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ON Z,-EXTENSIONS OF REAL ABELIAN FIELDS

By AKIRA INATOMI

In [1], Fukuda and Komatsu gave a sufficient condition for the A invariants
of real quadratic fields to vanish. In this note, we shall show that the results
obtained in [1] can be extended in a real abelian case.

Let % be a finite real abelian extension of @ and p an odd prime number
which splits completely in k. Let PP, P, be the prime factorization of
(p) in k, where r=[k:Q]. A Z,-extension

k=R, Ck,C - Ck,C - CK

is the cyclotomic Z,-extension, since # is a totally real field and Leopoldt’s con-
jecture is valid for k.. Let C, be the ideal class group of %,, A, the p-primary
part of C,, ¢ a topological generator of Gal(K/k) and we denote also by ¢ the
restriction of ¢ to k,. Let

Cr={ceCys;c°=c} and B,=CiNA,.

We have the following result by Greenberg [2], since every @, is totally
ramified in K.

LEMMA 1. There exists an integer ny, such that |Bo|<|B,|< -+ £| By, l=
| Bage1| = - =|By|=---.

Let E be the unit group of k.. Then
E={1, —1}PE’,

where E’ is a free abelian group of rank r—1. We denote by N,,, the norm
mapping from k&, to k, (m=n). Let H=N,, (k,)NE, then there exists a base
{91, 92, -+, pr-1} of E’ and positive integers ¢, ¢s, --+, ¢--1 such that

H={1, —1}®[ns, ns, -, n3'] (1)
and ¢,|c,4 for i=1, ---, r—2. Since [k, : k]=p",

HO{1, —1}B[9%", 3", -, pPi].
Then we have
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cl=pn_8l; szpn—szy Tty (;r_l:p"""r—l,

where s, ss, -+, $,-, are integers such that n=s,=s, - =s,_,=0. Let [,=
S1+Se+ - +8,y, then [E: H]=p"""D-in,

We denote by e(2) the ramification index of a place @ of % with respect
to k,/k. Since k, is a finite cyclic extension of %, by Yokoi [3] we have

ITze(2)

|C21=|Colxm

_ ICol XprX .- Xpn
- pnxpn(r—l)—Ln

=[Colp'».

Hence |B,|=p‘'», where ¢ is the integer such that p¢ divides |C,| exactly.
Then, by lemma 1
LE4LE - §1n0=1n0+1= o=/,

Since ke, =Q,(1=:=r), if ¢ is any element of E’ which is not equal to 1,
then there exists the positive integer m,,, for @, such that e?-'el+4p"*Z,
and e?'&l+pmeittZ,. Let m=Min{m,,,; 1<i<r}.

LEMMA 2. If n=m., then &' =e@-D2" ™ js contained in H.

Proof. e@-0pnmetio ]y putiiime =mo 7 —14 p7+1 7 Hence, ¢’ is a Pi-
adic norm for k,/k at every &,. By local class field theory, &’ is also a @-adic
norm at every prime & of k, prime to p. Then, by Hasse’s norm theorem, &’
is a global norm for k,/k. This implies ¢’ ENN,, (k.)=H.

Remark. 1If m,=m, , then e?-VP" ™ el ypr*17 and €l+p"*Z, in ke,

Let {Cl, CZ: T Cr—l} be any base of E’ and H/:[C{p—l)p"—mcl"'l’ Cép—l)p"-mcz“'l’
B Ly o n;Max{mcl; 1<i<r—1}. Then HD{l, —1}PH’, since
C{P—l)?n—mgl+leH. Let m(C):mC1+mC2+ +mcr—1‘

ProposITION 1. mQ)<l,+(—1).

Proof. [E:H]=p""V-tnand [E: {1, —1}PH' ]J=(p—1)" 1 prr-b-m&+r-b,
Here, pn(r-D-m@+r-b> pncr-L-ln gince [E: H] divides [E: {1, —1}PH'] and
(p—1)"* is prime to p. Then mQ)<i,+G—1).

COROLLARY. m({) remains bounded for all bases of E’.

Proof. mQ)=l,+—1D)<I+F—1).

Let m=Max{m({); any base {{,, ---, {,-.} of E’} and, for n=m, we take a
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base {9, 2, -, Hr-1} of E" as in (1). Then m(y)<m, but we can show that
m(p)=m.

PROPOSITION 2. |B,|=p*™ Y for n=m.

Proof. We have 5 »?" "1 e H(1<i<r—1). Then there exists an integer
d, such that p®P-0P" "1 =pdir" "% go d,=(p—1)p% for a non negative integer
d;. On the other hand, »®-V?P"""ic14p"*Z, and »P-22" "n* is a topological
generator of 14+p"*'Z, in kgj, where m,,;=m,, .. Hence, d;=0, so n—m,,+1
=n—s,. Then we have [E: H]=pr"-D-mm+ -1 and [,=m(n)—(r—1). By
proposition 1, m<l,+(r—1)=m(yn). Hence, m=m(yp)and | B,|=p+in=petm-r-1,

This proposition was proved by Fukuda and Komatsu [1] in a real qudratic
case. We can also prove the following result by the same way as in the theo-
rem of Fukuda and Komatsu [1].

THEOREM. If Ny_y0 (En-y)=FE and the class number of k is prime to p,
then 2,(k)=0, where E, is the unit group of k, and A,(k) is the Iwasawa in-
variant of k for the p.

Let {Ci, Lo, =+, {roa} be any base of E’ and ng,=Max{my,.; 1<;<r—1}
for #,. Then n¢, does not remain bounded for all bases of E’.

Example. Let k be a real cubic field and {e,, &,} a base of E’. Assume

that
511"1:1+xp‘11+

ef'=14ypist -

in ke, where 1<x, y<p—1 and a,=a,., We take a non negative integer z
such that

and

zx=—y(mod. p) and 1=z=p—1.

Let e,=¢;?% %, Then {e,, €3} is a base of E’ and Mt 1> Qo =My, s Z A1 =Me, .
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