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A GENERALIZATION OF A THEOREM OF LANDAU
By YosHIHISA KUBOTA

1. C™ will denote the complex vector space with the ordinary norm |z|*=
ﬁllzm and B, will denote the unit ball {z&C": |z] <1}.
~

Let F=(f,, -*-, fm) be a holomorphic mapping from B, into B,. Let Ag(z)
denote the Jacobian matrix of F at z:

_0f

,—-a—;j—(Z) (I=sism, 1=sj=n),

Ar(2)=(a.;), a,

and let Ar(z) be the nonnegative square root of the smallest eigenvalue of
Ap(2)*Ap(2).

Let 2 be a real number with 0<A<1. Let 9(n, m, A) denote the class of
holomorphic mappings F from B, into B, satisfying: F(0)=0, 2z(0)=A. In the
case when n=m we write F(n, 4) instead of F(n, n, 1). For each F€%(n, ),
we introduce

r(F)=sup{r>0: there exists a domain 2, 0= 2CB,, such
that F maps 2 univalently onto rB,},

where rB,={rz:z=B,}, and let
L(n, A=inf{r(F): F€ %(n, A)}.

In one variable, the classical theorem of Landau [3] states that L(1, )=cA?
where ¢ is an absolute constant. It is known that

20 = =)

(see [2], p.38). Hahn [1] proved that L(n, 1)=+/34%/18 for n=1. In this note
we prove that

L(n, 1)‘—‘('1_}_—\/21__:22‘)2 (n=1).

In our proof we follow the idea of Heins [2].

2. Firstly we prove the following :
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LEMMA. Let n=m. If Fe%(n, m, ), then

lzl(A—11zID)
> N i<ll)
IF@Iz (z€B.).
Proof. Let FEJ(n, m, A). Since there are unitary matrices U and V such
that
A 00
vaow=[4], 4= 20 azo0asjsm,
0 0 -2,

we may assume that
A
4:0=[7].

where 1%, .-, A3 are the eigenvalues of Ax(0)*Ax(0). Furthermore we may as-
sume that A;=:--=2,=21 (we may consider F=(A47'fy, =, 443 fns fas1, > fm)
instead of F=(fy, -+, fm))-

Let ze B,—{0} and consider the holomorphic mapping G=(g;, ---, gn) from
{€=C: || <1} into B, defined by

GQ=Ft), t=——.
Izl

Since G(0)=0, there are functions h,, -+, A, holomorphic in |{| <1 such that
g 0=Ch,0  (ICI<D)

and
hi0)=c,, c¢,=&, 1=j=n), ¢,=0 (n+1=7=m)

where t=(t,, -+, tn). Set H=(h,, *+, hp): then G)={H(). Since |H|?is sub-
harmonic in |{| <1 and since

. oy 1GOOI
hr‘nclggpllH(C)ll =lim sup 4B =1,
we have
IHOI=1  (ZI<D).

Set ¢=(c¢y, -+, ¢n): then |c|=Alt|=A Let @, be an automorphism of B, with
@, (0)=c and set ¥=0@;'-H. Since ¥ is a holomorphic mapping from {{=C: ||
<1} into B, with ¥(0)=0, we have also that ¥ ()={¥ () where |T, (|1,
hence

oI Jgi<.

Now using the equality

TPV ol 13 o1c e 710 TP

[1—<w, ¢>|?
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(see [4], p.26), we have, for |{] <4,

OO S b 14 (e G LA (1)
I6@I=18 1= e o e

of 1 A=A—1C1%) 7 181*A—1C])*
L e TS W B 114)
Thus we obtain
_ lzll(2—J1z])
IF@I=1GU=zDI= 1=zl
3. Let
_ r(A—r)
=

Then r is strictly increasing in 0<»<p,, and 7(p;)=pj is the maximum value
of  in 0<r<1, where
—_— 7”_7277 -
RC RV pny
Now we prove our main theorem.

THEOREM A. Let FEF(n, 2) and 0<r=p;. Then there exists a domain £
satisfying :

(i) 0efcrB,,

(ii) 2 is mapped by F umvalently onto (r)B,.

Proof. Let 2 be the component of F-z(»)B,) containing the origin 0.
Since <4, it follows from the lemma that 2Cr»B, and F|£Q, the restriction of
F to £, is a proper mapping from £ onto 7(+)B.,.

Let #(w) denote the number of points in the set (F|2)-*(w). Then there is
an integer % such that #(w)<k for wer(r)B, and the set {wer(r)B, : #w)="Fk}
is dense in 7(r)B, (see [4], Theorem 15.1.9). Since J(0)+0, there exist neigh-
borhoods A and A’ of the origin 0 such that F maps A univalently onto A’.
Take a small >0 so that tB,CA and =()B,CA’. Then, for each we(t)B,,
F-Y(w) has precisely one point in A. On the other hand, if ze 2\A, then t<|z||
<r=p; and hence the lemma shows that [F(z)|=c(|z[)=7(). Thus #(w)=1
for wer(t)B, and so k=1. Consequently the theorem follows.

COROLLARY B.

A 2
Lo, D= (o)
Proof. 1t follows from Theorem A that L(n, ))=t(p;)=p3 Consider the
mapping

F(Z):(f(zl)y Zay ttt, Zn), f(C):%Sél'
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Then, since | f(§)| < || for |{|<1, FE%F(n, ). Set w*=(p3% 0, -, 0). The set
F-(w*) consists of the point z*=(p;, 0, ---, 0) alone and Jg(z*)=0. Hence
L(n, )=p% Thus L(n, )=p}

COROLLARY C. Let FeF(n, m, ) (n<m) and 0<r=p;. Then there exists
a domain R satisfying:
(i) 0eQcrB,,
(i) F|R, the restrichon of F to £, 1s a umvalent proper mapping from £
into ©(r)Bn.

Proof. Let F=(fy, -, fn). We may assume that

y| 0 4,0
wofd] 4400
0 0 -2,

We consider the mapping F*=(f,, ---, fz). Then F*e%(n, 2). Hence Theorem
A shows that there exists a domain 2* satisfying :

(1) 0eQ*CrB,,

(2) £%* is mapped by F* univalently onto z(r)B.,.
Now F is univalent in 2*. Let 2 be the component of F-(z(r)B,) containing
the origin O. Since |[F(2)|=||F*(z)|=7(r) for z£02*, we conclude that QC Q*.
The corollary follows.
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