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ON THE GROWTH OF MEROMORPHIC FUNCTIONS

BY MITSURU OZAWA

§ 1. Introduction. By making use of Fourier series method Miles and Shea
[4], [5] recently obtained a better estimate for the κ(λ) and related results. It
seems to the present author that the method contains more. In this paper we
shall discuss some of them.

For completeness we shall list up several known results, which will be used
later. For a meromorphic function f{z) we define ra2(r, /) by

m2iχ, f)2—-——

In what follows we only consider entire or meromorphic functions of the follow-
ing form:

, q)

or

where
E(x, q) = (l-x)exp(x + x2/2+ ••• +x*/q),

and λ is the order of f(z), λ<^.
Let cm(r) be the m-th Fourier coefficient:

Then

m2(r, f)2= Σ km(r) | 2 .
m=-oo

Edrei and Fuchs [1] had shown that, with γv—\zv\ and sv—\wv

for m^Λ. and, for m^

Cm(r)=-J-{ Σ (^-)m- Σ ( - ) % Σ (^T- Σ (-^
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Obviously cm(r) = c-m(r) for m^—1 and co(r)=N(r, 0, f)—N{r, oo, /). Further

k r a(r)|^2T(r, /)-7V(r, 0, f)~N{r, oo, /)^m2(r, / ) .
For m^

and for mt^q

2m rtύr I

§2. Discussion of results. Our first result is the following

THEOREM 1. Let f(z) be the canonical product formed by {zv}, which satisfies

for a positive integer q and

Then

r-**> m2(r, f) ~~ A(q, ω)

and

r ~ m(r, f) . 1 , 1
r-*oo m2{rf f) 2 2A(q, co)

where

sinω

Since ??22(r, f)^N(r, 0, f) for entire functions with /(0) = l,

r, 0, /)
hm - H 7 Z
r^oo m2(r, f)

loses its effectivity when J5^1. We shall prove that the estimate given in
Theorem 1 loses its efficiency when q—\ and ω=π/2. Further for entire /

-co m*(r,f) =r->~2m(r,f)-N(r>0,f)-θa)
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1+3(0,7) *

This estimate is effective when 3(0, /)>0. In this direction Kobayashi [2] had
shown the following

THEOREM A. Under the same assumptions as in Theorem 1 with ω=π/2(g+l)

3(0, /)>0.

// ω>π/2(qJrl), then there is an entire function such that δ(0, f)—0.

If 0<e<π/(g+l), then (π-ε)/2q>τt/2(q+l). Therefore δ(0, f)=0 does not
always imply the inefficiency of our Theorem 1. The opening of ω in Theorem
1 is equal to the one of the following result due to Kobayashi [3].

THEOREM B. Under the same assumptions as in Theorem 1

where λ and μ are the order and the lower order of f, respectively. This is best
possible.

Theorem 1 can be extended to a wider opening if q^2. For example, if
q-=2 and ω=(π—ε)/2 (ε>0), then

^N(r, 0, / ) 2 ( l+2s in 2 ε) .

This gives an estimate of desired type.

THEOREM 2. Let f(z) be the canonical product formed by the set of zeros
{av, —aυ). Assume that

ε > 0 .
Then

r-*oo m^Kf, J ) /i

where

This theorem has its meaning only if q>2.

THEOREM 3. Let f(z) be a meromorphic function being representable as
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f\(z)/fι(z), where fx and f2 are canonical products formed by {an} and {bn}r

respectively. Assume that

and
\argan\£ω, | τ τ - a r g 6 n | ^

with 0^ω^(π-ε)/2q. Then

^— N(r, 0, f)+N(r, oo, /) < 1
r-oo m2(r, /) = A

where

Λ9 , Λ , sin4(s+l)(w
^42=s + H o . o , s=ma

2sm2ω

In [5] Miles and Shea indicated that ?n2(r, / ) ^ 4 V # + 1 m{r, /), if / is entire,
of finite genus q with only positive zeros. More precisely,

r, 0, /) + (2^+2s + l)Mr, 0,

^%{q+sq)m{r, f)\
where

It is very easy to prove q+l<sq<q+2.
Let / be the canonical product of genus q. When does the estimate

m2(r, f)^Km(r, /), 0<K<coy hold? Of course this does not hold in general.
Let us denote

A q) , F(Z) = UE(-[^19 q) .
av / \ I a v i /

If the Valiron deficiency Δ(0, F) of Fsatisfies Δ(0, F)<1, then m2{r, f)^Km(r, f)
and (l-Δ(0, F)-ε)m(r, F)<N(r, 0, F)=N(r, 0, f)Sm{r, f) give the result. Since
w2(r, F)Skm{r, F) holds without any condition, Δ(0, F)<1 is not a necessary
condition. So it is hoped to give a more appropriate condition for the above
problem.

In the above results we do not make use of the concept of Pόlya peaks of
any kind. Under the assumptions of Theorem 1 we can prove

m ψ £ f il=1+2f:(
r-»oo m2(r, f) A1'2 i V p2—m

by making use of Pόlya peaks of the second kind, order p, for N(r, 0, /) . We
can also prove similar results corresponding to Theorem 2 and Theorem 3 quite
similarly.
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Let Mp be the class of meromorphic functions f(z) of order p defined by
/iCz)//i(—z) with the canonical product

Let F(z) be F^/F^-z) with

THEOREM 4. Lέtf /"(z) te/ong to Mp. Then mz(r, f)Sm2{r, F) ana

^ lcosττp/21
r, /) ^ Vπp (πp—smπp)1/2

This is best possible.

THEOREM 5. Under the same assumptions as in Theorem 3 with ω

^ N(r, 0, f)+N(r, co, /) ̂  2VT 1 cos
r-oo m2(r, f) ^ Vπp (πp—sinπp)112

This is best possible.

§3. Proof of Theorem 1. For l^mSq

Hence

N(t, 0, f)

0, βzosmω.
Thus

)2^N(r, 0,

This gives the first desired result. By m2(r, /)^2m(r, f)—N(r, 0, f) we have
the second desired result.

If ω=0, the Λ(g, 0) 2 =2^+l and
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i4. Proof of Theorem 2. In this case for 2s + l^g c2s+i(r)=0. Further

**.<r)=f A Σ |(-r-)if-p-
2S IΛ fl / \ γ /

2s
« / | α j y si

\ r / Γ

where Σ means the summation over all av but not over any — av. Hence
\av\ύr

, 0 ,

^ JV(r, 0, /) cos 2sω .
Therefore

^ ( ^ /) 2 ^ < | l+2 Σ cos22sω^(r, 0,

sin2ω
r 0

This gives the desired result.
If ω=0 holds, then we can prove that

m2(r, /)2rg4(2so-2+252)(m(r, f)2-m(r, f)N(r, 0,

+ (2so-l+2sβ)Mr, 0,/)2,

where so=min {s|2s^^+l} and

§ 5. An example. Let a3 be

Let f(z) be the canonical product formed by {a3, — aj}J=1,2,... with their multi-
plicities apj. Evidently for ε > 0

nP. nP

Hence the exponent of convergence of the given series is equal to p. Assume
that l<ρ<2. Then f(z) is of the first genus. In the present case

Let n{r) be the number of zeros of f(z) in \z\^r and Λr(r) the counting function
of zeros of f(z) there. Then for apSr<ap+1
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and

N(r) — \ ——dt
Jo t

=2 Σ l o g ^ ^ ~ Σ flj+21og—- Σf lJ .

Now we put r J,=(flpfl^1)
1 / 2. Then

Mrp^αSlogCα^αlTi),

which is very easy to prove. Let M(r, f) and m*(r, /) be the maximum modulus
and the minimum modulus of f(z) on | z | = r . Then

log M(r, f)=log\f(ir)\ ,

log m*(r, /) = log | / ( r ) | .
Then we can prove that

log M{rv, f)~ap

p log (ap1ap~+p

1)
and

log m*{rp, / )~α£ log (α^α^Γ/i).

Therefore along the sequence {rv}

m2ir, f)~\og M(r, /)~log m*(r, f)~N(r, 0, / ) .
Hence

11111 - r̂ . -- xxixx - x #

r->oo m2(r, / ) P->OO m2(rp, f)

Thus we have the desired non-effectivity of estimations in Theorem 1 for q=l,
ω=π/2 and in Theorem 2 for q=l, ω=0.

§ 6. Proof of Theorem 3. In this case for

where | ^ y | ^ ω , \π—φv\^ω. Hence

3tc2p+1{r)^{N{r, 0)+Mr, oo)) cos

Further with s=max
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m2(r, f)*^2±\c2p+1(r)\>

r, O)+N(r, oo)

/AT/ AN , AT/

= Wr, O)+N(r, oo

This is the desired result.

§7. Proof of Theorem 4. In this case c2p(r)=0 and for

and for

Σ (—) + Σ (-~
\rv>r\ Tv / rv^r\ T

Hence

™ (v /r^2 9 v
TΪΊzKT, J) — Δ 2-ι

2 - ^ 2 ( r , F ) 2 .

Therefore it is sufficient to prove the result for F instead of /. Then we can
make use of the integral representation of fcp-iM Let {tn} be a sequence of
Pόlya peaks of the first kind, order p, for N(r)=N(r, 0). Then

Then we have

\Δp i ε) p

and

Hence

„, ^ ^ » 4 έ f ( _έ f ( ^ g

(2/>-l-ε)2-ίj
2

If ε tends to zero, then the term in the bracket tends to
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A {(p/2Y-(p-l/2)Y '

which is equal to

1 πp—s'mπp π

" ^ " c o s ^ ~*P'

This gives the desired result:

' π

(πρ—smπp)
1/2

§ 8. Proof of Theorem 5. Firstly we have

m2(r, fY^

Let us put N(r)=N(r, 0, f)+N(r, 00, / ) . We can make use of the integral
representation of c2p+i(r). Let {tn} be a sequence of Polya peaks of the second
kind, order p, for N(χ). Let {sn} and {Sn} be the associated sequences such
that Sn-^co, tn/sn-ϊoo, Sn/tn->oo and

for Sn^t^Sn Similarly as in the proof of Theorem 4

m2(tn, f)^2N{tnγ Σ ( 2 ,?

Hence we have the desired result.

§ 9. In this section we shall give an extension of Theorem 4. Let f(z) be
the canonical product formed by zeros {rve

ίθή and g{z) be the canonical product
formed by zeros {rve

ιiθi/+a)}, where a is a constant satisfying 0<a^π. Let
F(z) be f(z)/g(z). Then

2m

V 2 ( l - c o s m ά ) ^ \(J^\m (JjΛm\
2m r%\\ rj \r ) I'

Again by making use of Polya peaks of the first kind, order p, for N{r)=N(r, 0, /),
we have

This is best possible. Especially, if a—π, then we have Theorem 4.
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§ 10. Let F(z) be f(z)g(z), where / and g are defined in § 9. Then

Hence by the same method as in § 9

.. m2(r, F)2 . 1 , ~ fΛ , N pA

lun-rfr—fΓ-r^2 ^ + Σ (l + cos ma), 2•'-— 2 λ 2 .
r-oo iV(^ 0, Γ ) m = l {ni2 — p2)2

Especially for α=7r

m2(r, F)2 1 π^CTΓ^+sinπ/?)

Of course this is best possible. The last part is due to the following identities:

1 . 2 V ί°4 ^ 1 π ^ π i + cos TΓ ŝin Γ̂ )
άi\p2-m2)2 2 $m2πp '

2 v j Q 4 _. 1 πpjπp—sinπp)

frϊp*-Vp-l)V 4 — 2 c o s , J - —

§ 11. Let /(z) be the canonical product formed by zeros {rv} and g{z) the
canonical product formed by zeros {sve

ιa}, where a is a constant satisfying
Q^at^π. Let F(z) be f(z)g(z). Let /x(z) be the canonical product formed by
zeros {rv, sv} and fla(z) be the canonical product formed by zeros {rve

xa, sve
ιa}.

Let F1(z) be f1{z)fla{z). Then

It is very easy to prove that

2\Am + Bme-ι

This gives
4m2(r, F)2^m2(r, Fλ)

2.

By making use of Pόlya peaks of the second kind, order p, for N(r, 0,
=2N(r, 0, F), we have

Mr 0 FY / /?4 \-i/2

i m ^ ^ ( l + Σ ( l + c o s m a ) - Γ ^ )
(m2

ίim ^ 2 ^ ( l + Σ (l + cos ma)Γ^r-oo m2(r, F)2 V m=i (m2—p2)

Especially for a—π

, 0, F) < 2AΛ2"jsinJ-
m2(r, F)
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Again this is best possible.
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