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1. Introduction

In this paper, we consider the differential equation
) W)= 3 aw  (O=m=2n)

in the complex plane, where the a;(z) (=0, 1, ---, m) are meromorphic in
|z| <oo and an(2)#0. It is said ([3]) that any solution w(z) of (1) is admissible
if it is meromorphic in |z| <co and satisfies the condition

(2) T(r, ap=0o(T(r, w)) (=0, -, m)
for »—oo possibly outside a set E of » of finite linear measure. (From now on,
we denote by E any set of » of finite linear measure.) In the sequel, when the
condition (2) is satisfied, we simply denote by

T(r, a))=S(r, w)

as usual (see [5], p. 55).
Recently, Gackstatter and Laine ([3], § 3) have investigated the differential

equation (1) in many cases and conjectured that it does not possess any admissible
solution when 1=m=<n—1. With respect to this conjecture, Ozawa ([9]) proved

the following
THEOREM A. When m=1, 2 and 3, the differential equation (1) for m<n-—1
does not admit any admissible solution except when

(w=an(w+a)™
with a constant «.

Further, he gave the following

THEOREM B. When m=1, 2 and 3, let p, be the order of a, (=0, -, m)
and suppose that they are fimte. Then, any meromorphic solution of (1) for
m=n—1 is of order at most p, where
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ON THE CONJECTURE OF GACKSTATTER AND LAINE 239

p=max (0o, P1, ***, Pm) -

His proofs contain a lot of very complicated calculations, which would not
be applicable to the general case, but on the other hand, they also contain many
good ideas which we can use in the general case.

The purpose of this paper is to show that Theorems A and B hold good for
any m and n such that 1<m=<n-—1. It is assumed that the reader is familiar
with the notation of Nevanlinna theory (see [5], [8]).

2. Nonexistence of admissible solutions
To begin with, we shall give some lemmas for later use.

LEMMA 1. Let g, and g, be meromorphic in |z| <o and linearly independent
over C, and put
Then, we have gote=g.
T(r, g0 =m(r, $)+Nr, g)+N(r, 0, g)+N(r, 0, g1)
+N(r, g)+N(r, g)+S0),

O(1), when g, and g, are rational;

where

4) S(r)={ O(logr), when g, and g, are of finite order;
O(log T(r, go)+log T(r, g,))+0(logr) (r—oo, r& E), the other cases.

Proof. Differentiating both sides of (3), we have

gitgi=¢",
from which we obtain ai=g
5 g, 8, g
®) 2 Zot 2 g1=¢
From (3) and (5), we get
1 1 1
g0: ’ 7’ ’ :
¢ gi/g | gi/g0 gi/g:
Then,
m(r, go)=m(r, o)+m(r, gi/g—¢’/P)+mlr, (g1/g1—go/g0) H+0(1)
<m(r, {)+mlr, gi/g)+mr, ¢’ /d)-+mr, g1/g1—go/8o)

+N(r, gi/g1—8g/g0)+0(1),

using

T(r, )=T(r, g)+T(r, g)+0(),
ém(?’, ¢)+N(7’, 0) go)+N(7, go)‘l"N(V, Oy g1)+N(ry g1)+s(7’) ’

where S(r) is defined by (4), which we can obtain from Lemma 2([8], pp. 62-
63). Adding N(r, g,) to both sides, we obtain the result.
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LEMMA 2. Let f, by, ---, by be meromorphic in |z|<oco such that b,=0.
Then, we have the following inequalities:

(1) m(r, Bbuf7)Skmt, B mtr, 0)4+00);

(i) T(r Zo.f)SETG, N+ T, b)+0);
(i) 170, bu(f+b))—kT(r, NIST(, b)+ET(r, b)+O(D).
(see [4], p. 46).

We can easily prove (i) and (ii) by the mathematical induction and (iii) from
the fundamental properties of the characteristic function of meromorphic functions.
More precise relations are known (see ([7]), but this lemma is good enough to
prove our theorems.

LEMMA 3. Let f(z) be transcendental meromorphic in |z| <oo, P(z) and Q(2)
differential polynomials in f(z) such that

(f(@)"P(2)=0Q(2)
in |z|<co. If the degree of Q(z) is at most n, then
m(r, P)=S(r, f)
(21, Lemma 2, see also [5], Lemma 3.3).

LEMMA 4. Suppose that the differential equation (1) possesses an adwussible
solution w(z) for 1=m=n—1. Then,

(6) N(r, w)=S(, w), N, w)=S@, w);
) nT(r, w)=mT(r, w)+Sr, w);
(8) for a meromorphic function a(z) in |z|<co, if

T, a)=S{, w’),

then
T(r, a)=S(r, w),

In fact, (6) is given in [3], p. 266. Applying Lemma 2 to (1), we obtain (7).
(8) is trivial from (7).

THEOREM 1. The differential equation (1) does not possess any admissible
solutions for 1=m=n—1 except when n—m is a divisor of n and (1) has the

following form:
9 (w)"=a(w+a)™ (a: constant) .
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Proof. We shall prove this theorem dividing into three cases.

I. For 2=m=n—1, the differential equation (1) does not possess any admis-
sible solutions except when it has the form

(10 (wH"=an(w+b)™,

where b is meromorphic in |z| <co.

In fact, suppose that (1) does not have the form (10) and admits an admissible
solution w=w(z) when 2<m=<n—1. We rewrite the righthand side of (1) as
follows :

m ¢
Zz)a,»w’:am(w—{—b)’"-i— Zz)b]w’ 0=p=m—2, b,7#0)
7= 7=

where
b=am-1/ma, and b, is a rational function of a,, an-, and an.

By the choice of b, ¢ is not greater than m—2. We note that
T(r, b)=S(r, w) and T(r, b)=Sk, w).

Here, we apply Lemma 1 to

g=—aaW@+D)", &= and ¢= 3 bw) .

Then,
11 gotgi=¢.

We note that (i) ¢#£0 and (ii) g, and g, are linearly independent over C. First,
we prove (i). If ¢=0, ¢=b=0 by the assumption. When p=1, suppose ¢=0,
then we have

bywt=— #Z_)l b,w?,
7=0
Here, b,%0 and by Lemma 2(ii).
eT(r, w)=(u—1T(, w)+Sr, w),

which is absurd. That is, ¢=0.
Next, we prove (ii). Suppose that g, and g, are linearly dependent over C:

(12) agotfg:i=0  (la|+[B|#0, a, BC).
Then, from (1) and (12), we have
AU W+ Ay - W™+ o Faa b =Barw™+ fap- w™ 4 - 4 Ba,.

As 1, w, -+, w™ are linearly independent over the field of meromorphic functions
a(z) satisfying T'(r, a)=S(r, w) (this fact can be easily proved as in the case
(1)), we obtain a=g, so that from (11) and (12), a¢=0. From (i), ¢=#0 and so
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a=0, which is a contradiction. That is, g, and g, must be linearly independent
over C.
Now, by Lemma 1,

(13) T(r, g)=m(r, $)+Nr, g)+Nr, 0, g)+Nr, 0, g1)
+N(r, g)+N(r, g.)+Sr).
Here, we use the following estimates:
T(r, gy=mT(r, w)+S(r, w) (by Lemma 2(iii));
T(r, g)=nT(r, w)=mT(r, w)+Sr, w) (by Lemma 4);
N(r, go)=S{, w), N(r, g,)=S(r, w) (by Lemma 4);
N(r, 0, g)=N(r, w+b)+S(r, W=T(r, w)+S(r, w);

NG, 0, g)=N(r, 0, W)<T(r, w)="-T(r, w)+Sr, w);

m(r, ))=pT(r, w)+Sr, w) (by Lemma 2(i))
S(r)=S(r, w).
Then, from (13), we obtain
mT(r, w)<pT(r, w)+T(r, w)+i:—T(r, w)+S(r, w),
that is,

(m—y—1»l;i)T(r, w)=S(r, w),

which is absurd, because m—‘u—1~—7§ is positive. This shows that the pro-
position I holds good.

II. Let a0, b be meromorphic in |z| <oco. Then the differential equation
(14) (w)r=a(w+b)™ (1=m=n—1)

does not possess any admissible solutions when b is not constant.

In fact, suppose that (14) admits an admissible solution w=w(z) when b is
not constant. Note that, as b is not constant, w is transcendental. We may
apply the method used in [9] to prove a part of Theorem A.

Differentiating the equality

(15) (w'(2)*=a(w(z)+b)™,
we obtain
(16) n(w)* 'w’=a(w+b)™+ma(w+b)™ *(w’+b").
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Eliminating w=w(z) from (15) and (16), we have

7

nn-m //_i A" m 7 p\m
a7 (w”) (nw 4 w ) =m™a(w’+b")

as w’=0. We want to show
(18) N, 0, w)=S(r, w).

When w’+0 at any point, there is nothing to prove. When w’=0 at some
points, let z, be a zero of w’ of order £(=1). Let s(=0) be the order of zero
of a(z) at z, and #(=0) the order of zero of b’(z) at z,. (If z, is a pole of a(z) or
b’(z), we consider that a(z) (or b’(z)) has a zero of order —s(or —t) at z,.)

(i) The case a(z,)+0, co.
In this case, we can easily prove
k<t
from (17).
(ii) The case a(z,)=0 and b’(z,) # oo.
E<t or if k>t, from (17) we have

(n—m)k+m(k—1)<s+mt
and
E<t+1+s/n.

(iii) The case a(z,)=0 and b’(z,)=o0.

From (17), we have

(n—m)k+m(k—1)<s
and so
R<14s/n.

(iv) The case a(z,)=oo.

We can easily see that £<t.
From (i)-(iv), we obtain (18):

(18" N(r, 0, w)=N(r, 0, b")+N(r, 0, a)+N(r, 0, a)/n=S(r, w).

Next, we wish to prove
(19) m(r, 1/w")=S(, w).

In fact, dividing both sides of (17) by (w’)® and then we substitute v=1/w’".
Noting that
w///w/:__v//v ,
we obtain
/_il_ m_ m nm,n
(——nv 7 v) =m™a(l4+vb")™v"™,
so that

- m™a (b )™)=Q, v’),

Q(v, v’) being differential polynomial in v of degree n+m—1. Applying
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LEMMA 3,
m(r, v)=S(r, v).
That is,
m(r, 1/w")=S(r, w’),

therefore, by Lemma 4, we obtain (19).

From (18) and (19),
(20) T(r, w)=Sk, w).

On the other hand, applying Lemma 2(iii) to (15), we obtain
@1) T(r, w)=-T(r, w)+Str, w),

so that from (20),
T(r, w)y=S(r, w),

which is absurd. This shows that the proposition II holds good.

II. If the differential equation
(22) wHr=alw+a)" (1=m=n—1),

where a(%0) is meromorphic in |z|<oo and « is a constant, possesses an
admissible solution, then n—m is a divisor of =.
In fact, let w=w(z) be an admissible solution of (22). Substituting

w(z)+a=1/v(z), we obtain
W @) "=(=Drav(z)** ™.

This shows that v(z) is an admissible solution of the differential equation

(v/)n___<_1)nav2n—m
because
T(r, v)=T(, w)+0(1).

Therefore, by a result of Gackstatter and Laine ([3], Satz 6), n—m must be a

divisor of n.
Combining I, II and IIl, we obtain Theorem 1.

REMARK 1. When n—m is a divisor of #, it is unknown whether (22)
possesses an admissible solution or not in the general case. This is closely
related with an unsolved problem of Hayman ([6], 1.21). But, specially, if there
exist two constants ¢>1 and M >0 such that

T(or, a)<MT(r, a) (r&E),

then we can prove that (22) does not admit any admissible solutions, applying a
a result of Valiron ([10], p. 33).
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COROLLARY. If the coeffictents of (1) are rational, any meromorphic solution
in |z|<co of (1) is rational when 0=m=n—1 ([1], Lemma 1(1)).

Proof. We have only to prove the case when n—m is a divisor of n
(including the case m=0) and the differential equation (1) has the form

(wH"=a(w+a)™

where @ is rational and « is constant. Suppose that this equation admits a
transcendental meromorphic solution w=w(z) in |z|<oco, then

u=w'/(wt+a)™"=a'".
Both sides of this equality are algebroid functions and
T(r, u)=0(log r)

as a is rational. On the other hand, w’/(w-+a)™™ is the derivative of the
transcendental algebroid function

n
n—m

(w+a)(n-m)/n B

so that, applying a result of Valiron ([10]), we obtain

lim T'(r, u)/log r=oco.

This is a contradiction. Thus, we obtain this corollary.

3. Order of the solutions

We note first the following two lemmas.

LEMMA 5. Let w=w(z) be a meromorphic function of order greater than p
in |z| <o and F be the field of meromorphic functions of order at most p in
|z| <o, p being a nonnegative number. Then 1, w, w? ---, w* (k=1) are linearly
independent over F.

We can easily prove this by the mathematical induction.

LEMMA 6. Let A(r) and B(r) be positive and increasing functions defined for
r>0 such that
A(rZB(r) reE).

Then, the order of A(r) is not greater than that of B(r).

We can also easily prove this lemma considering the definition of the order
of positive increasing function.
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Now, we denote the order of a, by p, (j=0, 1, ---, m), where a,’s are the
coefficients of (1). Suppose that all p, are finite and put

po=max (oo, 1, ***, Pm) -
Then, we obtain the following

THEOREM 2. When 0=m=n—1, any meromorphic solution in |z| <co of the
differential equation (1) is of order at most p.

Proof. We shall prove this theorem dividing into two cases.

I. When 2=m=n—1, the differential equation (1) does not admit any mero-
morphic solutions in |z|<oco of order greater than p except when (1) has the
form
(23) (w=an(w+b",

where b is meromorphic in [z <co of order at most p.

In fact, suppose that (1) does not have the form (23) and admits a mero-
morphic solution w=w(z) in |z|<co of order greater than p for 2=m=n-—1.
We rewrite the righthand side of (1) as in the proof of Theorem 1, I:

m ¢
3 ew'=an(w+b)"+ Db’ 0=p=m=2, b,#0),
J= J=
where b=a,-,/ma, and b, is a rational function of a,, a,-, and a,. By the
choice of b, u<m—2. We note that the orders of b and b, are at most p.

Here, we apply Lemma 1 to

go=—an(w@+H™, g=w'(x)" and ¢=§ bi(w(2)) .

Then,

(24) got g1 :Sb .
By the assumptions and Lemma 5,

(25) $=0,

and by Lemma 5 and (25), g, and g, are linearly independent over C. Now, by

Lemma 1, _ _
(26) T(r, g=m(r, $)+N(r, go)+N@, 0, g)+N(, 0, g1)

—f—N(T’, g0)+N(T, gl)"f—s(r) .
Here, we estimate each term of this inequality.

@7 T, gozmT@, w)—mT (¥, b)—T(r, an)—0() (by Lemma 2(iii));

(28) m(r, §)< pm(r, w)+ ﬁ) m(r, b;)+0(1)  (by Lemma 2(i))
=0
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<uT(r, w)+ Z T, b)+0(0);

(29) the order of N(r, g,) is at most p.

In fact, as
N(r, g)=EN(, an)+mN(r, w)+mN(r, b),

we have only to prove that the order of N(r, w) is at most p. As is remarked
in [3], p. 266, w(z) does not have any poles other than those of a,’s and it is
easily seen that the multiplicities of poles of w(z) are not greater than those of
a,’s. Hence,

N, W< 3 NG, a)).
7=0

This shows that the order of N(r, w) is at most p.
(30) N(r, 0, g)=N(, 0, w+b)+N(r, 0, an)
=T(@r, w)+T(, b)+T(r, an)+01);
@ NG, 0, g)=N@, 0, w)<T(, w’)é%T(r, w)+% ]i:)OT(r, a;)+o)
(by (1) and Lemma 2(ii));
(32) the order of N(r, g,) is not greater than p (by (29));

(33) the order of N(r, g,) is not greater than p because N(r, g.)=N(r, w);

B S(=0(og T(r, w)+0( X log*T(r, a))+0logr)  (r&E).

In fact, as
T(r, g)=mT(r, w)+T(r, an)+T(r, b)+0()
and
T, =T, an-)+T(, an)+0Q1),
we have
log T(r, go)<=log T(r, w)+1og*T(r, an-1)+log*T(, an)+0Q1).
Further

log T(r, g)=log T(r, w)+ 3 log *T(r, a,)+0(1).

So, from the definition of S(»), we have (34).
Using (26)-(34), we obtain

(m—p—1—oW)T(r, w)SNG, g)+Nr, g+Nr, g0 +K S T(, a))

+0( Jﬁo log*T(r, a)))+0(log ) (r&E)
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for r—oo, where K is a constant. (Note that b,’s are rational in a,, a,-, and
an.) As the order of righthand side of this inequality is at most p and m—p
—1—0(1)>0, by Lemma 6, the order of T(», w) is at most p. This is a cont-
radiction. This shows that the proposition I holds good.

II. Let w=w(z) be any meromorphic solution in |z| <oo of
(35) (w)r*=alw+b)™ 0=E=m=n-—-1),

where a(3£0) and b are meromorphic in |z| <oco of order at most p(<o0). Then

the order of w is also at most p.
As this is trivial when m=0, we prove this when 1=m=<n—1. Suppose

that the order of w is greater than p. As in (17), we have

Nnn-m ”.___aL ’ m_ m ’ nm
(36) (w") (nw 7 w ) =m™a(w’'+b)™.
37 b'#0.

If b'=0, that is, if b is a constant, it can be easily seen as in the case of
Ozawa ([9], Lemma 2) that the order of w is equal to that of a. This is a
contradiction to our assumption.

(38) the order of N(r, 0, w’) is at most p.

The first inequality of (18’) also holds good in this case, and we have (38).
Next, Substituting w’=1/v in (36), we have

so that, as b’==0 ((37)),

V= —(—b’lj’;(tzz:f: }")(b’)’v“""’”)%—m‘ma”‘(b’)“’"(———an/——a—)m .

From this we obtain by Lemma 2(i)
nm(r, V)=(n—Um(r, v)+ KT, b")+T(r, a)+O0(og T(r, v))
+0(log*T(r, a))+0(ogr) (r&kE),
where K is a constant depending only on m. That is,

m(r, VSKT (@, b)+T(r, a)+0log T(r, v))+0log*T(r, a))+O(log r)

(re&E).
Adding N(r, 0, w’) to both sides of this inequlity, we obtain

(A—=oNT(r, w)=N(r, 0, w)+KT(r, b)+T(r, a)+0(og*T(r, a))+0(log r)
for »—oo (r& E). The order of right-hand side is at most p from (38) and the



ON THE CONJECTURE OF GACKSTATTER AND LAINE 249

assumption, so that by Lemma 6, the order of w’ is also at most p. As the

order of w is equal to that of w’, this is a contradiction to our asumption that

the order of w is greater than p. This shows that the proposition II holds good.
Combining I and II, the proof of Theorem 2 is complete.

ExampLEs i) The differential equation
(w)"=e*w—ze*+1
has a solution w=z, of which order is smaller than those of coefficients.
ii) The differential equation
(w)'"=w+e"*—e*

has a solution w=e¢? of which order is equal to the maximum of the orders of
coefficients.
iii) The differential equation

enz_l w el_zenl
e'—z ef—z

(w)r=

has solutions w=z and w=e¢®. The order of z is smaller than those of coef-
ficients and the order of e¢® is equal to the maximum of the orders of coefficients.
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