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REMARKS ON NON EXPLOSION THEOREM FOR
STOCHASTIC DIFFERENTIAL EQUATIONS

By KiyoMASA NARITA

§1. Introduction.

In this paper, we give sufficient conditions in order that the solutions of
the stochastic differential equations cannot explode. The results are improve-
ment of author’s previous one [6], since the concavity condition is not imposed
on the function which appears in the restriction on the growth of the drift
and the diffusion coefficients.

In §2, using the method of Liapunov functions, we obtain a key lemma.
And, by applying the lemma, we prove a generalization of Hasminskii’s theorem
[3] and an analogue of Wintner’s theorem [17, [2] which gives continuability of
the solutions of ordinary differential equations. In §3, we give another direct
proof of the analogue of Wintner’s theorem, so that the smoothness condition
on the function which appears in the restriction on the growth of the drift
coefficient is weaker than that given by the method of Liapunov functions.

First of all we introduce notations and definitions. Let R?¢ denote Euclidean
d-space. For xeR® and yeR¢ let <x, y> be the inner product of x and y
and let |x| be the Euclidean norm of x. For a dXd-matrix M=(m,;), define

/
IMlz( Edjlm%])l *. We shall denote by C-*[0, TIx R?) the family of scalar
1, 7=

functions defined on [0, 71X R¢ which are twice continuously differentiable with
respect to xR? and once with respect to t<[0, T]. Let (£, F, P) be a pro-
bability space with an increasing family {F,;t=0} of sub-c-algebras of F and
let wt)=(w,()), i=1, -+, d, be a d-dimensional Brownian motion process adapted
to F,. Consider the stochastic differential equation

(L1 dX(@#)=b, Xt)dt+a(t, X(t))dw(t),

where b(t, x)=(b;(t, x)), 1=1, -+, d, is a d-vector function and o(t, x)=(0.;, x)),
7, j=1, -+, d, is a d X d-matrix function, which are defined on [0, co)X R¢ and
Borel measurable with respect to the complete set of the variables. Equation
(1.1) is equivalent to the system of d equations

(L.1y AXit)=bit, XO)dt+ 3 oo, XO)dwsd), i=1, -, d.
1, 7=1
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Throughout this paper, we assume the following conditions :

(1.2) b(t, x) and (¢, x) are continuous in (¢, x) for any T>0, b(¢, x) and
o(t, x) satisfy the local Lipschitz condition with respect to xeR¢ if t<T.

As is well known, the stochastic differential equation (1.1) with the initial
condition X(t,)=x,=R? ({,=0) has a pathwise unique solution for t<e(t,, x,),
where e(t,, xo)ziim en(te, xo) and e,(to, xo)=inf{t=ty; | X(#)| =n} An (cf.[6]). The

random time e(t,, x,) is called the explosion time of the solution of (1.1) with
the initial condition X(¢,)=x, The following remark enables us to understand
the meaning of the explosion time e(t,, x,) (see [4; §2, Chap. IV] and [6, §3]).

Remark. If b(t, x) and o(¢, x) satisfy (1.2), then

lim | X(@)|=o00 for e(t,, x,)<co, almost surely.
tte(ty, Tg)

We are interested in the question whether the explosion occurs or does not.
We shall use the differential generator

8 0*
T + Zbl(t x)a + Z al](t x) a a

associated with the stochastic differential equation (1.1), where a(t, x)=(a,;(t, x))
is a d X d-matrix defined by a(t, x)=0(, x)o(t, x)* (* means the transpose).

§2. Liapunov functions.

In the explosion problem, the Liapunov function approach provides an
effective method. To begin with, we prove a key lemma which will yield the
main theorem to us.

LEMMA. Let b(t, x) and o(t, x) satisfy (1.2) and suppose for each T >0,
there exist positive numbers c=cyp and r=ry, and there exist a function U=Uyp
eC ¥ [0, TI1X R?%) such that

(2.1) LU, x)<c for all t<T and |x|=r
and
(2.2) lim inf U(t x)=00

[Z|—=c0 0stsT

Then Ple(t,, xo)=o0)=1 for all t,=0 and x,= R%.

Proof. Assume that there exists some (¢, x,) such that P(e(t,, x0)=<T)>0
for some T,. In the following, we take a sample such that e(t,, x)<=7T,. For
simplicity of the notation we put e=e(t,, x,). Let T>T, be arbitrary and be
fixed. Then we can take positive numbers ¢=cy, r=r; and a function U=Uyp
in the hypothesis. By Remark in §1, we notice that | X(e—)|=co for such a
sample and hence put

p=sup{t>ty; | X(t)|=r} .

Then Ito’s formula concerning stochastic differentials implies that
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Utt, X0)~Ulp, X(o)={ LU, X(&)ds-+M(t)—M(p)
for all p=t<e, where
M(e)={ (grad Uls, X(s), ats, X(s)du(s) .

Notice that M(t)==z(¢(t)), where z(t) is a new Brownian motion process and
¢(t)=Si0|a(s, X(s))*grad U(s, X(s))|2ds (see McKean [5; Problem 1, §2.97). Then
we get by (2.1) that

Utt, Xt)—U(p, X(p)=c(t—p)+2((t)—2z($(p))

for all p=<t<e. Let t tend to e in the above equation. Then it follows from
Remark in §1 and (2.2) that

”:1323 Utt, Xt)—U(p, X(p))
§c(e—p)+1i1¥1Tienf 2(g(t)—z((p))

<co,

which is a contradiction. Hence the proof is complete.
The following theorem is a generalization of Hasminskii’s result [3, p. 113].

THEOREM 2.1. Let b(t, x) and o(t, x) satisfy (1.2) and suppose for each T >0,
there exist positive numbers c=cp and r=rp, and there exist a nonnegative func-
tion V=V,eC“¥[0, TIXxR*) and a nondecreasing, differentiable function
B=Pr: [0, 00)—[0, ) such that

(2.3) LV, x)=cpV(t, x)) for all t=T and |x|=r.
(2.4) lim inf V(¢ x)=00
|Z|—o0 0<t<T
and
= du
(2.5) So —IT‘BG')—OQ

Then Ple(ty, xo)=00)=1 for all {,=0 and x,= R%.

Proof. Let T>0 be arbitrary and be fixed. Then, let c=c; and r=r; be
positive numbers and let V=V, and f=pf; be the functions in the hypothesis,
respectively. We set

v du
0=} 5
Then we see that WeCh%([0, T]X R%) and so

and W, x)=7V{, x)).
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LW, )=(LV(, )V, 2)
5 lot, D*grad Vit, 01V, )

_ LV, o
148V, )

l_ _ﬁ/(m_
+ 5 lo(t, x)*grad V(t, x)lz[ (1+B(V(t, x)))? ]

A

c
for all t=T and |x|=7, since (2.3) holds and since § is nondecreasing by the
assumption. Further, for any (<7,
Wi, x)=f( inf V(t, x)),

0sSt=T

since f is nondecreasing by the definition. Then we obtain by (2.4) and (2.5)

that
inf W(t, x) —> oo as |x|—oo.
0stsT

Therefore, W(t, x) satisfies (2.1) and (2.2) and Lemma applies if we take
Ur=W(t, x) for each T>0. Hence the proof is complete.

Hasminskii’s theorem is a special case of Theorem 2.1, where V=V satisfies
(2.3) for all t=T and x<=R? with the function f=pr(u)=u such that (2.5) holds
obviously. In particular, if we take V=V,=|x|* in Theorem 2.1, then we
obtain the following restriction on the growth of the coefficients in order that

X(t) cannot explode.

COROLLARY. Let b(t, x) and o(t, x) satisfy (1.2) and suppose for each T >0,
there exist positive numbers c¢=cp and r=ry, and there exist a nondecreasing,

differentiable function B=py: [0, c0)—[0, c0) such that
(2.6) 2x, bt, x>+ 1o, x)*=cBp(lx]?

for all t<T and |x|=r, where B satisfies (2.5). Then, Ple(t,, xo)=o0)=1 for all
t0=0 and x,=R°.

ExXAMPLE. Suppose that (cf. Yershov [7, Theorem 5.2])
2.7 1@, x)1*+]a(t, x)|*=C(1+|x|*) log (1+]x])
with a constant C>0 for all t=0 and x<R“ Then we see that
2{x, bt, x>+ 1ot )= |x[*+]b@, 2)|*+]a(t, )|
=CTlxP+1+]x]* log (1+[x])]

with a constant C’>0 for all £=0 and x=R% Therefore, if (2.7) holds, then
(2.6) holds, where B=pfr(u)=u-+1+u)log(1+u'/?) satisfies (2.5), and hence
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Corollary will apply.

In the above Theorem 2.1 and Corollary, the concavity condition is not
imposed on the function 8=pSr(u), which improves author’s previous results [6;
Theorem 2.2, Corollary].

The following result corresponds to an analogue of Wintner’s Theorem of
continuability of solutions of the ordinary differential equation dX(¢)/dt=0b(¢, X(1)).

THEOREM 2.2. Let b(t, x) and a(t, x) satisfy (1.2) and suppose for each T >0,
there exist positive numbers c=cy, ¢’=cy and r=ry, and there exist a nondecreas-
ing, differentiable function B=pr: [0, 00)—(0, ) such that

2.8) 16, x)| ZcB(x])  for all t<T and |x|Z=r,
(2.9) la(t, x)|2=c’ for all t=T and |x|=r
and

© du
[t

Then, Ple(t,, xo)=00)=1 for all t,=0 and x,=R°.

Proof. For each T>0, let c=cy, ¢’=ct and r=r; be the positive numbers
and let 8=pSr be the function in the hypothesis, respectively. We set

. 1zl di L
U, x)—gr A
for all t=T and |x|=7, and extend it smoothly to |x|<7. Then it is easy to
see from (2.8) and (2.9) that U=C**[0, T]X R?%) satisfies

x, bt, x) Jo(t, x)|*

kt (k=c+c'/2rB(r)

LU ==k a0aD 20 AU =D
17 BUxD+Ix] B 2
al |2 [*8%( %) Jio, xyex
=0

for all t<T and [x|=r. Therefore, we can get the conclusion by Lemma since
(2.10) holds.

Such functions as U(t, x) and V(¢, x) which appear in lemma and theorems
of this section are said to be Liapunov functions of X(t).

§3. Another proof of Theorem 2.2.

In this section, we give another direct proof of Theorem 2.2 without using
the method of Liapunov functions. In the proof, the smoothness condition on
the function 8= By of Theorem 2.2 can also be weakened.
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THEOREM. Assume all the conditions of Theorem 2.2 except that the differ-
entiability condition on B 1s replaced by the condition such that B is continuous.
Then, Ple(t,, x;)=00)=1 for all t,=0 and x,= R

Proof. Assume that there exists some (¢, x,) such that Pe(ty, x0)=T)>0
for some T, In the following, we take a sample such that e(t,, xo)<7T, For
simplicity of the notation we put e=e(t,, x,). Let T>T, be arbitrary and be
fixed. Then we can take positive numbers c=c;, ¢’=cr and r=rr, and a
continuous function f=pfr in the hypothesis. By Remark in §1, we notice that
| X(e—)|=co for such a sample, and hence we put p=supf{t; | X@)|=r}. Then
we have by (1.1)’ that

t
Xi<t>:X1<p>+§pbl<s, X(s))ds+Mi(t)— Mi(p)
for all p=t<e (:=1, ---, d), where
d t
Mity= 33 a0,(s, X)dw,(s).
J=1Jtg
By the time substitution rule (see [5; Problem 1, §2.9]), we see that M)

d
=2z;(¢:(¢)) for a new Brownian motion process z;(t) and ¢;(t)= Z,‘IS: ai,(s, X(s))ds.
J= 0

Then (2.9) implies that ¢;#)=c'(T—t,) for all {,=<t<e, and hence |M(t)—M,(p)|
= sup |z,()—zi(@:(p)|=k;<co (2=1, -+, d). Thus, we have,

tostsgiced
| X0 = | X.(0)] +Sp Ibi(s, X(s)| ds+k,
for all p=t<e, which yields
IX(t)Iédr+k—|—cd§iﬁ(l){(s)l)ds (B=Fkyt - +ka)

for all p=<t<e, since (2.8) holds and since |x|=<|x;|+|x.|+ - +]xq]=d]|x]| for
x=(xq, X3, -+, xg)ER%  Set u(t)zdr—i—k—i—cdvﬁ(lX(s)])ds. Then we see that
Jo

u(p)=dr+=k, | Xt)|=u@®) and u'(t)=cdB(|X(®)|) for all p=t<e, where u'(t) is
the sample derivative of () and is continuous. Since S is nondecreasing by

the assumption, we get
u'B)=cdBu), p=t<e.

Divide the both sides of the above equation by S(u(t)), which is possible since
B is positive by the assumption, and then integrate from p to #(<e). Then, we
obtain,

Su(t) du

aren By =C4C—0)

and therefore
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T << —
arek B(u) =cd(e—p)
for all p=t<e. Let ¢t tend to the time e¢ in the above equation. Then, the
left-hand side of the above equation becomes infinity since |X(e—)|=co and
since (2.10) holds, while the right-hand side is finite, which is a contradiction.
Hence the proof is complete.

SxX(t)l du
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