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ON PSEUDO-PRIMALITY OF THE 2r-TH POWER
OF PRIME ENTIRE FUNCTIONS

By JiaAN YONG Qia0

1. Introduction

In [8] Guo Dong Song and Jue Huang proved the following theorem :

THEOREM A. Let g4(2) be a pseudo-prime entive function, and n(=3) be an
odd number. Then F(2)=g%(z) is also pseudo-prime.

They used a prime entire function sinze®°s? to show that there exists a
prime entire function g,(z) such that gi™(z)(n=1) is not pseudo-prime. Because
the order of sinze°°s* is infinite, in [8] the authors naturally proposed the fol-
lowing question (1): Does there exist an entire function g,(z) which is prime
and of finite order such that g2(z) is not pseudo-prime?

In this paper we shall give an affirmative answer to above question (1).
That is, there exists an entire function g,(z) which is prime and of finite order
such that gi(z) is not pseudo-prime. Further we shall prove that the prime
entire functions of which the 2n-th power are not pseudo-prime are only some
special periodic functions.

We assume that the reader is familiar with the fundamental concepts of
Nevanlinna’s theory and adopt with their usual meaning, classical symbols such

as m(r, a, f), n(r, a, f), N, a, ), T(r, [), M(r, f) etc, ----- (see [4]).

2. Main results

THEOREM 1. Let H(w) be an odd transcendental entire function. Suppose
that the order of H(sinz) is finite. Put Ho(z)=(cosz)-(H(sinz)+2a). Then the set

E={asC; H,(z) is not prime}
is at most countable set.

Remark 1. It is easy to choose a transcendental entire function A(w) such
that
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0<|i_rﬁ£)_g.lo_g[wﬂ Sp<co.,
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In Theorem 1, we choose Hw)=wh(w?. Obviously H(w) is an odd trans-
cendental entire function and

i log log M(r, H) —Tm log log M(r, h)
[ log logr Tosc0 log logr»

sp<o,

From Theorem 2 of paper [5] we know that the order of H(sinz) can not be
larger than p. Therefore, by Theorem 1 H,(z) is a prime entire function of
finite order for any a& E. But

Hi(z)=[(1—w?(H(w)+2a)*]-sinz
is not pseudo-prime. This is an affirmative answer to question (1).

THEOREM 2. Let F(z) be a right-prime entive function and F?*"(z) is not
pseudo-prime for some natural number n. Then there must exist a transcendental
entire function h(w) such that

F(z)=cos(az+b)h(sin(az+0b)), (a and b are constants).

Remark 2. From above Theorem 2 we can easily know that for a right-
prime entire function F(z), F**(z) is pseudo-prime for some natural number =
if and only if F*(z) is pseudo-prime.

3. Some lemmas

To prove Theorem 1 and 2 we need some lemmas. At first, we prove the
following Lemma 1 which is similar to Lemma 3 of paper [6].

LEMMA 1. Let h(w) be a single-valued regular function in 0<|w|<oco. Then
there is a countable set ECC such that any two common roots w,, w, of the
simultaneous equations

h(w)—l—a(w—l—%):t
)]
h/(w)—l-a(l—?vl—%):o

satisfy
1
Wit =yt @
Wy Wo
for any constant t(C) provided that a<E.

Proof. Put
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1
w=—h'w) [(1=—); A=C—({0, 1, ~1}U{peC; F/(p)=0}).
We choose open sets {C;}%-, of A such that

() JC=4;

(II) k(w) is univalent in Ci(i=1, 2, --);
() {k(w); weC}=D; is a disk (i=1, 2, ---).
Put :

K= h(w)+ (w2 ew);
qi(x)=(k|C)(x)  xEDy;
r(x)=K(gi(x)) x€Dy;
I={@G, j)eNXN; DiND;#@ and ryx)#rix)xsD;N\D))};

Su={xeD:N\D;; r{x)=rix)}, G, HEI;

Ev=\JDi— \J Si;.

i, per

Put E=C—E,, E is obviously a countable set and

1
r()=hg)+ (0t o5) %, (D)

We choose any two common roots w,, w, of simultaneous equations (1).

the same method as in the proof of Lemma 3 of paper [6] we have
1) There is a (7, j)eI such that aeD;N\D; and

w,=g(a), w,=q;(a)
2) rya)=ria)
By (3) and (4) we see

’ — 1 — ]' ’ —_— .
ri(x)=gx)+ ey +(1 72 )qz(x)(x k(g«(x)))

1
=qi(x)+ OR

By (6) and (7) we easily obtain

1 1
gi(a)+ W—q;(a)'F W

By (5) Lemma 1 is proved.

®

4)

®)
(6)

@



PRIME ENTIRE FUNCTIONS 227

LemMA 2[3]. Let f(z) be an entire function of exponential type ¢ and
periodic on the real axis with period 2r. Then f(z) is of the form

f@)= égnake“” (n<o).

LEMMA 3[3]. Let f(w) be an entive function of order p<1/2 and g(z) an
entire function. Then f(g(z)) is periodic if and only if g(z) is periodic.

LEmMmA 4[3]. Let f(w) be an entire function and g(z) a polynomial of degree
n=2. If f(g(2)) is periodic then g(z) must be a quadratic polynomial.

LEMMA 5[4]. Let f(z) be an entire function. Then

1
——— V<
a,;co(l ))((l) >=1
where v(a) stands for the least order of almost all a-point of f(2).

LEMMA 6[2]. All entirve solutions of functional equation

fA)+g%2)=1
are of the form
f(2)=cos0(z) and g(z)=sinf(z)

where 0(z) is any entire function.

4. Proof of theorems
Proof of Theorem 1. Put

Then h(w) is a single-valued regular function in 0<|w|<co, and
1 iz
Ha(z)=(h(w)+a(w+;))ae . ®)

Because w=0, co are essential singularities of A(w), by Picard’s theorem there
is a constant b such that hA(w)=>b has infinitely many roots {b,}s,, hence we

have
T(r, h(e*)ZN(r, b, h(e*))+0(Q1)

2 NG, by, €)+0(1)

=(n—2)T(r, &**)+S(r, ¢*). 9
Taking. n sufficiently large, by (9) we have
T(r, e)=0o(T(r, h(e*))  (r— o). (10)

Because h(e??) is an entire function of finite order, by the theorem of paper
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[1] and (10) it is easily seen that there is not two distinct values a such that
N(@r, —a(e**+e ) +t, h(e*))<am(r, h(e*)) (11)

for sufficiently large value of », any t=C and any a<(0, 1/2). Therefore,
there is a countable set E,CC such that the conclusion of Lemma 1 holds for
a<E,, and further there is a sequence »,=r,(a)(r,—o0) such that the following
inequality holds

N(rn, —a(e**+e *)+t, h(e**)=am(r,, h(e*)) 12

for any teC.
Hence we have

Ny, t, H)Zam(r,, h(e")). 13)

Put E,=E;\U{0}. We shall prove ECE,.

Assume a€E,, let H,(z)=f(g(z)). We discuss the following five cases.

a) Suppose that f and g are transcendental entire functions. Since the
order of H,(z)=f(g(z)) is finite, by Pdlya’s theorem the order of f(w) is zero.
Hence f’(w) has infinitely many zeros {w,}3-,. Since Hi(z)=f'(g(z))-g’(z), by
(8) any root of g(z)=w, is also a common root of the simultaneous equations

(h(w)+a(w+%))oe“: F(wa)

1 (14
(Ww)+a(1——))-e=0.
By Lemma 1 any two roots z;, z, of (14) satisfy
214 g 1= g2t o 22, (15)

Hence z,—z,=2kr or z,+z,=2kr (k is an integer). This implies
n(r, wa, OSA+OD) Zr (o).
By the second fundamental theorem, g(z) is an entire function of exponential

o<4/w. Since H,(z) is periodic, by Lemma 3 g(z) is periodic. It is easily seen
from (15) that the period of g(z) is 2Nr with an integer N. By Lemma 2

g@)=a-,e "M +q,+a,e’ V. (16)

We discuss three subcases.
a;) a-,=0. Then

Ha(z)=(h(w”)+a(w”+%>)ae“””’, Ho@)=[f(av+aw)]oe!®

Hence we have
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1
h(w”)—i—a(w”-{—m—):f(ao—%alw).

Then its right hand side is regular at w=0, while the left hand side is not
regular. This is a contradiction.

a,) a,=0. Discussing H,(—z) and treating it by the same method as in
case a;) we can obtain a contradiction.

a;) a,a_,#0. By (1), (14) and (16) the two roots w5, wh of a_,w= M 4q,
+a,w'¥=w, satisfy

Wb —wnp L a7
w w

n n

Obviously we see whw”=(a_,/a,)”, thus we have

st =) e (5 an

By (17) and (18) we have

-2 Tt {1-(2) Ty =0 =15,

This implies a_,=a,e****/"> with an integer k. Thus

; z T
g(2)=2a,e'**'M> cos——+d,.

Therefore

Ha(z+k7r)=f<2(11ei(""“v’ cosjiv+ao)

is an even function, But
H,(z4kr)=(—1)*(cos z2)(H((—1)*sinz)+2a).

Thus the fact that H(w) is an odd function implies H(w)=0. This is a con-
tradiction.

b) Suppose that f is a transcendental entire function and g is a polynomial
with degree n=2. Since H,(z) is periodic, by Lemma 4 g(z) is a quadratic
polynomial. Put

g(@)=b(z—c)*+d (b, ¢ and d are constants).
Then H (z+c)=f(bz*+d) is an even function. That is
(cos (z+¢))(H(sin(z+c))+2a)=(cos(—z+c))(H(sin(—z+c¢))+2a).
Put z=z/2. Then we have

—sinc(H(cos z)+2a)=sin c(H(—cosc)+2a).
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The fact that H(w) is an odd function and a& E,(a+0) implies
C=Fkx (k is an integer).

By the same reason as in the case a;), H,(z+c) is not even function. This is
a contradiction.

¢) Suppose that f is a polynomial with degree n=2 and g is a trans-
cendental entire function. Since H,(z) is periodic, by Lemma 3, g(z) is periodic.
We discuss two subcases :

¢;) Suppose that f’ has only one zero w,. Put f'=blw—w,)" ' with a
constant b and a natural number n>1. Thus we see

f=2 =+, Hio=L @@~ w1, (=0).

Therefore we have
N, t, H))=nN(r, wy, g). (19)

By the discussion in case a)
N(r, wy, )=0(@r)  (r—o0). (20)
Then (20) (19) and (10) imply
N(r, t, H)=o(m(r, h(e™)))  (r—o0).

This contradicts (13).

c,) Suppose that f’ has at least two zeros w;, w,. By the same discussion
as in the case a), g(z) must be of the form (16). From the discussion of case
a,), a,) and a;) we obtain a contradiction.

d) Suppose that f is a meromorphic (not an entire) function and g is an
transcendental entire function. Let w, be a pole of f. Since H,(z)=f(g(2))
is an entire function, g(z) does not assume w, By Picard’s theorem f has only
one pole. Put

fw)=fw)/(w—w)? and g(z)=w,+e%?,
where f, is a transcendental entire function, f,(w,)#0, p is a natural number

and Q(z) is an entire function. Since the order of H,(z)=f(g(z)) is finite, by
Pélya’s theorem the order of f, is zero. Now

(w—wo) f1(w)— pfr(w) .

(w—wo)?*!

S (w)=

It is easily seen that (w—w,)f{(w)—pfi(w) is not a polynomial. Thus f’(w) has
infinitely many zeros {w,}3. By the discussion in case a), g(z) must be an
entire function of exponential type. Thus we have

g(Z)=w,+e***® (a and b are constants).
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By (15) it is easily seen that a=:/N with an integer N. Since

f(g)=[f2(w)/wp]°et(zm), fo=filwo e w)/eP®
and

Ha(2)=(h(wN)+a<wN+;13,—))0@“:/1\') i
thus we have
h(wN)+a(wN+Tvl-N—>=fz(w)/wp .

Then w=0 is a essential singularity of the left hand side, while w=0 is a pole
of the right hand side. This is a contradiction.

e) Suppose that f is a rational function (not a polynomial) and g is a
transcendental meromorphic (not entire) function. Let w, be the pole of f. Put

g(2)= and  fiw)= f(i—-{-wo).

1
g(z2)—w,
Then f(g)=f.(g,). This case can be reduced to the case c) or d).

From a) to e) we know that if a€ FE, then H,(z) is prime Hence ECE,.
Theorem 1 is thus proved.

Proof of Theorem 2. Since F?®"(z) is not pseudo-prime, there exist a trans-
cendental meromorphic function f and transcendental entire function g such
that F*™(z)=f(g(z)). By the same method as in the proof of Theorem 1 of
paper [8], it is easily seen that f can not be meromorphic. It is obviously
that f must have zeros. Because if not, f!/?" is a transcendental entire func-
tion and F(z)=pf'?"eg(z)(u*"=1). This contradicts that F(z) is right-prime.
For the same reason as in the proof of Theorem 2 of paper [7], the following
three cases may occur.

a) Let f(w)=~k*™(w) with some transcendental entire function %.(w). Then
F(z)=pk(g(@)(p*™=1), which is a contradiction.

b) Let f(w)=(w—w,)?k*(w) with w,=C, a natural number p<2n and a
transcendental entire function k(w). Then obviously g(z)=w,+S%z) with a
transcendental entire function S(z), a natural number ¢ and 2n|pg. Thus we
obtain

F(2)=pS?*™(2) k(w,+S%z))  (#**=1).

This is a contradiction.
c¢) Let fw)=(w—w)?(w—w,)?2k*(w) with w,, w,&C, a transcendental

entire function k(w) and two natural number p,, p,<<2n. At first
p

b b
2<n and 5 <n. (21)
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Obviously g(z)=w,+S%(z) and g(z)=w,+S%(z), where S,(z) and S,(z) are two
transcendental entire functions, ¢, and ¢, are two natural numbers satisfing

2n|pg: and 2n|p.q, (22)

By Lemma 5, v(w,)=v»(w,)=2. Thus ¢,=¢,=2. By (21), (22) we obtain p,=p,
=n. It is easily seen that

S¥(z) n Si(z)

Woe— W,y Wi— Wy

=I.

By Lemma 6, there exists an entire function 6(z) such that
S¥z)=(w,—w,)cos20(z) and Siz)=(w,—w,)sin?0(z).
Thus we obtain
F(z)=pi(w,—w,) cos 0(z)-sin 8(z)- k(w,+(w,—w,)sin20(z)) (p**=1).
Put h(w)=pi(w,— w,)wk(w,+(w,—w,)w?). Then
F(z)=cos 0(z)- h(sin 6(2)).

Since F(z) is right-prime, we have #(z)=az+b with constants ¢ and b. Theorem
2 is thus proved.
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