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ON STRONG NORMALITIES

By Kun-JEN CHUNG

In the paper [1], the author asks for an example in a complete K-metric
space where K is a strongly normal cone of a reflexive infinite dimensional
Banach space. Our main purpose is to present such an example.

Let V be a normed space. A set KCV is said to be a cone if and only if

(1) K is closed;

(2) If u,vekK, then au+bve K for all a, b=0;

3) KN(—K)={6} where @ is the zero of the space V, and

(4) K°=0 where K° is the interior of K.

We say u=v if and only if u—ve K. The cone K is said to be strongly normal

if there is ¢>0 such that if z= iblxl, ek, |xll=1, ib,zl, b,=0 implies
1=1 1=1

|zl >¢. The mapping ¢: K— K is said to be lower semicontinuous if {u,} and
{¢(u,)} are both weakly convergent, then lim¢(u,)=¢(limu,). In a finite
dimensional space, the weak topology and the strong topology are same, but, in
an infinite dimensional space, they are different. Therefore if we can get an
example in a complete K-metric space where K is a strongly normal cone of a
reflexive infinite dimensional Banach space, the above definition of the lower
semicontinuity will be more significant ; we also generalize the value of K-metric
d(x, y) to an infinite dimensional space and improve [1, 2].

From now on, we assume that (V, (-, ->) is an inner product space over R
(all real numbers). <-, -> is an inner product on V, and |x||=<x, x> x€V.

LEMMA 1 (Parallelogram Identity [4]). Let V be an inner product space over
R. Then

lx+ P+ lx—yli*=2x*+2l21*  (x, yV).

LEMMA 2 (Polarization Identity [4]). Let V be an inner product space over
R. Then

12

1 (x, yeV).

| xty
2

2_‘1 x——y
I 2

Remark. Let 0<c<1. From Lemma 1, if |x—y|=Z¢, |x|=1, and [y|=1.

{x, ¥»
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we see Hi;l“ =1—(c*/4).

THEOREM 1. Let V be an inner product space over R, K be a nonempty cone
of V, and K have the following property (P). (P) If x, yeK, and ||x||=]v|
=1, then |x—y|=c, where 0<c<l. Then K 1s strongly normal.

Proof. Let x,eK, 1=:=n, |x;i=1, b,=0, and 3 b,=1. Consider
=1

< ibm

(BM:

Xp= Eb“r be X0y %57

From Lemma 2 and Remark, we have

(x4 xp21—(c?/2)>0
Therefore, we have

Z‘;lble 25}; +2bb( ;r)
g( % ') ;2”le+ L%blbj(l—%(:")
= (1~ %2)(21%2@@)
= (15 ) bbbt - +b,)°
>1—%62

(1—%0 )UZ: (¢)>0. Hence K is strongly normal. This

completes the proof.

Let B:{y; yeV, ||y—xoll§~é-}, where x,=V, and |x,||=L.

THEOREM 2. Let K={rx; xB, and r=0}. Then K 1s a strongly normal
cone.

Proof. We divide the proof into five steps.

(1) K is closed: Let {y,} be a sequence in K, which converges to y##0.
There exist two sequences {a,} CR, {z,} C©B such that y,=a,z,. Since {a,}
is bounded, there exists a subsequence {a,} of {a,} such that {a,} converges
to a+0, and {z,y,={1/arw) Yy} converges to (1/a)y. Since B is closed, we
get (1/a)ysB. Hence yeK, and K is closed.

(2) K° is nonempty: It is clear because x,=K°.

(3) If u, veK, then au+bveK for all a, b=0: Let ¢>0, b>0 and let u=
rx, v=sy where »=0, s=0, and x, y=B. Then if ar+bs=0, au+bv=0=K. If
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3 ] - o arx bsy ]
ar+bs=+0, au+bv—arx+bsy—(ar+bs)[ aribs aribs eK.

4) KN(—K)=1{6}: If te KN(—K) and t+8, then there exist points x, ¥
€ B, and positive numbers 7, p such that t=—rx=py. Hence we get x=

~(p/r)y. Now £ 2lx—yl=ly+(p/yI=IA+/MyIZIyI Z1—%. We get
—3—;1, which is a contradiction. Hence KN\(—K)={6}.

8
(5) If x, yeK, and |x|=1, ||yl=1, then le—yll§%: Let x€K, and | /x|

=1. There exist a positive number a, a point z&B such that x=az. Since
9 8

we get Z—_S_llzn <=. So ——éaé—?—. Consider the distance

1
8’ 8 8" 9

;IZ—X()Hé
laz— xol|=llaz—ax,+(a—1)x,|

=allz—xoll+[(a—1)]

2
=

A

Therefore, if x, ye K, and |[x|=1, |[y|=1, we have llx——y[[é%.

Combining (1) through (5) and Theorem 1, we see K is a strongly normal
cone. This completes the proof.

The set K in Theorem 2 is an example of a strongly normal cone of a
reflexive infinite dimensional Banach space if we let V be a Hilbert space.

1 should like to thank the referee for many helpful suggestions which led to
improvements in the paper.
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