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EXTENDABILITY OF CERTAIN MAPS
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§1. Introduction.
In this note we will discuss the following problem :

Let p: X—S™ be a fibre bundle over the n-sphere having
the fibre A and the structure group G. Then what are
obstructions for extending a given map

i1 A=p~Y(s,)—Y over X?

Usually an extension of a map is done step by step, i.e. skeltonwisely, in
the homotopy theory. However this method is not successful except homo-
topically simple cases. In our case the situation is also the same, for example,
a CW-decomposition of X is not so clear in general. Then we try to attack
the problem by the another way, and our purpose is to describe obstructions
without using the space X but spaces A, Y and the characteristic class of the
bundle.

We denote by Y¥ the space of all continuous maps: X—Y endowed with
the Compact-Open topology. Roughly speaking our obstruction is in the homo-
topy group zw,-,(Y4, f). However it is not so easy to describe this group, then
some restrictions are needed, for example, Y is a topological group or a space
which a group H acts on, --- etc.

Now let p;: X;—S™ (1=1, 2) be principal G;-bundles with its characteristic
classes &; respectively. Then, as an application, we have

THEOREM. A map f : (Gy, ¢,)—(Gs, e,) is extendable to a map: X;—X, if and
only if fx(§))=mé&, for some integer m and

o(f)xl€1A16) €[S NGy, S*1,CLS* NGy, Gslo

where N is the join operation and o(f), 0 are explained in the context.

Andmoreovere, for example, we have
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EXTENDABILITY OF CERTAIN MAPS 109

COROLLARY. Let p;: X;—S™ two principal Gi-bundles with its characteristic
class &, (=1, 2) respectively. Assume that dim G, is less than n—1 and G,, G,
are both path-connected. Then X, has the same homotopy type as X, if and only
if there exists a homotopy equivalence h: G,—G, such that hy(&)==+&, and
0o(R)x(E1\16,)EE[S" NGy, S*1 ],

Finally I thank prof. A. Dold and his coleague at Universitit Heidelberg
for their kindness in preparation of this note.

§2. Obstructions.

Let p: X—S™ be the fibre bundle as stated in §1. First we note the fol-
lowing lemma which is originally deviced in [1].

LEMMA 1. X is considered as a space which is obtained from identification
as follows - .
X=AUD"X A, (x,a)=&x)a for xeS*'=D",

Proof. We may regard the disk D™ as a space
S*-ix[UD", (x,)=x for xeDr=S"1,
Hence X is decomposed as follows:
X=AU(S"*x)x A)\UD"x A, ((x,0), a)=&x)a and
((x, 1), a)=(x, a) for xeS*1=D".

Define a map ¢: AU(S* X)X A—D*X A by

¢(a)=(o, a) (o=the origin)

d(x, 1), a)=(tx, &(x)a).

Clearly this is well defined and easily chequed to be homeomorphic. Thus X
may be considered the space

D"x AUD"X A, (x,a)=(x, &x)a) for xeS»-1=pn

i.e. This complets the proof.

Remark. We assume throughout this note that A and all topological*groups
are compact.

Now consider the commutative diagram of mappings:
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YX = S YD"XA
J

"1 Vo
fe Y‘T ysnoixa

where 7, 7, are both fibrings obtained from the restriction 0{ maps and j: D"X A
—X is the natural map and &: S*"*x A— A is defined by &(x, a)=&(x)a. Then
from Lemma 1 we have

LEMMA 2. The diagram above 1s a pull-back one.

Then our idea is very simple, namely we only put
Y4=Z7.

The diagram is turned out the diagram:

X 77

lrl ’ l

fEZ—g*T—)ZS""

which shows that

f is extendable over X

& there exists f€Y¥ such that r,(f)=f

= &*(f)er,-image

& &*(f) is extendable over D" as a map

& E4(f): (S", s,)—(Z, f) is null as a base-point free map
&= E(N=0 in 74-i(Z, f)

Thus we know that our obstruction is just £*(f). Let ¢, be the unit of a group
and ¢ be the action of G on A (GXA—A). We denote by A, Y¥, --- etc. the
subspace of A4, Y¥, --- etc. which consists of base-point preserving maps. Now
the diagram gives rise to a new diagram:

Tr*(GOy eﬂ) ~—'>ﬂ*(Af)1; lA)

l l

TG, e) ————> (A4, 1,) ——> 1 (Y4, f) 2EX(f)
Px lm* * lw*

"E*(A’ aO) —f—»ﬂ*(yr yo) s f(ao):yo: *:n"'l .
*

> x*(Y{}, f)
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where G, is the isotropy subgroup of G at a, and w denotes the usual fibring.

Remark. The homomorphism 7«(G, ¢,)—n«(A, a,) is induced from the map
G—A (g—ga,) and the image of £ is just d(¢) for the boundary operator

0: 7'L'n<sn) —_> 7rn—1(A)

associated with the fibre bundle.

For example, we know that f«(0c)=o0 if é*(f):o, which means that f can
be extendable over A\U(D"Xa,) i.e. f(0c) is the first obstruction in the step by
step method. Howevere, in general, we can’t proceed any more because it is
difficult to describe the group =,.,(Y4, f). Thus we need some assumptions
for computing 7,-(Y4, f). We consider two cases.

§3. The case of Y being a topooogical group H.
Let ¥ be the constant map from any space to Y whose value is y.
LEMMA 3. (H4, f) is homeomorphic to (HE, 2,)X(H, e,), f(a,)=¢,.
Proof. First a homeomorphism a: (H4, f)—(H4, &,) is defined by
a(s)(a)=s(a)f(a)™.

Secondly define maps f,, B, 7: and 7, as follows:

Bu:(HA, 20) —> (HE, ) Buls)ia)=s(a)s(a,)™

Bo: (H4, 2,) —> (H, eo) Ba(s)=s(a,)

7 (Hg, 20) —> (H*, 2,)  1(s)=s

721 (H, ) —> (H*, 8)  ri(a)=h.

Then the map 8, X fB.: (H4, 2,)—(H%, 2,)X(H, ¢,) is a homeomorphism. These
show the proof.
Now, using Lemma 3, we have a decomposition of =,-,(H4, f) as follows

ﬂ*(H‘gi f) I 77:*<H‘(‘)1; éo)

l 8. |

T (H4, f) —— m(H4, 2y)

| T Bl

m«(H, e,) —-d—> nx(H, e)) , *=n—1.
Vi

i.e. we have
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PROPOSITION 4. 7,_,(H4, f)=n,-(H, ) X[S**NA, H], where [, ], denotes
the set of homotopy classes in the base-point preserving category.

Now define an operation
0:[A, H]l, — [GAA, H],
by the formula, for any map s: A—H with s(a,)=e,,
o(s)(gna)=s(ga)s(a)"'s(ga,)™" .

Remark. If A=G o(s) is the obstruction for the map s being homomorphic
up to homotopy.

LEMMA 5. Our obstruction £(f) (€mn-(H4, f)) is decomposed in Proposition
4 as follows:

ax (X)) =Fx(e)F0(f)uENLY)

where A;=0c for the boundary operator 8: m,(S™)—m,-,(A) in the homotopy exact
sequence of the bundle.

Proof. The first factor easily follows from definitions, and the second
follows from identities:

o(F)x(EALN(x, a)=F(E(x)a)f(a)f(&(x)a,)~ and

BuslasE(N1(x, a)=axE*(F)(x, a)axE*(F))(x, a)™
=E4f)(x, a)f (@) [EX(f)(x, al)f(a,)"]
=f(&x)a)f(a) " f(a,) " f(&(x)a,) .

As an application we have

PROPOSITION 6. Let p: X—S™ be a principal G-bundle with its characteristic
class &. Then if f:(G, e,)—(H, e,) is homomorphic up to homotopy [ is extendable
over X if and only if f4(&)=0.

Proof. Since the operation “o” is trivial for homomorphisms up to homo-
topy the proof is clear from Lemma 5.

§4. The case of ¥ being a H-space.

Let Y be a right H-space, 7.e. the group H acts on Y from the right, and
let i: H—Y be the map i(h)=y,h. Now we consider a problem :

What is obstructions for extending a map f : (A4, a,)—(H, ¢,) to a map X—Y?

Since our obstruction in §1 is natural for any map Y—Y’ one of obstruc-
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tions is given as the image of & under the composite of homomorphisms:

Tn-1(G, 2) __: Tn-1(A4, 1) '?*_) Taa(HA, f) _'*_> Ta- (Y4, f7)
7

where f’=if.

Thus we must describe the group =m,-,(Y4, f/) with more usual concepts,
and then we consider the following diagram which is analogus to the diagram
in §3.

n*(Héy f) 7;?”*(Yg, f,)

mx(H4, &) J P j{ > =x(Y§, 50
Bul| T TuHA, ) — T, 1) l(im)*
TW(HA, 2,) l o l > ax(Y4, 50)
Ba|| T T(H, e0) —> 1x(Y, 30) ﬁ” Te
n'*(;l, ) / = —> 7 7w, 30)

where w4 denotes m,-;.
Since the commutativity of the diagram is naturally obtained from the de-
finitions we have

LEEMA 7. A map f:(A, a,)—(H, e,) is extendable to a map X—Y if and

only if
fi=0 in 7, (Y, y,) and

FO(NxENLD)=0 m [S"'NA, Y],.
Proof. . X
XN =1 ax () =112 (R +71.(0(/)x(EN 1Y)

= fi(Ae)+(@ncl)si*(o(fHx(ENLY) .
Thus B.y.=id. shows the proof.

Now, restating Lemma 7, we have

PROPOSITION 8. A map f: (A, a,)—(H, e,) 1s extendable to a map X—Y if
and only if fx(A)€0rn,(Y, H) and

o/ ENLYEA[D"NA, S*'NA Y, H],

As an application we have
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THEOREM 8. Let p;: X;—S™ be principal bundles having it’s characteristic
classes &; (i=1, 2) respectively. Then a map f:(Gy, e,)—(G,, €,) is extendable to
a map X,—X, if and only of f«(§1)=m&, for some integer m and o(f)sx(§:A\1g,)E
a[Sn/\Glr Sn]ac[sn—l/\Gl, Gz]o-

And moreover as a special case we have

COROLLARY 9. In Theorem 8 if dim G,<n—1 we can replace the second
condition with o(f)x(§:A\1g)E€En([S**AG,, S 1]0).

COROLLARY 10. In Corollary 9 we assume that G,, G, are both path-connected.
Then X, has the same homotopy type as X, if and only i1f there exists a homotopy
equivalence f : GG, such that f+(§1)=%&: and o(f)x(E:A16,) €[S NGy, S* ]

Proofs now are clear from preceeding lemmas and propositions.

§5. Examples.

Example 1. Let p: X;—S™ be a principal S*bundle with it’s characteristic
class & (€m,-,(S?%), n=5) and let f,:S*-S® be a map of degree m. Then f,
is extendable to a map X.— X, if and only if m(m—1)/2(tE*¢)EEm,4,(S™"1) where
7 is Blaker-Massay map.

Proof. From Corollary 10 it is sufficient to compute o(fn). Let c:S:AS?
—S*® be the commutator map, i.e. c(x Ay)=xyx~'y~%. Then from the definition
of o(fn) (see §3) we have

o(fm)(x AN)=f m(xY) m(3) " fm(x)
=)y 7T = ()" )y T = ()™ xy T
=(xy)m-ty Mgy Mgyttt
=0(fm-)(x APy Y (T IA Y
=0(fm-)(XAY)X"c(xTI AP )™
=0(fm-)(XAY)(x™ Ac(x T AP D)e(x T A Y™

On the other hand we have
c(x* Ay =(1—m),
for, S¢=S3AS? T S*AS*=S8® — S® is just the left side where d is defined by

c
d(x Ay)=x"'Ay™-% Since the degree of d is 1—m and the homotopy class of
¢ is Blaker-Massay class the proof is completed.

And moreover we have

c(x™Nce(x A Y™ 1)=0
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for, this map is factored as follows:

SE=S3AS? — SPASPAS =S —> SPASE — S°
t INc c

where ¢ is given by t{(x Ay)=x™Ax"*Ay™':

Thus we have
o(fm)=0(fm-)+{1—m)T
This shows the proof.

Example 2. For a principal S*bundle p: X;—S"™ (n=5), there exists an
orientation reveresing homotopy equivalence X.— X, if and only if

26=0 and tE%¢&fm,,(S" ).

Example 3. For a principal G-bundle p: X—S™ we denote by (X, G)*:
the subspace of X%, {feX¥|f(G)CG}. Then there exists the fibring

(X, G)X-0 5 G

which is obtained from the restriction of the domain of maps.
This gives rise the exact sequence of the sets with distinguished elements :

T
ﬂo((Xy G)(X,G)r 10) - no(GGy 10)

2
—> w1 (G)/{E}+[S™ NG, GI/ELS™ NG, S*1]
where AL/ D=[f«&)]+[o(x(EA1)].
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