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ON THE THEOREM OF TUMURA-CLUNIE
By HONG-XUN YI

1. Introduction and Main Results.

Let f be a nonconstant meromorphic function in the complex plane. It
is assumed that the reader is familiar with the notations of Nevanlinna theory
(see, for example [3]). We denote by S(», f) any function satisfying S(», f)=
o(T(r, f)) as r—+ oo, possibly outside a set E of finite linear measure. Through-
out this paper we denote by a;(z) meromorphic functions which satisfying
T, a)=S@, f) G7=0,1, -, n). If a,%0, we call

Plfl=arf "+ an f" '+ - +aif +a,

a polynomial in f with degree n. If n,, n,, ---, n, are nonnegative integers,
we call

MLfI=fro(f)me e (fR) e (1)

a differential monomial in f of degree yy=n,+n,+ --- +n, and of weight [’y
=ne+2n,+ - +(k+Dn,. If M,, -+, M, are differential monomials in f, we call

QLf1= ZaM,Lf] (2)
a differential polynomial in f, and define the degree yo and the weight Iy by
rQ.-maxru and I” Q—max FM respectively. If Q is a differential polynomial

then Q’ denotes the dlfferentlal polynomial which satisfies Q'[ f(z)]--—Q[ f(2)]

for any meromorphic function f. (See, for example, Mues and Steinmetz [4,

P 115]).
The following theorem was first stated by Tumura [6] and proved com-

pletely by Clunie [1]:
THEOREM A. Let f and g be entire functions, and
F=a,f"+an f" '+ +af+a, (a,%0). (3)
If F=be®, where b(z) is a meromorphic function satisfying T(r, b)=S(r, f), then
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F= a(f+a"1>.

n

Hayman proved the following theorem:

THEOREM B (see [3, P 69-70]). Suppose that f is meromorphic and not con-
stant in the plane, that

F=a,f"+an.f*'+Q[f] (4)
where Q[ f] 1s a differential polynomial of degree at most n—2 in f. If N(r, f)
+N(r, %):sm ), then

F=a (f L ‘)
Mues and Steinmetz have given the following theorem :

THEOREM C (see [4]). Let f be a nonconstant meromorphic function. Suppose

that F is given by 3). If Nir, +N(r, %):S(r, 1), then

=a,(f 552"

Toda proved the following theorem :

THEOREM D (see [5]). Let f be a nonconstant meromorphic function. Suppose
that F is given by (3). If

N(r, —};-)-f-Z]V(r, n 1
<§,

lim sup T, )

T¢€E

then
F= an(f+ i’ii)n .

nan

Recently Weissenborn has given the following theorem:

THEOREM E (see [7]). Let f be a nonconstant meromorphic function. Suppose
that F 1s giwven by (3). Then either

T, NEN(r, )+ N, N+, £,

or

F:an<f+h)n.

na,
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In this paper we improve the above results and obtain the following :

THEOREM. Suppose that f is a nonconstant meromorphic function, that F 1s
gwen by (4). If

_ N(r, ) +aNG, H+N(r, (f+92=)7)
lim sup )

TEE

where a=max{l, ['g+3—n}, I'q 1s the weight of Q[f], then

<2,

F=an(f+a—"'i>".

nay,

The proof of the Theorem is left to §4. In the special case that F is
given by (3), our result is

COROLLARY. Suppose that f 1s a nonconstant meromorphic function and that
F 1s given by (3). If

_ N(r, )+ 8, n+R(r, (1+2220)7)
lim sup )

TEE

<2

then
F=an<f+ ot )n.

na,

The above Corollary improves Theorems A, C, D and E. To illustrate our
results we give an example.

Let f(z)=e*, F=f"+f""%n=2), we can easily verify
N )+ aN G, N (£H2))
limh $up (r, )

T¢€E

=2.

This example shows that our results are sharp.

2. Some Lemmas.

The following four lemmas will be needed in the proof of our Theorem.

LEMMA 1 (see [2]). Let f be a meromorphic function, and Q[ f] be a dif-
ferential polynomial in f of degree yq. Then

m(r, QU D=Zyom(r, /)+S(C, f).

LEMMA 2. Suppose that M[f] is given by (1). If f has a pole at z=z, of
order p, then z, 15 a pole of M[f] of order (p—1) yu+1y.
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Proof. Obviously, the order of M[f] at the pole z, is
prot+(p+Dni+ - +(p+R)ne=(p—Dyu+1'x.

LEMMA 3. Suppose that Q[ f] is given by (2). Let z, be a pole of f of
order p, and not a zero nor a pole of coefficients of Q[f]. Then z, is a pole of
QLf] of order at most pyo+(I'e—7¢).

Proof. By Lemma 2, z, is a pole of M;[f] of order (p—1) ru,+PM] (=
1, 2, ---, n). Therefore, z, is a pole of Q[f] of order at most

max{(p—Dyu,+ L} =(0—Dre+le=pre+e—r0),

which proves Lemma 3.

LEMMA 4. Let f be a nonconstant meromorphic function, and F=f"+Q[f],
where Q[ f] is a differential polynomial in [ of degree v, and of weight I'q. If
QLf1=0, then

= 1 = 1 _
(n=1T(r, NEN(r, ) +N(r, 5)+Tomret DNG, 1450, ).
The proof of Lemma 4 is given in §3.

3. Proof of Lemma 4.

If n<y,, the conclusion of Lemma 4 holds obviously. In the following we
suppose n>yo. By F=f"4+Q[f], we have

,__F’ n ﬂ . n-1£1 ’
Fr'=p fr+5 QUL F'=nf""f'+Q'[f],

and hence
(E PN QU
1(F =)= (G = F)-
Let
o=, arn-an(SH -5
Then
AL I=241. (5)

If 2,[f1=0, then 2, f1=0. By integration we get
f"=cQ[f] (c=0),
and hence

T(r, fH=T(r, QL/D+0O),
that is

nT(r, fl=m(r, QLfD+N(r, QLfD+0D).
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Using Lemma 1 and Lemma 3, we have
m(r, QLf D=yemlr, f)+S(r, ),
Nz, QLI D=Z1oN(r, N+To—rN(r, H+S(r, f).
From the above we get
(n—=7QT(r, N=Tq—1)N(r, N+, f),

the conclusion of Lemma 4 holds. In the following we suppose that £2,[ f]1=0.

Noting 2.[ f]:%—%{i, we have m(r, 2.[f1)=S(, f). From
B QL1 F
20 1=QUN G175~ F)

we have
m(r, QL N=m(r, QLfD+S(, f)

Syemlr, [)+S(r, 1),

:_Qz[f]
AN

m(r, fM)=m(r, Qz[f])+m(r, ﬁ)

using Lemma 1. By (5) we have f* and hence

that is
nntr, Hrentr, r+m(r, 1)+ 0.

Again by the first fundamental theorem (see [3]), we get

m(r, Q—l%ﬁ)zN(r, 2.0:D-N(r, -Q—E?J—)Jrsv, n.

Obviously, a pole of 2,[ f] occurs at one of the zeros of F and f, poles of f,
zeros and poles of coefficients of Q[ f]. Let z, be a pole of f of order p, and
not a zero nor a pole of coefficients of Q[ f]. Then z, is a pole of f" of order
pn. From Lemma 3 we know that z, is a pole of 2,[f] of order at most

pro+e—7re)+1. If 2z is a pole of @2,[f], since 2,[ f1= Q;[,,f]
of 2,[f] of order at most

prot+Le—ro+D—pn=ULq—rq+D)—p(n—7q).
If z, is not a pole of 2,[f], since

1 fr
201 lf]

2, is a zero of £2,[f] of order at least

, Z, is the pole
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pn—{pre+g—ro)+1}=p(n—re)—LI'q—re+D).

Hence we have

1 — 1 — 1
N(r, Qlff])—N(r, m)éN(h T>+N<r, 7)
+(Lq—71o+VN(r, f)—(n—19)N(r, /)+S(r, f).

From the above we get
(n—19T(r, H=N(r, 5 )+N(r, )+<FQ ~1e+DNGr, H+S(r, £).

This completes the proof of Lemma 4.

4. Proof of the Theorem.

oy Gan _F.
Let g=f+ . and G= P then

G=g"+Q*g],

where Q*[g] is a differential polynomial in g of degree 7o« and of weight I'g..
Obviously,

rQ*én—Z
I'p<max{n—2, [y} .

If ['Q>7’l~2, then ['Q*ZFQ, CX:FQ“}‘S—‘?'[. If ['an—Z, then FQ*§n—2, a=1.
Therefore, I'ge—7ost1Sa+(n—2—74).
Suppose Q*[g]=x0. From Lemma 4, we have

(n—1T(r, )<N(r, o J+A(r, i)+<rq*—m*+1>ﬁ<r, 8)+S(r, 8)

=N(r, G)+N( )+aN(r 2)
+(n—2—70N(r, g)+S(r, g)
<N<r ——)+N( )—{—aN(r 2)

+(n—2—7¢T(r, g)+S(7, g).
Thus, we have

2T, EN(r, ) +5(r, )+aN<r 9+S(r, 8.
Noting
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T(r, ©)=T(r, )+, [),
N(r, & )=R(r, 5-)+Sr, 1,

T =N (5520,

N(r, e)=N(r, H+S(, f),

we get

270, NEN(r, ) +aler, N+R(r (5+225) )50, 1),
So

) N(r, %>+a1v(r, f)+N(r, (f—i--a—”ﬁf)-l)

llr?;%up T, na =2,

which is a contradiction. This shows that Q*[g]=0, that is

Peo(sr Y.

The Theorem is thus proved.
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