(z,).
Firstly suppose e4*1*8=1 as well as e®?1*?=]1. Then we can see that for
z' near z,

SP(QAC+BeCC+D_ 1)(eCC+D__ 1)"’6"(1{

C+ji C—A/CP—A/C+181(1—A/C)0(ve-27r(A/C)1,__1){1+0(‘0)}’

___eznn(A/C)t

and
(e—-ZN(A/C)z___l)(eAz’ +B__1)(eCz'+D_1)—A/C

=e2nn(A/C)tAC—A/CP—A/C+lel(1—A/C')0(e—27t(11/0)1_1){1+O(p)}

for some integer n with §=Arg(z’—z,) and p=|z'—z,|. Hence

C—A
C+A

thus w(z,)=Ae? 4O (C—A)/(C+ A)+#0. Secondly suppose e4*1*8=1, Then an
analogous observation shows w(z;)=—Ae*'**4/°+0. There indeed exists such a
point z,, since if the function (e4*+#—1)/(e®*+P—1) is entire then A/C must be
an integer due to Lemma 3. The first remark of this section shows ¢?/7*4/¢=],
which indicates our choice of branches Z4/¢ in (3.3.5). Eventually, when ¢ ?7%4/¢
#1, w(z) is different from zero at any zero of e®**?—1. It is also true for a
negative (<—2) integer —A/C notwithstanding ¢727*4/°=1 in (3.4.1). Hence
w(z) may assume the value zero at a zero z, of ¢®**?—1 only if —A/C=m is a
positive (=2) integer. Now we put

w<2/)____Aezlz(A/C)1,

{14+0(p)},

I(zy; zo)=C1+Szl(eAC+BeCC+D_1)(eCC+D_ l)—A/C—ldC’
29
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which is the finite definite value depending only on points z; and z,. Also if
eA21+B=1’

AC™(z—2z)™* {14+ 0(z—z,)}

A+C ’
I(z; 20)+mL+l'C"‘"‘-(z—zx)’"+‘{l+0(z—zl)}

w(z)= near z=z,.

Thus I(z,; z,)=0 implies w(z,)=(m+1)AC/(A+C)#0. And if I(z,; 2z,)#0,

w(z)=%(z—zl)"‘“{l-{—O(z—zl)} near z=z,,
so that w(z) has the zero of multiplicity m-+1 at z,. On the other hand if
e41*B£]1 then we can discuss similarly to see that w(z)=mC=—A=0 for
I(z,; 2z,)=0 and that w(z) has the zero of multiplicity m at z, for I(z,; z,)#0.
There is another possibility of its zeros only at zeros of e¢4**2—1 excepting
those of ¢®*2—1. In any case, at such a zero, z, say,

w(@)=A{1+0(z—2z)} if I(z:; 2,)=0,
and
A(eCz2+D__1)—A/0

w(z)= TG 20 (z—2:){1+0(z—2z2)},

that is, w(z) has a simple zero otherwise.

Under the above observations we shall distinguish sections according to the
value of —A/C to get the representations for f and g. The remaining two
sections are devoted to this without further investigation of w(z).

§3.5. The case where —A/C is an integer at least 2.

Put p=—A/C and then

P p(Cz+D)(ep(Cz+D) _eB+pD)<eCz+D_ l)p

(35.0) a'(z)= . )
_C1+S e"(Ii—l)(C'C+D)(e(P—1)(CC+D)_eB*H?D)(eCC*-D___l)P—ldC
20

by (3.3.5). By our discussion in the previous section it is known that the
denominator, F(z) say, can have only a simple zero and zero of multiplicity »
possibly at a zero of e?(C2*+D—B+PD and of ¢°*+P—], respectively. Then we put

F(2)=H(z)L(2)?,

provided that H and L are entire functions assuming the value zero only at
zeros of eP¢C#+D)_pB+pD and of ¢®**P—1 satisfying I(z; z,)=0 with same multi-
plicity 1, respectively. We may say that these two functions are of order at
most 1. Differentiating this, we have

eCz+D_1 P

L(2)

-1
(e(p—l)(Cz+D)_eB+pD)e—-(p—l)(Cz+D)

(351 H'@L@+pHEL@=(
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There is a difference in our discussion about the constant b=eB*P2,

Subcase; b=#1.
In this case H and L have no common zero, and

yon_ €PCHD—p  gCHD_TNp
(3.5.2) ' @="—p ( L(z) ) ‘ '
By the equation (3.0.4) we have

g,(z) _ 1 eCz+D_1 »
(3.5.3) 2z H(z)( L(z) ) '

Now we suppose that H(z) has at least a zero, a say. In a neighborhood of a,

gk _ 1  —(efrP-1)"

2@ 7—a HiaL{@y (TOE=a},

and (3.5.1) gives
_(eCa+D_1)p 1
H'(a)L(a)? ~—
Hence the residue of g’/g is equal to 1 at any zero of H, so that g(z) is given by
H(z)exp(M(2)).

Here M(z) is an entire function satisfying

+D__
H'(2)+M'(2)H (2)+ (L—()L)pzo.

In the concrete, we have
cl+D__
exp(M(z))=KeXp[ S ) O+ 7 ) }dc} K(#0)eC.
The desired representations for f and g are

(@ +oerreesen (L7 Y a],

f(2)=K'H(z) exp[ g L

H®)
eCt+2 1

g(z):KH(z)exp[ SH(Q{H O+ )}dc], K'(#0)eC.

It is easy to show that these are also valid if H(z) is different from zero, by
taking H(z)=1, for example.
Then the following calculation implies

(@) —pe(PH1(C2+D) ya(2) K—(Z)H (_Z_)_+. J(2)
8" (2) K(2)Hy(2)+ J(2)’

with
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b
-p(Cz+D
)e pC ))

_ eC#+D__1 \p, @P(C2+D) _
K@=pC~( 170, ) HG)

eCz+

J(2)= pC( 26 )(eCZ+D___l)e—p(Cz+D)(ep(Cz+D)+b)’

eCz+ —1
Hl(z):C(eCZ-O-D__p)H(Z)_I_( L( ) ) (2 be—(p 1)(Cz+D) _ be‘p(cl+D))
and
eC’z+ 1
H(&)=C(1—pe DH (2 + (5 p ) (02 1~ 2ber0ceeD),

In fact, by (3.0.3) we now have
F1(@)=bg" (e P Cermgace,
Differentiating this, we obtain the following equation :
(35.4)  fr(@)=be-@rOCDE®gr ()t {—(p+1)C+a'(2)} 8" ()]
While (3.5.3) together with F(z)=H(z)L(z)? gives

(eCz+D_1)p

g’(z)=~—ﬁ‘(‘—z)——g(z) .

By differentiation we have from this equation,

8"(2)=G(2)g'(2),

where
_ pceCz-i-D F'(Z) _ (eCz+D_1)p
(3.5.5) G(z)= T T R (o) Fa
Further we have
(356) 2= 52 +6)]g"
.5. 26) .

Therefore (3.5.4) and (3.5.6) imply the equation

GR{—(+DC+a'(2)} ]
G(2)*+G'(2) )

(B.5.7)  f"(2)=bg"(z)e"(PFr1(C2+D)pal2) [1+
Consequently we can obtain the desired representation from (3.5.7), when we
take account of the equation

F/(z)z(eCz+D__l)p—l(e(p-1)(Cz+D)_b)e—(p-1)(Cz+D)

and use (3.5.5) and (3.5.2).
Under the assumption of Corollary we may put
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o = K@) H\(2)+ J(2)
K@) Hy(2)+ J(2)

for some constants » and s. Note that ¢™***=1 implies that a’ is a constant by
(3.5.2) and it is now excluded. Then

(3.5.8) 1= }]{8 {H(2)— e+ Hy(2)},
and
eC'z+D_ P
Hy() =" Hy()=CH@ W)+ ) k@
with
h(z)=(e®**P—p)—e™**(1—pe**?)
and

k(z):(z__be—(p—l)(Cl+D)_be—P(CZ+D))__erz+s(eCz+D+l_zbe—(p—l)(CZ+D)) .

Suppose that (e®?*P—1)/L(z) has a zero, z* say. Then J(z) has a zero of
order at least p+1 there and so does H,(z)—e™**H,(z) since K(z*)+#0. Then
h(z¥)=(1—p)1—e™**)=0 so that e™**=1. This means that H,(z)—e"*"*H,(z)
has a zero of multiplicity at least p+2 there. Since k(z*)=2(1—b)(1—e"**%)=0
and H(z*)+0,

h(z¥)=h'(z%)= -+ =hP(2¥)=0.
Now we have

h'(z):CeCz+D__erz+s{r__p(r_l_C)eCH-D},
hll(z):CZecz+D__eTz+s{rZ_p(r+C)2€CZ+D}’ and
h,/’(2>:C3eCZ+D—€TZ+S{7’3""0(7"!‘(/‘)320”'1)}.

If p=3, then r=0 and e"***=1, so we have p=2 and e"***=¢~%**D_ Then by
(3.5.0)

HL()'= & (52— Clo+ De—be 0 1-C,)

for a constant C,. Substituting this into (3.5.8), we obtain a contradiction even
if b=—1.

Next suppose that (e°**?—1)/L(z) is different from zero. Then we may
choose L(z)=e°**?—1. Hence by (3.5.0)

F(z)
L(z)?

for some point z, with e®1*P=]1, It follows immediately p=2m, a positive
integer m and b=—1. If m=1, H(z)=C'e “**® and the result (10). For the
case where m>1 it is shown that the function represented by integration always

H(z)=

:<eCz+D__1)—p{gz e—(p-1)(CC+D>(e(p—1)<CC+D)_b)(eCC+D___1)dc}
2



116 KAZUYA TOHGE

assumes a zero at the point where we never expect. It needs to be a zero of
either ¢?<#*D 41 or ¢®**P—1 with I(z; z,)=0.

Subcase; b=1.
Now we choose H and L as

F(2)=H(2)L(z)"*,

that is, H(z) vanishes only at zeros of e®@-D¢Cz+Dp...4 pC2+D 1 Of course, H
and L do not have any common zero. Then we have the following equation
corresponding to (3.5.1)

(3.5.9) H'(2)L(2)+(p+1)H(z)L'(z)
eCz+D_1
L(z)

After the manner of the previous case we shall investigate the behavior of the
logarithmic derivative of g at the zeros of H and L. If either of them is
different from zero, then let it be equal to one identically. Since (3.0.4) gives

:e-(p-l)(C’z+D)<

>p(e(p—2><0z+b>+...+902+D+1) .

g'(2) B -1 ( 0C#tD_1 )p
gz)  H@LE\ Lk /°
that is of the expansion
_(pCa+D_1\p
L D 0G—a))

z—a H'(a)L(a)?*!
near a zero of H, a, and

1 —cr
=5 HOLE O

near a zero of L, b. The equation (3.5.9) implies

—(eCer_1yp —Ccr ptl
R O) O iy * (1Y () R S

Unless L(z)=1, (p+1)/(p—1)=1+2(p—1)"* must be a positive integer, so that
p=2 or p=3.
Firstly suppose that L(z)=1, then

H(z)=F(z)=Sle-<P"‘><CC+D>(e<P-1><CC+D>—1)(eCC+D—-1)P-Id§,

a

A simple analysis shows p=2m-+1, m a positive integer. It is however im-
possible that this function vanishes only at zeros of e¢?-1Cz+D ... 4 pC2+D 4 ]

Next suppose that L(z)#1 and p=2. Then

H(z)L(z)’= % {eC+P—2C(z—b)— e~ (C#+D2}
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which has infinitely many zeros. However it follows from this form that L(z)
can have only one zero b and H(z) has no zero. This is a contradiction.
Let p be equal to 3. Then we have

H@)L(z)'= %e'“c”m(ec””——l)‘* ,

so that it follows that H(z)=1 and

1
2C
thus a’(2)=2Ce (C#+D)(g2(Cx+D) | oC2+D1 1) Hence we can write

f(2)=L(2)"*exp(N(2)) and g(z)=L(2)*exp(M(2)),

L(z):we‘(‘/2)““”’(@‘7””—1), (04:

by the previous observation and

/ 8@’ o L) _ o coin
M'(z)= 200 To = C(2e°7*P4-1),

N'(@)=M'(2)+a'(2)=CR2e D +1).

Finally we have the pair in (5), which has no influence on Corollary.

§3.6. The case where —A/C is not an integer greater than —1.

In this case we know that a’(z) does not have any zero common to e®**P—1,
Put a’(z)=(e4**2—1)/G(z) for an entire function G of order at most one, which
assumes the value zero possibly at the one-points of e4**® with the simple
multiplicity. Then (3.3.1) gives

3.6.1) G'(2)(e0**P—1)— AeC**PG(z)=e4**BeC2+P—1,

Here if G(z) is zero-free, it is denoted by e"*** and then (3.6.1) leads however
to a contradiction by using Lemma 2. Hence G has indeed a zero. The func-
tion G is represented by a product of the following two entire functions H and
L. They are of order at most one, H assumes the value zero only at one-
points of e4**® but those of ¢**?, and L does at all their common one-points.
Of course, all the multiplicities are simple, and there is no zero common to H
and L.
At a zero of H, a say, (3.0.4) and (3.6.1) give the expansion

ig)) H(a%L(a)z (14+0G—a)}= —{H—O(z ol

At a zero of L, b say, we have also

C-4 1

C—_*_A‘E{H-O(Z——b)}-

gk 1 1 o
g(z) ~ HMBL'(b) z—b {1+0(z—b)} =
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Hence then (C—A)/(C+A)=(1—A/C)/(1+A/C) must be some integer k different
from 0, 1, —2, and —3, since —A/C=(k—1)/(k+1) is a rational number
different from an integer =—1. Thus —A/C is not an integer.

These observations imply the pair

f(2)=H (2)L(2)* exp(N(2)),
(3.6.2)
g(2)=H(2)L(2)* exp(M(2)),
for entire functions M and N satisfying
(3.6.3) M'HL=1—H’'L—kHL’ and N'HL=e***B—H’'L—FkHL’.
Calculation gives
L(z)*'(A+a'(2) .

f”(Z):—' ec;+p_l Az+BeXp(N(2))r
(3.6.4) i
gr(ay=—E AL porrvexpiia ),

and, noting (3.6.3) and (3.6.1) with G=HL,

k=38 ,42+B
(2= I](:IIZ))zléf’)ﬁDil)z exp(N (),

NS\ — Kz(Z)L(z)k"3eCz+D
g"'(2)= H(z)z(eCHD_l)g

(3.6.5)
exp(M(2)),

with
Ki(2)=A(A+Ce®**P)H (2)* L(2)*+ {CeA**Be0*+B4-3 Ae4*+B
—(A+C)e® P2 A} H(2) L(2)+(e4+P — 1)(eA+Be0+P4 c4s+3—2),
Ky(z)=A(Ae®*P+C)H (2) L(2)*+ {2 Ae4**BoC+ P4 (A+ C)e4*+E
—3460*+P— C} H(2) L(2)-+(e4+5—1)(2eA*Be0++P— gOs+P_1)

These are valid even if L(z) is zero-free by taking it as the constant 1, for example.
In the case the number —A/C may be complex and H(z) has indeed a zero
Supposing that f”’/g”'=¢® for entire §, we have

g _ T
g// e6—7_~1
by the assumption (3.0.3). Since f—a=Az+B and f—r=Cz+D, we have
7r=a+(Az+B)—(Cz+D).

Now (3.6.4) and (3.6.5) give

K
o1
e’= K,

e(Az+B)—(C'z+D)+a
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8" __ K,
g” HzLZ(A+aI)(eCZ+D_1) 3
therefore
(@’+A-C) K,
K,/K,—1 - HaLz(A-I—a’)(eC”D_l) .

Hence, noting HL=G=(e***3—1)/a’, we put K,/K,=e"***%1 and we obtain
(erz+s__I)E(ZeAz+Be0z+D__eCz+D_l)arz+{ZAeAz+BeCz+D+(A+C)eAz+B
—3Ae*P—Cla’+ A(AeC* P4 C)(e4*tB—1)]
=—(e**B—1)(e®**P—1)a'+A)a'+ A—-C).

Then we have the following quadratic equation in a’,

(3.6.6) a(2)a’(2)*+a,(2)a’'(z2)+az)=0,

with
ax(2)=(eT 5 —1)(2045+BgC2+D_ gC2+D_1) 4 (gA2+B_1)(g0#+P—1),
a(z)=(e"***—1)(2Ae***BeC**P L (A4 C)e***BE—3A4e"*+*P—C)

+(2A_C)(8Az+5___ 1)(eCz+D_ 1) ,
and

ao(z)ZA{(e”“——l)(AeC”D-l-C)(eA”B—l)—I—(A—C)(eA“'B—1)(ecz+D~1)}.

If the coefficient a, vanishes identically, Lemma 2 shows that the only possi-
bility is that eC**P=¢=2¢42+5 gnd ¢"***=—¢47*5, Then the equation (3.6.6) has
no desired solution a’. Consequently the function a,?*—4a.a, needs to be the
square of a meromorphic function. Since it is equal to

C2(eA#+B—1)2(e0+P—1)2—2b,(2)(eA*+E—1)(eC++P—1)(e™*+*— 1)L bo(2)(e™*+ — 1),
with
by(2)=2A(A—C)e** B+ P—(2A+CYA—C)e4*+?
+AQ2A—C)e*P—(2A*—2ACH+C?),
bo(2)= — A A2e2(A2+B)p2(C24D) L A A( A— C )g2 A2+ B)gCs+D L ( A1 C)2g2(4e+B)
—2A(A—C)eAs+BoC2+D L OC (A—C )oA*+B 45 A2 C+D)
—2AQRA—C)e®* P+ C(C—44),

to do this we require that b,(z)2—C2bs(z) should vanish identically. Then



120 KAZUYA TOHGE

1
ix {bl<z)2_czbo<z)}=C1e2(Az+B)82(Cz+D)_C2ez(Az+B)eCz+D+CSQZ(AHB)
+CzeAz+BeZ(Cz+D)_CzeAz+BeC’z+D+CzeAz+B+cseZ(Cz+D)
_CzeC’z+D_|_cl’

with C,=A*—2AC+2C? C,=(A—C)2A—C) and C,=A*—AC—C: It follows
from Lemma 2 that Borel’s identity b,(z)*—C?by(z)=0 is impossible in the present
situation.

This completes our proof.
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