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CHARACTERIZATIONS OF SPACES OF HOLOMORPHIC
FUNCTIONS IN THE BALL

By FRANK BEATROUS, JR. AND JACOB BURBEA

Abstract

Let f be holomorphic in the unit ball of C”. Several equivalent criteria
for f to belong to the Hardy space HP as well as the weighted Bergman
space AZ, 0<p<oo, ¢>0, of the ball are established. In the one variable
case, some of the above conditions reduce to those of Yamashita, character-
izing Hardy spaces of the unit disk. In addition, various identities for the
norm of f, in terms of a certain integrated counting function and certain
Lusin characteristics, are obtained.

§1. Introduction.

The purpose of this paper is to give alternate characterizations of certain
spaces of holomorphic functions in the unit ball B of C® In particular, it will
be shown that for 0<p<oco, a holomorphic function f on B is in the Hardy
space H?(B) if and only if

(L.1) Sga”a_”' F120— |z dv(z) < oo,
where 0, denotes radial derivative
3v= ﬁ: Zjaj
J=1

In fact, this result will be obtained as a limiting case of a more general result
on weighted Bergman spaces (Theorem 5.2). In the one variable case, condition
(1.1) reduces to the condition of Yamashita [6] characterizing Hardy spaces of
the unit disk.

In addition to the results alluded to above we also give characterizations of
weighted Bergman and Hardy spaces in terms of an integrated counting function
and in terms of certain Lusin conditions [2]. The present results extend pre-
vious results of Piranian and Rudin [3] and, more recently, of Yamashita [6]
for the Hardy spaces of the unit disk. We also establish certain norm identities
(Theorems 3.1 and 3.3) of the Hardy-Stein-Spencer type (see [1, p. 42] for the
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CHARACTERIZATIONS OF SPACES OF HOLOMORPHIC FUNCTIONS 37

unit disk) in the unit ball B.

Section 2 contains the notation and the preliminaries of this paper. In sec-
tion 3 we establish the above mentioned identities of the Hardy-Stein-Spencer
type in B (Theorems 3.1 and 3.3). Section 4 is devoted to a discussion on the
Lusin property in the ball. An alternative expression for this property is
described in Theorem 4.3. The main result of this paper is in section 5 (Theo-
rem 5.2 and Corollary 5.3).

§2. Preliminaries.

Throughout this paper, n will be a fixed integer, and C" will be the vector
space of ordered n-tuples z=(z;, ---, z,) of complex numbers, with inner product
and norm, given by

e A R

For »>0, B(r)=B,(r)={z=C™: ||z| <#} denotes the ball of radius r, centered at
the origin, in C*. The unit ball B=B, in C™ is then B=B,(1). The letter v
will stand for the Lebesgue measure of C™ while ¢ is the surface measure on
the boundary @B of B, normalized so that ¢(@B)=1. The class of all holomorphic
functions on B will be denoted by O(B).

For ¢>0, we define

1 I'(ntg

@2.1) d0@)= s

(1—=lz*)**dv(z) (2 B)

which is a probability measure on B. By an elementary calculation in polar
coordinates one shows that the limit as ¢—0* of dv, is

2.2) dvy(z)=do(z) (z€0B).
For 0<p <o and for feO(B), we define

@3 My, H={] s 1rdo} " 0=r<,
2.9 Ifls=sup{My(r, f): 0=r<1}
and

1/p
@5) 1£15.={],l /@ 1Pdn@} " >0
With these definitions we have
2.6) 1 180= gy ) A= MR, fdr

where B(n, ¢) is the usual beta-function. Thus, by continuity,
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2.7 I =015 0=liml fllp,q-
q-0

We may now define the weighted Bergman space
Ap(B)={f€0(B): Iflp.q<0}  (0<p<e0, ¢20).

Thus it follows that AZP(B) is the ordinary p-Hardy space H?(B) and AP(B) is
the ordinary p-Bergman space AP(B).

For z=(zy, -+, z,)€C", we write
0
= =<
9, %z, (1=7=n)
for the partiat complex derivatives, and
VE(aly Ty an)

for the complex-gradient. Moreover, the radial-derivative is defined as
0,=<z, \= i z,0,.
7=1

It follows, in particular, that if n=1 and f is holomorphic at zC, then 0,f(z)

=zf'(2).
Let 0<p<oco and let feO(B). Then

a3 flr=(E) 171711

If, in addition, f?/? is well-defined (i.e. either p is an even integer or f is free
of zeros), then 0,0,|f|?=10,f?/2|2. On the other hand, the function

2.8) f?(Z)E%IIZH"IJ‘(Z)IW“Iapf(Z)l

is well-defined (possibly infinite) and non-negative. This definition agrees with
that of Yamashita [6] when n=1, and
{f3@)}*=llz]*0.0.| f(2)|?.
For 0<p<co, we define

2.9) dpp(w)5%<12)-)2lw| rdmw)  (@eC),

where m is the Lebesgue area measure. Since p>0, p, is a rotationally in-
variant non-negative measure on C and belongs to Li.(C). Its Cauchy-transform
is given by

R(C—w)’ld{lp(w) €e0).

eslwis

po©=lim|
R

By expanding the integrand in geometric series in the disk || <|{| and in the
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annulus || <|w|<R, and integrating term by term, we obtain
(2.10) 2,00)=0; p,(O=p[C1?/40  (C=C—{0}).

The unit disk B, in C is denoted by A while A, denotes the disk B,(r) of
radius 7, »>0. For feO(B) and {<0B, we define the slice function fr=0O(A)
by fe(A)=fQL), A€A. Similarly, for f€0(B) and 2€4, the dilation f; €0(B)
is defined by f:(z)=f(4z), z= B. The apparent similar notation for these two
different notions should cause no confusion.

Let w€C and 0=r=1. For f€0(4), we let n;(», w) be the number of zeros
of the function f(:)—w in A,. If, on the other hand, f€0®(B), B=B,, we let

(@.11) nilr, 0= _nplr, 0)do@),

where fr, {€dB, is the slice function of f. We now use the integration by
slices identity (see, for example, [4, p. 15]),

2.12) SaBF(z)da(z):SaBda(z) -%SZ”F@%)M ,
to prove:

PROPOSITION 2.1. Let weC, 0<r<1, and let f=O(B). Then

2,/00)
NG

Proof. For {=0B, we consider the slice function f«()=f(AL), A=A. Thus
AfH(A)=0,f(A)=0,f(AL). Moreover, by definition

1 S [,

ns(r, w)= S

nytr, 0)=| do(0):

2t Jiai=r fFA0)—w
. 1 (2= 0,f(re'?®)
—SaBdJ(Q 27rS fret’l)—w do.

The result now follows from (2.12).
Let 0<p<co, 0=r<1 and f€0O(B). We define

2.13) N,(r, f)ESCn S, @)d ().
It follows from (2.9)-(2.10) and Proposition 2.1 that

QU Ny, N Bs00n00d0=2] EIE 000,

We denote by {e;, .-+, e,} and U=U(n) the standard orthonormal basis and
the group of all unitary transformations, respectively, of C™. Since ¢ is
QU-invariant, we have (see [4, p. 15])
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(2.15 [, f@doa=] rwodU

where ¢ is an arbitrary point of 0B. In particular, { may be chosen to be
{=e; (k=1, ---, n). Another related identity is as follows: Let f be a function
of one complex variable. Then, an application of Fubini’s theorem (see [4, p.
15]) shows that
n—1
7

(2.16) [,/ (& Odo@=""={ (1-lol™*f@)dm(@)

for any {€0B=0B,. This identity is also correct when n=1. The Ilatter can
be seen as a consequence of (2.1)-(2.2) or by letting n—1 and using I'HOspital
rule.

When n=1 we have the following triple identity due to Hardy, Stein and
Spencer (see [1, p. 42]):

PROPOSITION 2.2. Let 0<p<oo, 0<r<1 and f€O(Qd). Then

d 2 rr 27 X X
r= M3, =3 "0dp-[" 17 (0e 1721 £1(pet) 12d8

=4SCnf(r, w)dpy(w).

For ¢=0 and 0=¢=<1, we introduce the non-negative functions of ¢:

@.17) LO=It:m)= B(Tzq)—51p2"'l(l~p2)q'ldp (>0)

and

@18 L=l m=p | - prlog Sdp (>0
7 e B(n, q) J¢ ) ’

and, by continuity
I,H=1, J()=0.

Thus
I0)=1, I0)=] D=0 (g>0)
and
1 1—x0
(2.19) JO={ "

To prove the last relation, we write ¢(s) for I''(s)/I'(s), s>0. Then, by [5,
p. 2627,

—~2B(n, Q0= 0" (1 p)*"log pdp

—1i ]' ! n-1 -1 €
—hrn——Sp (1—p) (p*—1)dp

e=0 £ JO
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.1
=181[{)1~;{B(n+e, g)—B(n, ¢)}

1—x?
1—x dx,

=B(n, ) {¢(n)—d(n+q)} =— B(n, q)S;x”"

and (2.19) follows.
We now define

(2.20) K=K t:n)=—{(log O, O+, (=0, 0<t=1).
Thus, by (2.17)-(2.18),

2.21) K= S‘pm-lu— P2t log—'(tidp.

0

2
B(n, q)
The following proposition is obtained by applying I'HOspital’s rule to the
above definitions.
PROPOSITION 2.3. Let ¢g=0. Then
I'(n+q)
I'(n)[(g+1)’

gl (n+q)
I'(n)['(g+2)

lim (1—)"2(1)=2"

13?11 (1—=1)~@ J(t)=2¢
and

. _ I'(n+q)
)= (g+1) —9¢__~ v 14/
1;19(1 t) K (t)=2¢ Tl g+

§3. Hardy-Stein-Spencer Type Inequalities on the Ball.

The following theorem constitutes an extension of the identities of Hardy,
Stein and Spencer in Proposition 2.2 to the ball B=B,.

THEOREM 3.1. Let f€O(B), 0<p<oo and 0<r<1. Then

2wy, p="E0N sy tlel e doi)
:41\[11(7: f)
=, 2058 100 17d00).

Proof. For a fixed {€0B we consider the slice function f()=/(20), A€A.
Thus fr=0(A) and

2 eD)=0,f(H=0,f(20)  (A€4).

‘We now apply Proposition 2.2 to the function f; and express the result in terms
of f. This gives
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d ]_ 2r i
ran| e 00)2d6

:4gcnfc(r, w)dpy() .

Letting { now vary, we integrate the last identities with respect to o, and use
the integration by slices identity (2.12) and Fubini’s theorem. The theorem
follows now at once by using (2.3), (2.8)-(2.11) and (2.13)-(2.14).

As a consequence of this theorem we obtain the following result. For a>0,
we use the standard notation of log*a to stand for max(log a, 0) and X, for the
characteristic function of a set A.

COROLLARY 3.2. Let fe0(B), 0<p<oo and 0<r<1. Then

Zl’(n)g dv(z)
T

Ma(r, )—1fO)?= {73@}2)z]~*"" log*

[E]
=4S:p"Np(p, fdp

_I'(n) 0.f(2)
= o pgm 1@

Proof. Integrating the first identity of Theorem 3.1 and using Fubini’s
theorem, we obtain

Mg, =1 £0)12= 20 [(, e 30 22l 00 dote).

/@72l dv(z) .

Now,
Xsw(2)=X gz, (1)
and thus

Sof"lxmn (Z)dt:SOI_IX(M, n()dt
1
:Sot'lx(uzu, e nBd

=lo

£l
This gives the first identity of the corollary. The second identity is an im-
mediate consequence of the second identity of Theorem 3.1. As for the third
identity, we integrate the third identity of Theorem 3.1. This gives

P — P— motp=ing . 0,1 (p0) »
My, 1O =pf o pdp- | S B 1(pD1Pdo
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=20 40 2L ) e ena)

T 27" T f(2)

and the third identity of the corollary follows. This concludes the proof.
The last corollary, coupled with the notation of (2.1)-(2.7) and (2.17)-(2.21)
yields the following result which is of interest on its own right.

THEOREM 3.3. Let feA(B) with 0<p<co and ¢=0. Then

112,010 1= 2L (el om0 K 1z
=4[ p"Ny(o, PIo)dp
=20 2 sl tel- e ndue).
In particular, when ¢=0, i.e. when feH?(B)=AY(B), then
175150 17= 2L {pscatel-+o-viog L duta)

=4S:p'1 »(p, Ndp

F(n) S 0.f(2)
f@

Proof. The particular case of ¢=0 is an immediate consequence of Corollary
3.2 and (2.3)-(2.4). The more general case of ¢=0 is obtained from Corollary 3.2,
(2.6), (2.17)-(2.21) and Fubini’s theorem, and by noting that

| /@) ?lz]*"dv(z) .

2§:r2n-1(1—r2)q-110g ﬂdr B(n, 9K(lzl)  (z=B—{0})
and that, for p=|z|, z€B,
2S1X(0,T)(p)r“"‘(l—rz)q‘ldr=2S:X3m(z)r““(l—rz)q‘ldr:B(n, D 0) .

The proof is now complete.

§4. The Lusin Property in the Ball.
For {€0B we denote by D.({), a>0, the region

Do@={zeC™: [1-¢, O < 50—z}

When a<1, D) is the empty set while for a>1, D,() is the customary
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Korédny: approach region (see [4, p.72]) and is a subdomain of B. Moreover,
D,(0) is monotonically increasing to B as a—oo. Evidently,

“n UDL)=DU) WD),
Let a>1, 0<p<oo and ¢=0. For f=O(B) and {€0B, we define

(4.2 Liigifi@=( )  AF5@1 Azl -nduta)

and

3 £ 20 =] LCias f00d0.

We say that f has the (p, g)-Lusin property with respect to a if L,(f :q, a)<oo.
The @U-invariance of this property can be read off from the following proposi-

tion :

PROPOSITION 4.1. Let a>1, 0<p<oo and g=0. Then for f<0O(B) we have:
£3(f 10, )={ L,(UL:q; f;0dU

where {, 1s an arbitrary pont of dB. Moreover, for any {€0B and any U U,

we have
L,(UC:q;f;a)=Ly{:q;fU;a).

Proof. The first identity is an immediate consequence of the definition (4.3)
and the identity (2.15). As for the second identity, we first prove that

(4.4) 0,f(Uw)=0.(f -U)(w)

for any we B and any U=9. Indeed, for 1=<)=<n and z=Uwe< B the chain-rule

gives
0,/ (Uw)=(fU)w), 0,0%2)=<V(f -U)w), U*e,>

=UV(f - U)w), e,y=[UV(fU)@)],,

and thus _
Vf(Uw)=UV(f-U)w).

It follows that
0,f(Uw)=fUw), Uoy=<UV(f-U)w), Uy

={(f-U)w), @>=0,(f-U)w)
and (4.4) is proved. Now, from (4.4) and (2.8) we deduce that
f3Uw)=(f-U)}w) (weB, UsV).

It follows from (4.1)-(4.2) that for any {€0B and any U,
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LyUC:q:f; a):S {F3@1 L=z dv(z)

Uy ()

:gp o, VU A= [Uo[*) " dvUw)

= e msera-elrde)

=L,C:q;fU;a).
This concludes the proof.
For any a>1 and z= B, we define

45) Qu2)={c=B: [1-G, O] < F(1—]219}
and

(4.6) w.(2)=0(Q(2)) .

We note that

@ Ao, 0@=To,w(® (2B, (<dB)

and, of course,
UQi)=Q.Uz) (UeD).
In particular,
wa(UZ):wa(Z) (ZEB, UE(’U)

For z€ B, we choose a U,eU with U,z=|z|e;, and thus w.(2)=w.(||z]e;). It
follows that w, is a non-negative radially-symmetric function on B. Accordingly,
we have

4.8) F,(r=w.(2)=wa(re.)=0(Q.(re)))  (r=lzl, z€B).

This quantity is essentially proportional to (1—7%". In fact, we shall prove:

PROPOSITION 4.2. For a>1, the function Gu(r:n)=F,(r)r¥*(1—r?"" n-
creases from O to a finite positive limit G.(1:n) as r increases from |a—2|/a to
1. Moreover.

G (1:1)=(a*—-1)"%/ar
and
n—1l/a
Ga(l . n)——2~n_—(?

In particular, G,(1:n)<rx [ala—1)/21*" for every n=l.

)| enrar—ear nz2).

Proof. By (4.8),
Fu)={ Yo, cep@do(®.
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Here Xq, e (()=g(ey, £>) where g is a function of one complex variable 1
satisfying g(A)=1 if |1—rd| <a(l—r?)/2 and g(2)=0 otherwise. It follows that
F,(r)>0 for |a—2|/a<r<1 and F,(la—2]|/a)=0. Moreover, an application of
the identity (2.16) to the present function g gives

F, (r)_n 1

[, . a=1amram
Ey(n)
where

Ea(r)={zeA:;1—rz|<%(1—r2)} (la—2]/a<r<1).

We note that the set E,(r) is empty for »<|a—2|/a. Also, the case of n=1
is simpler and may also be obtained by letting n—1 in the expression for F,(r).

The change of variable
2

1 -1
r @

a 1=r
2 r

constitutes a conformal mapping of E.(r) onto the region E¥(») given by

Eﬁ(r):{weC :

w—F|<rgh (a=2l/a<r<).
It follows that
F="22(5) S ) = o= 5[}l @
and hence
Gutrim="H(G) (5 o5

As 7 increases, both the integrand and the domain of integration E*(r) of the
last integral increase. It follows from the monotone convergence theorem that
the limit of G.(r:n), as r—1, exists and equals

6uttim=2 ) A5 o3

The proposition now follows by a routine calculation of the last integral.
The following theorem gives another characterization of the Lusin property.

}""2|w1 -2 dm(w) .

}"“zlm - dm(@).

THEOREM 4.3. Let a>1, 0<p<oo, ¢=0 and |a—2|/a<r,<1l. Then for
any fe0O(B) we have

Calra, K@= 2| dol)= LS g, @)

§Ga(l)g {73@A—lz|®)** |zl =P dv(z),

AGa-21/a)
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where G, (r)=G,(r:n) and A)={zB:|z|>r}, |a—2]/a=r<1.

Proof. By (4.2)-(4.3), Fubini’s theorem and (4.5)-(4.7)

237 10, 0= [[, 1o, 0@d0@] 17300 1= 210002 mdo(a)

=S3wa(2) {f3@}21—llz[*)* " "dv(2),

and thus, by (4.8),
Lp(f g, a)=SB {f3@} A=z "Fa(lzl)dv(z) .
The theorem now follows from Proposition 4.2 and by observing that F,(||z])=0
for |zl =la—2]/a.
Let a>1, 0<p<oco and let f=O(B). We say that f has the p-Lusin prop-
erty with respect to a if f has the (p, 0)-Lusin property with respect to a.

When n=1, this definition reduces to that of Piranian and Rudin [3] for p=2,
and to that of Yamashita [6] for any 0<p<oco.

§5. Criteria for the Space AZ(B).

We shall now prove the main results mentioned in the introduction of this
paper. Before proceeding, however, we shall prepare the following lemma :

LEMMA 5.1. Let 0<p<oo, ¢=0 and let feO(B). Then

[, V3@ P K lepdote) <o
and
[io7Noto, NIo)dp <eo

for every 0=r<1.

Proof. For any 0=<r<1, the dilation f, is in A?(B). It follows from Theo-
rem 3.3 that
oo >a™(|| f+115,4—F(0)]7)/2I(n)

={ 1ras@pa- e Kzhdoe)

1

2 n
:_f’%gop—l P<10’ fr)[q(p)dp .

However, by (2.8),
(f3@)=rf}rz).

Similarly, by Proposition 2.1 and (2.13)
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Np(,o> f'r):Np(rP: f) .
Thus, by the change of variables w=rz and t=rp,
oo > ™| f+118,— 1 f(0)[?)/2I"(n)
e ol
=, (@}l K (M) dve)

:%S:z-wp(a f)lq<%)dt

It follows that

6.1 [, trs@ra-o g (B <oo
and
(5.2) (o= ato, AI(L)dp <o

for every 0<r<1. We now show that
63) [, (F3@1 N2> dote) <oo

for every 0<s<1. It is sufficient to show this for 1/2<s<1. In this case, we
let »=(145)/2 and thus 1/2<s<r. Then, since by (2.21) K, is a positive and
decreasing function on (0, 1), we obtain from (5.1)

o> [ iz k() ae)
2(,ryerta- g, ae)

2K, U5 e ).

This proves (5.3). In a similar manner, since by (2.17) I, is a positive and
decreasing function on (0, 1), we obtain from (5.2) that

(5.4) S:p" 20, fldp<co

for every 0<s<1. Let now z€B(r), 0<r<1. Then, by (2.21).

Izl 2 i o _ovge1 14
K(zl)— K( 7’ ) Bn o) {S"z" o (1—p?% logmdp

+ 08 Slllllr zn—l(l—pZ)q_ldp}
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1 2 ! 2n-1 — n2\g-1 l
é(IOg r) B(n, ¢) Snzn‘o (1—p*)dp=log r’
or

keb=k () 10g L zeBi, 0<r<.

This, together with (5.1) and (5.3) gives the first assertion of the lemma. The
second assertion follows in a similar fashion. Indeed, by (2.17),

O A Y S PRV
I(o)~1(£)= Bon o) SP 11— g2)-1

and thus
Le=I(2)+1  ©=p<r<l).

Again, this with (5.2) and (5.4) establishes the second assertion of the lemma,
and the proof is complete.

THEOREM 5.2. Let 0<p<co, q=0 and f=O(B). Then the following state-
ments are equivalent :

(i) Nfllpq<co, 2.e. f idsn the class AP(B);
(i) | Noto, N—ptrdp<oo;
i) [ 3@ —lzeda) <oo;

(iv) L£p(f;q, a)<co for every a>1, 1.e. f has the (p, q)-Lusin property with
respect to every a>1;

(v) Lp(f;q, a)<co for some a>1, 1.e. [ has the (p, q)-Lusin property with
respect to some a>1.

Proof. We shall show that (i)e(ii), (i)e(ii)=(iv)=w)=(ii).
(i)e(i): By Theorem 3.3, (i) is equivalent to
(5.5) [lomVato, AI@)dp <00

On the other hand, by Proposition 2.3 there exist an r,=(0, 1) and constants
c;=c;(ro)>0 (j=1, 2) such that

(5.6) (1= p*) =T (p) S co(l—p?) (re<p<1).
Moreover, by Lemma 5.1,

5.7) [0 N,(0, AILdp<oo
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and thus

[“Noto, Ndp<oo.
In particular,

5.8) ["Nato, N1—pdp=( Noto, Hdp<co.

Using (5.6)-(5.8) we find that (5.5) is equivalent to (ii), and the assertion follows.

(i)e(ii): As before, by Theorem 3.3, (i) is equivalent to
(5.9) L {f3@} 2zl 2P K(llz])dv(z) <oo,
and by Proposition 2.3 there exist #,<(0, 1) and ¢;=c;(ro)>0 (j=1, 2) such that

(5.10) a(d—=lz[H =K llzD=c(1—- 2% (ro<llz] <1).

Again, by Lemma 5.1,

G.11) [0y (BN Kofl20) o) <oo
and thus

SB(T()) {f3(2)} *dv(z) <oco.

In particular,
(5.12) SB(T()) {f3@}11—llz]|1*)?* dv(z) <oo .

Therefore, by (5.10)-(5.12), (5.9) is equivalent to (iii), and the assertion follows.

(iii)=>(v): This follows from Theorem 4.3, (2.21) and Lemma 5.1.
(iv)=(v): This is a triviality.
{(v)=(ii): This follows from Theorem 4.3, (2.21) and Lemma 5.1.

Letting ¢=0 in this theorem gives the following result which was alluded
to in the introduction.
COROLLARY 5.3. Let 0<p<co and f<O(B). Then the following statements
are equivalent :
(1) Nfllp<oo, i.e. f 1s in the class H?(B);
1
(i) ['Nolo, Ndp<eo;

G | 13 a—lz1mdue <co;

{v) L(f:0, a)<co for every a>1, i.e. f hasthe p-Lusin property with respect
to every a>1;
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(v) Lp(f:0, @)<co for some a>1, i.e. f has the p-Lusin property with respect
to some a>1.

When n=1, the equivalence of statements (i), (iii), (iv) and (v) of this
corollary was proved, by using different methods, in Piranian and Rudin [3] for
the case of p=2 and in Yamashita [6] for the more general case of 0<p<co.

It should also be noted that statement (iii) of Theorem 5.2 may be replaced

by SB{ft(z)}2]|z[l”(1——Hzllz)"“dv(z)<oo for any £=—(n—1). Indeed, for any such

k the integrand is locally integrable on B by virtue of (5.3). Thus the con-
vergence of divergence of this integral is determined by the behaviour of the
integrand near 0B. In the particular, ¢=0 and k=2, gives, by using (2.8),
condition (1.1) of the introduction, which is equivalent to statement (iii) of
Corollary 5.3.
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