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MODULUS OF CONVEXITY, CHARACTERISTIC OF
CONVEXITY AND FIXED POINT THEOREMS

BY HAJIME ISHIHARA AND WATARU TAKAHASHI

§1. Introduction.

Let C be a bounded closed convex subset of a Banach space £ and let T
be a nonexpansive mapping from C into itself. Browder [2] and Goéhde [10]
showed that if E is uniformly convex then T has a fixed point, while Kirk [13]
proved that if E is reflexive and if C has normal structure then T has a fixed
point. On the other hand, Goebel [7] defined the characteristic ¢, of convexity
of E and showed that E is uniformly convex if and only if ¢,=0, if ¢,<1 then
E has normal structure and if ¢,<2 then E is reflexive. Also, Bynum [3]
defined the normal structure coefficient N(E) of E, and then Maluta [17] and
Bae [1] proved that if N(E)-'<1 then E is reflexive and has normal structure.
Using these coefficients, Goebel and Kirk [8], Goebel, Kirk and Thele [9] and
Casini and Maluta [4] proved the fixed point theorems for uniformly k-lip-
schitzian mappings. (For the results on Hilbert space, see [5], [12], [14].) But
it seems natural to define these coefficients for a convex set, since for any
Banach space E, a nonexpansive mapping has a fixed point if C is weakly
compact and has normal structure.

In this paper, we introduce the modulus 4(C, ¢) of convexity, the charac-
teristic &,(C) of convexity and the constant N(C) of uniformity of normal
structure for a convex subset C of a Banach space and prove some results
similar to [3], [7], [11], [17]. For example, we show that if N(C)<1 then C
is boundedly weakly compact. Further, by using these coefficients, we prove
three fixed point theorems. All of these proofs are given by explicitly con-
structing a sequence which converges to a fixed point. We first show a fixed
point theorem for nonexpansive semigroups. Secondly, we obtain a fixed point
theorem for uniformly k-lipschitzian semigroups on C under k<jy, where 7 is
determined by the modulus of convexity of C. Also, using our results, we
evaluate y as 1<y=<1+(1—¢,(C))/2. Finally, we prove that Casini and Maluta’s
result [4] is valid under more general semigroups.

§2. Preliminaries.

Let E be a real Banach space and let B be a bounded subset of E. For a
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nonempty subset C of E define,

R(B, x)=sup{llx—y|: yeB};

R(B, C)=inf{R(B, x): xC};

C(B, C)={xeC: R(B, x)=R(B, C)}.

We call the number R(B, C) the Chebyshev radius of B in C and the set C(C, B)
the Chebyshev center of B in C.

Let {B,: a= A} be a decreasing net of bounded subsets of E. For a non-
empty subset C of E define,

r({Bq}, x)=inf R(B., x);
r({Ba}, O=inf{r({B.}, x): x€C};
A({Ba}, O={x€C: r({Ba}, x)=r({Ba}, O)}.

The number 7({B,}, C) and the set A({B,}, C) are called the asymptotic radius
and the asymptotic center of {B,: ac A} in C, respectively. We also know that
R(B, -) and »({B.}, -) are continuous convex functions on E which satisfy the
following :

|R(B, x)—R(B, y)|=llx—yI=R(B, x)+R(B, y);
[r({Ba}, )—r({B.}, MI=lx—yl=r({B.}, x)+r({Ba}, ¥)

for each x, yeF, cf. [16].

A nonempty subset C of E is boundedly weakly compact if its intersection
with every closed ball is weakly compact. It is easy to see that if C is boun-
dedly weakly compact and convex, then C(B, C) and A({B,}, C) are nonempty.

For a subset D of E, we denote by d(D) the diameter of D and by coD
the closure of the convex hull of D. A convex set C of E is said to have
normal structure if each bounded convex subset D of C with d(D)>0 contains
a point y such that R(D, y)<d(D).

The modulus of convexity of E is the function

ou@=int{1—| 2] - xl=1, IyI=L, Ix—ylze}

defined for 0<e<2.

Let S be a semitopological semigroup, i.e., S is a semigroup with a Haus-
dorff topology such that for each ¢S the mappings s—a-s and s—s-a from
S to S are continuous. Let C be a nonempty closed convex subset of E. Then
a family S={T,: t€S} of mappings from C into itself is said to be a uniformly
k-lipschitzian semigroup on C if S satisfies the following:

1) Ti(x)=T,T«x) for t, s€S and x=C;

(2) the mapping (s, x)—=T(x) from SXC into C is continuous when SXC has



MODULUS OF CONVEXITY, CHARACTERISTIC OF CONVEXITY 199

the product topology;
@) NTx)—TIsklx—y| for x, yeC and s€S.
In particular, a uniformly 1-lipschitzian semigroup on C is said to be a nonex-
pansive semigroup on C. A semitopological semigroup S is left reversible if any
two closed right ideals of S have nonvoid intersection. In this case, (S, <) is
a directed system when the binary relation “<” on S is defined by a<b if and

only if {a}\UgS2{b}\UBS.

§3. Modulus of convexity and characteristic of convexity.

We first define the modulus of convexity, the characteristic of convexity
and the constant of uniformity of normal structure for a nonempty convex
subset of a Banach space.

DEeFINITION 3.1. Let C be a nonempty convex subset of a real Banach
space E with d(C)>0. Then we define, for ¢ with 0<e<2,

301y, 220, 0<r2a00),

a(C, s)=inf{1—-—i—Hz——

le—xl=r, lz—3I =7, Ix—ylzref;

eo(C)=supfe: 0=e=2, o(C, ¢)=0};

R(D, D)

4D) : D is a nonempty bounded convex

N(C)zsup{
subset of C with d(D)>0}.

Remark 3.1. It follows from Definition 3.1 that 4(C, 0)=0, 0=0(C, ¢)=<1,
d(C, ¢) is nondecreasing in ¢ and 0(E, ¢)=0dz(¢). Further for a nonempty convex
subset D of C with d(D)>0 it follows that 6(C, &)<d(D, ¢), g,(D)=<¢e,(C) and
ND)=N(©).

Remark 3.2. Let C and D be convex subsets of E. For a€E, it is easy
to see that 8(C, e)=0d(C, ), 6(C+a, €)=08(C, ), and &(CND, ¢)=max{d(C, e),
&(D, €)}. Similarly we have N(C)=NQC), N(C+a)=N(C), and N(CND)=
min {N(C), N(D)}.

Example 3.1. Let C[0, 1] be a Banach space of all continuous real func-
tions on [0, 1] with supremum norm and let A be a subspace of all affine func-
tions in C[0, 1. Since C[0, 1] is not reflexive, we have N(C[0, 1])=1. But it
is easy to see that A is isomorphic to [2=(R?, |-|l.) and hence N(A)=N(2)=

—21—, cf. [17], [11.
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It is well known that Jz(e) is continuous on [0, 2), cf [11]. We can also
prove an inequality concerning the continuity of 6(C, ¢). Before proving it we
need the following lemma.

LEMMA 3.1. Let C be a nonempty convex subset of a real Banach space E

with d(C)>0, let u, veE and let 0<r<d(C). For z=C and ¢ with 0<e<2 define
a set N; o (2) and a function 8. y,.(€) as follows:

Nr,u,v(2)={(x, ) x, yeC, lz—x| =7, lz—ylI <7,

x+y
2

x—y=au, z— =bv for some a, bgO};

x+y
2

Then 8r 4, 1S a nondecreasing convex function from [0, 2] to [0, 1] with

Br_u,,,(e)zinf{l——%nz— |- 22C, (5, EN. wa), lx=yl2rs).

(C, &)=iInf{0, 4 +(¢): u, vEE, 0<r<d(C)}.
Proof. Since it is obvious that 4, , , is nondecreasing and
o(C, e)=iInf{d, 4 (¢): u, veE, 0<r=<d(C)},

we only prove that J, , , iS convex.
For arbitrary z;, z,€C and (x;, y1)E Ny v.0(z;) and (x,, y2)E Ny 4. o(2:) With
lxy—yill=re, and ||x,— .| =7e,, there exist ai, as, by, b,=0 such that

X1+
2

X1—Y1=aiuU, 2,— =byw,

and

X+ Yo
2

Xo—Vo=0aU, Zs— =byw.

For 2 with 0<A<L1, define x,=Ax;+1—2A)x,, y;=4y;+1—2A)y, and z,=1z,+
(1—2)z,. Then, we have

x3—Y3=A(x;—y)+1—A(x,— y)=a,+(1—Raz)u,

z— xmzLya =2(zl— xl‘é’)’l)_’_(l__z)(zz_ xz-;yz)

=(Ab,+1A—A)by)v.
Since ||z;—x5]|<7r and ||z;— y,| <7, we have (xs, ¥5)EN; 4, o(25). We also obtain
lxs—ysl=Al 21—yl +A =Dl 22— yol| = Ades+(1— e,

and
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_ X3+ s
2

=2(1——|em )+a=a( )

for arbitrary z;, z,€C, (x5, ¥1)E N, o o(z;) and (x,, y,)EN, 4 (22). Therefore
we have

1 Zy— x2‘2|'y2

X1+
2

07, u, o Ae1+(1—2)e,) S 407, u, o(€1)+(1—2)0;, u, o(e2) -

THEOREM 3.1. Let C be a nonempty convex subset of a real Banach space E
with d(C)>0. Then for all e, and &, with 0<e,<e, <2,

3(C, £)—0(C, e)=—— (1 —o(C, 61))<

—&

Proof. For any real number with 5>0, there exist u, v€F and r with
0<r<d(C) such that 0,,,, +(e1)=<0(C, &,)+7n and hence we obtain

br ke =0 of (o) 2+ (1= 5= )e)

—&

o )bnsled)

52_81

<
- 2_'51

Bru o2+ (1=
or

o B o)~ ol

r u, of€e)— 51 u, v(sl>< 2

€y—&;

<
= 2

(1 —0(C, &1)).

Then we have

5(C7 52)—5(C, 51) =<=6r, u, 0(52)—'5r, u, v(s 1)+

e g
<G A-0C ).

Since >0 is arbitrary, we have

9(C, e5)—a(C, 81)< —(1-4(C, 61))<

—&
The following lemma can be proved as in [16].
LEMMA 3.2. Let C be a convex subset of a real Banach space E. Let B be

a bounded subset of C and let {B,: ac A} be a decreasing net of bounded subsets
of C. For each x, yeC, if R(B, x)<t, R(B, )<t and |x—y|=t-¢ then
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x+y
2

and if r({B.}, x)<t, r({B.}, y)<t and |x—yl=te then

R(B,

)S11-3(C, &)

r(1Ba), 252 )=t1-0(C, o).

It was proved by Bynum [3] that ﬁ(E)§1—5E(l). By using Theorem 3.1,
Lemma 3.2 and the method of [3], we can also obtain the following: Let C
be a nonempty convex subset of a real Banach space E with d(C)>0. Then N(C)
<1-0(C, 1).

Maluta [17] and Bae [1] proved that if N(E)<1 then E is reflexive. We
can prove the following :

THEOREM 3.2. Let C be a nonempty convex subset of a real Banach space E
with d(C)>0. If N(C)<1 then C is boundedly weakly compact and has normal
structure. .

Proof. 1t is obvious from N(C)<l that C has normal structure. We may
assume that C is bounded. Let {C,} be an arbitrary decreasing sequence of
nonempty closed convex subsets of C. If we show {C,} has nonempty intersec-
tion then we complete the proof, cf. [p. 433, 4]. If d(C,)=0 for some n=1
then it is obvious that {C,} has nonempty intersection. So we assume d(C,)>0
for all n=1. Let  be a real number with N(C)<5<1 and define by induction :

Cn.0=Cn;
Xn,mECam such that R(Cr m, Xn,m)<Nd(Cn n);
Cn oms1=C0{xp,m: k=n}.
Then, we have C,, , is nonempty, Cp n2Cr+1,m, Ca,m 2Cr, m+1 and

d(cn.m):SUD{”xz,m—l_‘xJ.m~1n i, ]gn}zsigg Sj‘é?nxt,m-l_th-l”

éSUPR(Ci.m, xz,m-l)ésigg R<Ci,m—1y xt,m-l)

izn
=supd(Cy, m-) =Nd(Ca, m-)=7"d(C)
for all n, m=1. Hence lim d(C, »)=0. Since ﬁlcn,m;f'\cnﬂ,m for all n=1,
M—co m= m=1
there exists y=FE such that ﬂlcn,,n:{y} for all n=1. Therefore [_WXC,. is
nonempty.

CQROLLARY 3.1 (Maluta [17] and Bae [1]). Let E be a real Banach space
with N(EY<1. Then E is reflexive and has normal structure.
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§4. Fixed point theorems.

In this section, we prove three fixed point theorems by using the results
obtained in section 3. The following lemma is crucial in the proofs.

LEMMA 4.1. Let C be a convex subset of a real Banach space E. Let {B,:
ac A} be a decreasing net of bounded subsets of C and let D be a boundedly
weakly compact convex subset of C. Let v be the asymptotic radius and A be the
asymptotic center of {B,} in D. Then

d(A)<e(C)r.

Further let &,(C)<1 and let v be a real number such that y(1—a(C, 1/y))=1. For
a real number k with 1<k<y, define Ay={x<=D: r({B,}, x)<kr}. Then

d(Ak>§£T.
7

Proof. In case »=0, the inequality is true. In fact, if x, y=A then

Ix—yl=r({Ba}, x)+7({Ba}, y)=0

and hence d(A)=0. So we assume r>0 and d(A)>0. For any real number 7
with 0<5<d(A), there exist x, y A such that |x—y[=d(4A)—». By Lemma
3.2 and convexity of A4, we have

r=r({Ba}, ";” )=r(1-a(c, —d(—A—r)i]—)).

This implies
o(c, A=Y=

r

and hence d(A)<ey(C)r.
We may also assume »>0 and d(A,)>0. For any real number 7 with 0<
7<d(A,), there exist x, ye A, such that |x—y[|=d(A,)—». Then, we have

r<r(1Ba), "ery )< kr(1-8(C, AAI=nY),

kr

Since >0 is arbitrary and J is continuous, it follows that

A\, 1
5<C’ kr )gl '3
Suppose that %g d(]:if) . Then we have

1-%:5(0, %)ga(c, %)gl—%a—%,
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This is a contradiction.

Remark 4.1. From Lemma 4.1, we have immediately the similar inequality
concerning the Chebyshev radius and center. In fact, putting B,=B, we have

d(c(B, D))=e(CO)R(B, C).
The following theorem is a special case of results of Lim [15] and Taka-

hashi [18], while the proof is constructive.

THEOREM 4.1. Let C be a closed convex subset of a real Banach space E with
&(O)<1 and let S={T,: t<S} be a nonexpansive semigroup on C. Suppose that
S is left reversible and {T.;y: t< S} is bounded for some yeC. Then there exists
a z€C such that Tsz=z for all s€S.

Proof. Let Bs(x)={T.x: t=s} for s€S and x=C. Define {x,: n=0} by
induction as follows:
Xo=Y;
anJ({Bs(xn_l)}’ C) fOI' ngl.

Let rn(x)::r({Bs(xn-l)}; x), rn:r({Bs(xn—l)}, C) and A,=A({Bsxr-1}, C) for
nz=l. Then we have

rn(szn)zlimssuP” Tsxn—l_Ttxn” _S_limSSUp“ TlTsxn—l—Tan"
<lim sup|| Tsxn-1—xal=7%
s

for all 1S and n=1 and hence T,A,S A, for t€S and n=1. By Lemma 4.1,

we obtain
rn+1=rn+1(xn+1)§rn+1<xn)§SL§p([Tsxn—an

Sd(A)Zey(C)r = (g0(C))r,
and hence
I ne1— 22| Sr({Bs(x2)}, Xns) Fr({Bs(x2)}, X2)=Fpe1F+7ns1(x0)
=2(e4(C))"ry

for all n=1. So, {x,} is a Cauchy sequence and hence {x,} converges to a
point zeC. Therefore we have

lz—Tszll=lim|| x»—Tsx | SUm (ra(x2) +72(Tsx0)
=lim 2(eo(C))"'r,=0

for all s S.
By the method of Theorem 4.1, we can prove the following fixed point

theorem which is slightly different from [9].
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THEOREM 4.2. Let C be a closed convex subset of a real Banach space E
with &(C)<1 and let y be a real number such that y(1—0d(C, 1/y))=1. Let S=
{T,: t=S} be a uniformly k-lipschitzian semigroup on C with 1=k<y. Suppose
that S is left reversible and {T,y: te S} s bounded for some yC. Then there
exists a z€C such that Tsz=z for all s€S.

Proof. Let By(x)={T,x: t=s} for s€S and x=C. Define {x,: n=0} by
induction as follows:

Xo=Y;
X2 € A{By(x2-1)}, C)  for nz=l.

Let 7,(x)=r({Bs(xn-1)}, %), 7a=r({Bs(xr-1)}, C) and A,={x&C: r,(x)<kr,} for
n=1. Then since r,(x,)=r,<kr, and

rn(Ttxn)=limssup||Tsxn-l—Ttanéklim SUP(| TsX n-1—xnl[=Fkrs

S
for all t€S and n=1, we have x,, T;x,€ A, for allteS and n=1. By Lemma
4.1, we obtain

rn+1=rn+1(xn+l)§7n+1<xn)§5lf;p” Tsxn"“xn”

k ky\n
< <%, <(Z
=d(An)= r rn=<r) rl
for all n=1. Therefore, as in the proof of Theorem 4.1, {x,} converges to a
point zeC. So, we have

llz'_Tsznzlim"xn_Tsxn" éhm (rn(xn)"'rn(Tsxn))
=lim (1+k)r,=0
for all seS.

Remark 4.2. Let C and y be defined as in Theorem 4.2. Then we have

1<7§1+%.

In fact, let 9=1/y and if 4(C, p)=1—5=0. Then we have 1>¢,(C)=n=1.
This is a contradiction. Hence ¢,(C)<%<1. So, from Theorem 3.1,

e =€)
1 77—'5(01 n)g 2’_‘50(C) .

Therefore we have

1<7§1+#.
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We can also obtain a generalization of Casini and Maluta’s fixed point
theorem [4].

LEMMA 4.2. Let C be a boundedly weakly compact convex subset of a real
Banach space E. Let {B,: ac A} be a decreasing net of nonempty bounded closed
convex subsets of C and let B=[\B,. Then

r({B.}, BIZN(C) inf d(B,).
Proof. Let ugeC(Bg, Bp) for each = 4. Then we have
*({B,}, up)<R(Bg, ug)=R(Bs, Bz)<N(C)d(Bp).

Let {u,gr} be a subnet of {uz} which converges weakly to a point u,=B. By
weakly lower semicontinuity of » and monotonicity of d(Bjs), we have

r({Ba}, B)<r({B.}, uo)<lim inf({B,}, us)<lim inf M(C)d(Bs,)
T T
=MC)inf d(Bs)=N(C)inf d(B.).
7 a
TIiEOREM 4.3. Let C be a closed convex subset of a real Banach space E
with N(C)<1 and let S={T.: t€S} be a uniformly k-lipschitzian semigroup on
C with k< N(C)~Y%,  Suppose that S is left reversible and {T.y :t< S} is bounded

for some y=C. Then there exists a zeC such that Tsz=z for all s€S.

Proof. Let By(x)=co{T;x: t=s} and let B(x)=[\B,(x) for s&S and xC.

Define {x,: n=0} by induction as follows:
X0=Y;
anJl({Bs(xn-l)}: B(x4-1)) fOT’ n=1.

Let r,(x)=r({Bs(x,-1)}, x) and »,=r({By(xn-1)}, B(x,-1)) for n=1. Then from
x,,eB(x,,-l)=C\Bt(xn_,) for n=1, we have

r,m(x,,):limxsupll Tsxn—2x4] glimssup (il’tlf R(B(xn-1), Tsx2))
=limasup r,,(Tsxn)=1imssup (litrn sup||Texn-1—Tsx )
§limssup (k limtsupll Tixn-1—x))=kr,
<kN(C)inf d(By(x-1)

and
inf d(By(xn-0)=inf sup{|ToXn-1—TsXn-1ll : a, bZ=s}
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élimtsup (lim sup|| Tsx p-1 =T X n-1])
8
=limcsupr,,(Ttxn_1)

Skra(Xn-1.

Hence we have

Pars(Xn) Skrp < BNC)P (2 0-1) < (BN, (x0).

Therefore, as in the proof of Theorem 4.2, {x,} converges to a common fixed

point.
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