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STRUCTURES

By TADAYUKI MATSUZAWA

§0. Introduction.

As is well known, there are many homogeneous Einstein spaces having
fibred structures, for example, the total spaces of Hopf fibrations S**** — CP™,
Stn+s — HP™ and the complex projective spaces CP?"*'— HP", where the base
spaces and the fibres of these fibrations are also Einsteinian. Jenzen [3] and
Ziller [5] constructed non-canonical homogeneous Einstein metrics on these stan-
dard homogeneous Einstein spaces by varing metrics homothetically along fibre
directions. Following Berard-Bergery and Bourguignon [1], this type of metric
variation will be called a canonical variation (See §3, for the canonical varia-
tion). Then, in this paper, we describe how a new Einstein metric can be
found by the canonical variation in a fibred Riemannian space, whose total space
is Einsteinian and not necessarilly homogeneous, and obtain the following theorem
which will be proved in §4.

THEOREM. Let m: M— B be a fibred Riemannian structure with totally
geodesic fibres where the total space s complete. Suppose the total space, base
space and fibres are Einsternian. Then the canomical variation at the parameter

value equal to
B

st <s__s_F)
/N f
gives another Einstein metric to the total space if the parameter value is positive

not one, where b and f are respectively dimension of the base space B and the
fibres, s and s vespectively the scalar curvature of the base space and the fibres.
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§1. Structure tensors of a fibred Riemannian structure.

Let =#: M — B be a fibred Riemannian structure with totally geodesic fibres.
We denote by {, > the metric of the total space and by V the Levi-Civita con-
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nection determined by the metric <, >. Following O’Neill [4], we define in M
the tensors T and A for arbitrary vector fields £ and F by

TeF =Y NypH F+IHNeyptV F

and
AqEF:CVVJ[Eu[l{F‘—{‘ﬂVJ[ECVF’

where <VE and 4 E denote the vertical and horizontal parts of vector fields E
respectively. The tensor T vanishes since fibres are totally geodesic submanifolds.
The tensor A is called the structure tensor and has the properties stated in the

following lemmas :

LEMMA 1.1.  The tensor Ag 1s skew-symmetric operator on the tangent space
of M reversing vertical and horizontal subspaces.

LEMMA 1.2. The tensor Ag s horizontal i.e.
Ap=Ayg

LEMMA 1.3. The structure tensor A is alternative for horizontal vector fields
Xand Y i.e.

,»'LyY:—-AyX:—;—CV[X, Y].

Proofs of these lemmas are, for example, found in O’Neill [4].

By Hermann [2], completeness of the total space implies that the fibres are
isometric each other, then, in the fibred Riemannian structures the Ricci tensor
and the scalar curvature of the fibres make senses.

§2. Einstein condition and the structure tensor.

We denote by Ric the Ricci tensor of the Riemannian space (M, <, »). Let
{Z,, -+, Zy}, where b=dim B, be a local orthonormal basic vector fields in M
i.e. unique horizontal vector fields projected to a local orthonormal frame of the
base space B by mx. Then, we have

PROPOSITION 2.1. For vertical vectors U, V and horizontal ones X and Y,

Ric yy=Ricky- té Az U, Az U>,
b
Ricyx=— g} (Vz,A)xZ., U,

b
Ricrr=Ricky—2 3% Az, X, A7),
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where Ric¥ and Ric® denote the Ricci tensor of the fibres and the base space res-
pectively.

Proof. Let {U,, -+, U} be a local orthonormal vertical vector fields in M,
where f is the fibre dimension of the fibre. Then, by O'Neill’s formula of cur-
vature tensor, we obtain the first and the second identities and

b s
RicXY:Ricﬁzy—SFZ‘1 (Az, X, Az;Y) + J§ (AxU,, AyU,>.

But, using next computations, we can rewrite this into the form stated in the
proposition : we have, by Lemmas 1.1, 1.2 and 1.3,

f
]21 <AXU]y AYU]>

f f
=3 N AU, ZAY,, Zy=— 3 2<U,, AxZI{AU,, Z.>

=1 1=1

S b b
=3 Z:I<AYAXZ’U Zo :FZ:I<AXZ“ AYZZ>

=1 1=

= 3 (A X, A Y Q.E.D.

1=1

COROLLARY 2.2. If M, B and the fibres are Einsteiman, then we obtain,

s¥ sF

b
§<Ain, AzZV> :<‘f—g'— f)<U’ V>,

- i (T2, A)x 2., U>=0,

M B
~23 A X, 457> = ( b —S)x, v

Proof. Since the assumptions imply that

. s¥
Ric= f—l—br<’ >,
F
RICF:S?< ) > ’
B
Richib—< >,

Proposition 2, 1 implies directly this corollary. Q.E.D.
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§3. Canonical variation.

We define new metrics <, >, on the total space with positive parameter ¢
E, Fy,=KWE, UF)+{(HKE, 4F,
for arbitrary vectors E and F.

LEMMA 3.1. The Levi-Civita connection N¢ deternuned by the metric {, )y s
given by the formulas

V=Y,V ,

VX =Yy X+(t—1)AxU,
§¥V=VxV+@t—DAxV,

V4Y =Y,Y,

for vertical vector fields U, V and horizontal vector fields X, Y. Then, the stru-
cture tensor A' of the new fibred Riemanman structure is given by

YV =tAxV, AY =AxY .

Proof. The first and fourth formulas are trivial. To prove the second
formula, we need the following computations :

2V X, YVy=2¢VX, Y,
=U<X, Y+ XU, Y, =YW, X
+<U, X7, Y7, 4<LY, UNX)+CU, [X, Y I,
=U<X, Y>+<[U, X], Y>-<LY, U], X>
+<WU, Y, XD+0—1U, [Y, XD
=2{VpX, Y>+20t—-1)XU, —AxY>

=2y X+-(t—1)AxU, Y>.
Then we have
HVEX=H Ty X+(E—1)AxU .
Having
WYV X=X

by similar computation, we obtain the second formula. The third formula is
obtained by the same way as the second. Q.E.D.
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LEMMA 3.1 implies that the fibration =: (M, {, >;) — B gives a fibred
Riemannian structure with totally geodesic fibres.

LEMMA 3.2. Let Ric! denote the Ricci tensor of the Riemannian space
(M, <, >0).  Then,

Ricly=tRicyy .
Thus Richy vanishes whenever Ricyy vanishes.
Proof. Lemma 1.2 and 3.1 imply
V3, AVxZ,=V(Nz, A)xZ,,

so the second formula of Proposition 2.1 and the definition of <, >, imply the
lemma. Q.E.D.

§4. Proof of Theorem.

By Proposition 2.1, Corollary 2.2 and Lemmas 3.1, 3.2, we have

§F
f
sF b

= 27<U, Vo+t? z=21 {AzU, Az,V>

Richy=oqU, V5+ é (A4 U, ALV,

N SF SM SF

=G+ (s =7

Rin]X =t RiCUX =0 ,

N<U, Vo,

B
Ricky= (X, ¥>—2 3 (A3 X, A1,

B )
=X, V=2 D Az X, Az Y

s s¥ sB

~ (i )

Consequently, if

F M F. M
7 _ff):%gﬂ( Iz —%9)

then ¢, >, gives Einstein metric. By solving this equation of ¢, we have two

solutions, i.e.
R =)
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Therefore the theorem is proved. Q.E.D.

§5. Examples.

For the Hopf fibring S*"** — HP™", the fibres are isometric to the ordinary
sphere S® and
s¥ sB
7—2, ?—4(71"}-2) .
Then

s (s_’f_f)_ 1
f b f/  2n+3°
This is Jenzen’s example [3]. For the fibration CP?***' — HP"  the fibres are

isometric to the sphere S%(4) with constant sectional curvature 4 and

SB

~| %

Then

F B F 1
/G-

This is Ziller’'s example [5].

REFERENCES

[1] BERARD BERGERY, L. AND BourcuiGNoNn, J.P., Laplacian and Riemannian sub-
mersions with totally geodesic fibres, Lecture Notes in Math. 838 30-35 (1981).

[2] Hermaxn, R., A sufficient condition that a mapping of Riemannian manifolds be
a fibre bundle, Proc. Amer. Math. Soc. 11 236-242 (1960).

[3] Jenzen, G.R., Einstein metrics on principal fibre bundles, J. Diff. Geom. 8
599-614 (1973).

[4] ONeiLL, B., The fundamental equations of a submersion, Michigan Math. J.
13 459-469 (1966).

[571 ZmrLer, W., Homogeneous Einstein metrics on spheres and projective spaces,
Math. Ann. 259 351-358 (1982).

Tokyo INSTITUTE OF TECHNOLOGY





