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NORM INEQUALITIES OF EXPONENTIAL TYPE
FOR HOLOMORPHIC FUNCTIONS

By JacoB BURBEA

Abstract. Let 4,={zeC: |z|<p} with p=1, co and let H(4,) stand for
the class of holomorphic functions in 4,. Let ¢=H(d4,) with 4, being the do-
main of holomorphy of ¢ and ¢(0)=0, ¢(0)>0 for n=1, 2, ---. Then k(z, {)
Eng(zC) is the reproducing kernel of a uniquely determined Hilbert space Hy of
functions feH(4,) with f(0)=0 and norm |f]l;. The function ¢=exp¢ also
determines a unique Hilbert space H, of functions geH(4,) with norm |gll,
and such that K(z, O)=¢0), z, ¢ €4, is its reproducing kernel. The following
is proved: Let feH,, then exp feH, and

lexp fl§=exp || /13

with equality if and only if f is of the form f(z)=*Fk(z, C):g&(zf) for some {<4,.
The method of proof of this sharp inequality is based on ideas of both Aronszajn
and Milin, and it can be extended by replacing the exponential function by any
entire function with non-negative Taylor-coefficients. We also give several
applications of this inequality in the theory of entire functions and functions
holomorphic in the unit disk.

1. Introduction.

Let 4 be an abstract non-void set and let k(-, -) be a scalar-valued kernel
on AXA. For simplicity, we always assume that the underlying scalar-field is
the complex-field C. We also assume that k(-, -) is a positive-definite kernel
on AXA; that is

% k(zn, 22)0m@,=0
m,n=1
for any finite set {z,}%., of points of A and any corresponding complex num-
bers {an}%_;. As is well-known, this condition is equivalent to the existence
of a uniquely determined Hilbert space H, of functions on A and admitting
k(-, -) as a reproducing kernel, namely
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f@=(f, k(+, 2D

for any ze 4 and every f€H, (see Aronszajn [1]).

Given any entire function F with non-negative Taylor coefficients, we con-
sider the new kernel K(-, -)=F[k(-, -)]. This kernel, in view of Schur’s theo-
rem, is clearly positive-definite on 4X 4 and hence, as before, it is the repro-
ducing kernel of a uniquely determined Hilbert space Hx of functions on A.
The structure of this Hilbert space Hx involves tensor-products of H, and is
rather complicated (see Aronszajn [1], Burbea [4] and Saitoh [9]). The follow-
ing, however is known (see Burbea [4]): Assume that feH,, then FefeHg
and

[Fefl%=FClfIIF

with equality holding if f=£~(-, {) for some < A.

The equestion of the necessity of the above condition in the equality state-
ment requires, in general, some additional assumptions on F and on both A and
k(-, »). For example, the proof provided in this paper shows that this condition
is necessary if the entire function F has positive Taylor coefficients, 4 is 4,
={zeC: |z|<p}, p=1, o and k(z, {)=¢(20), z, {4, where ¢ is holomorphic
in 4,, with 4, being its domain of holomorphy, and ¢(0)=0, ¢ (0)>0 for
n=1, 2, ---. In this paper, for simplicity and clarity, we treat only the typical
case of F(t)=exp (). The method of the present proof is based on ideas of
both Aronszajn [1] and Milin [6] (see also Pommerenke [8, pp. 78-88]). This
results in a rather general theorem which is applicable in the theory of entire
functions and functions holomorphic in the unit disk. This sharp inequality will
also enable us to provide a shorter proof for a similar inequality on holomorphic
functions in the unit disk. The latter was previously proved by us in [4]. A
more special case of it was first proved by Saitoh [9], but his proof is rather
difficult and involved.

In this paper we also introduce and study, in light of the above inequality,
several concrete reproducing spaces, as the so called “generalized Fischer-spaces”
and “generalized Hardy-spaces”. This study forms an extension of the examples
previously developed by us [3] in connection with the total positivity of repro-
ducing kernels. The ordinary Fischer and Hardy spaces were also studied by
several authors (cf. [2], [7] and [10]) from various points of view. These
spaces have an intimate connection with quantum theory and as such have
attracted some attention from physicists (see, for example, Bargmann [2]).
They also have connection with the coefficient estimates for univalent functions
[6, 8, 91. The results here can be also extended to cover the case of several
complex variables but we shall not pursue this here (see, however, Burbea [5]).

§2. Spaces of Square Summable Series.

In this paper H(D) stands for the class of all holomorphic functions in a
domain D of the complex plane C while 4 designates the unit disk in C. We
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shall also use the notation 4,={z=C": |z|<p} with p=1, co and thus 4,=4
while 4.,=C. Let

@.1) 6(2)= 3 cn” >0, n=1,
be holomorphic in 4, and having 4, as its disk of convergence. We write
Hy={feHd,): [(D=3 a,z", 3 ci'lan|*<oo}.

Clearly, this is a Hilbert space of functions f, holomorphic in 4,, f(0)=0 and
whose norm is
2.2) I/1s= {ZCnlla |21z,

We have

cnl"

fO= 3 anlm= 5 5= (f, (- D)y

and

[fOI={a(CIN 21 fle; feHy, Ced,,
which means that

k(z, O=¢(0); 2z C<4d,,

is the reproducing kernel of Hy and that {¢.}5-1 With @.(2)=+/c,2" is a com-
plete orthonormal system for Hg.
We now consider a new function

2.3) Pla)=expip(a)}, z=4d,.

Clearly, ¢=H(4,) and the coefficients of its expansion
d(z)= god aZ"

satisfy

@.4) di=1, dy=— 3 kedy s, nzl.

k=1

This shows that d,>0 for all =0 and, in particular

di=cy,
1
dZ:2—!6%+62 )

1
dy= ?ﬁC%‘I‘ClCz‘I‘% ,
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1 1 1
d4:4_!cg +2—!c%c2+c1c3+563+c4

and so on. In general,

1
dn:Z'?r( > Cnl"'cnk), nzl

k=1 nyttnp=n
where n;=1, j=1, -+, k, are integers. This show that d,=d, (¢y, ---, ¢z), n21,
is a polynomial of degree = in ¢y, ---, ¢, and of rational coefficients. More-

over, for any A€C, we have
dn(Acy, =+, Ac)=A"d(cy, -+, Ca), nz=l.
Now, the new function ¢ determines another Hilbert space H, of functions g,
2.5) 8= bz, zed,,
holomorphic in 4,, with ||gl,<oco where
(2.6) Ilgll¢={§o datlbal?.
As before, this Hilbert space has
K(z, O=¢@D)=exp{¢z0)} ; 2 Ced,,

as its reproducing kernel. We also note that, as in the case of ¢, 4, is the
domain of holomorphy of ¢.
The main theorem in this direction is:

THEOREM 1. Let fHy, then expfeH, and

lexp fli<exp /13

with equality if and only if f=hk(-,{) for some {€d,. In other words, if and
only if f is of the form
f@=¢z0, zed,

for some {4,.

In order to prove this theorem we make the following observation: Let
e H, with
[

@.7) f2)= Zw)la,,z“, zed,
=
and consider its exponential transform

@8 g@=explf @) =F bz, zed,.
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Then, as in (2.4),

n

2.9) b=1,  bi= 3 kasbes, 1.

k

In view of (2.1)-(2.9), Theorem 1 is, therefore, completely equivalent to the fol-
lowing lemma :

LEMMA 1. Let the notation of (2.1)—(2.9) apply. Then
(2.10) S dit[ba|*=exp{ 3 citlanl?

if the right hand side 1s finite. Equality holds i1f and only 1f an=c,"(n=1) and
bp=d{™ (n=0) for some {&4,.

Proof. For re[0, 1), define
A= S etlanlr,  Bo)= 3 di bl
Using (2.4), (2.9) and Cauchy-Schwarz inequality
1 k |2

L P\ v B L
n nz =1 den—k n r l

1oz 1@l [bassl?y,
= (B ) B hednn

n 2 2
=(Ek~|i1—k|— lb,uL)ldn, (n=1)),
=1 n

Cp dn-#
and thus
2.11) ndyt|b,|?< i k_[amkliﬂﬂ,li .
e Cr du-p

This shows that B/(r)<A’'(r)B(r) or [log B(r))’<A’(r). Consequently, since
A(0)=0 and B(0)=1,

log B(r)=S:[log B(x)]’dxéS:A’(x)dsz(r)

and (2.10) follows by letting »—1-. In view of [log Br))'<A'(r), r<[0, 1),
equality in (2.10) holds if and only if B’(»)=A’(r)B(r) for each r<[0, 1) which
is equivalent to having equality in (2.11) for every n=1. This in turn is equi-
valent to an existence of 1,=C so that

(2~12) akbn_k———lnckdn_k B k_—_-l, 2’ e, n.

Putting 2=n in (2.12) results in a,=A,c,. On the other hand, summing up
(2.12) from k=1 through k=n, and, using (2.4) and (2.9) yields b,=2,d,. Con-
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sequently,
(2.13) An==Cndy by, n=1,2, -,

and with (2.9) this also shows
(2.14) an(dn—cn)Z%cn:Z:)i(n—k)dkck‘lakbn_k, n=1.

Now, the only solution of (2.13) subject to (2.4) and (2.9) is

(2.15) an=ct", E=ayt;  n=1,2, -,

and, therefore, b,=d,&" for n=0. Indeed, for n=1, (2.15) is trivially satisfied
while for n=1, by (2.14) and the inductive assumption,

tnldn—c)=calr L S herdnn,  n>1.
n k=1

In view of (2.4) this may be written as
an(dn_cn>:cnin(dn—cn): n>1.

However, by (2.4) we have d,>c¢, for every n>1 and, therefore, a,=c,£" and
(2.15) follows. Finally, the right hand side of (2.10) for this solution

exp{ 3 e |17} =exp{g(IC %)

is assumed to be finite. Since the disk of convergence of ¢ is 4, (o=1, o) we
must have {&4,. This concludes the proof of the lemma.

§3. Applications.

Many interesting norm-inequalities may be deduced from Theorem 1. How-
ever, before so doing we introduce some notation from the theory of hyper-
geometric and confluent hypergeometric functions.

In this paper, «, 8,7, 0, ¢, p and ¢ are real positive numbers. By (a), we
mean (a),=1 and (a),=ala+1) - (a+n—1) for n=1. An alternative definition
for (a), is (a),=I(a+n)/I(a). The function

', o I'lat+ap)'(B+np)
Fola, B;7:2)= 5 20 —m et 2 2T
W BT D= payris) & Pa+np)[(A+np) ©
is holomorphic in the unit disk 4, which also forms its disk of convergence. In
particular,

Fia, i1 =P, §i 15 9= 5000 Lo

is the familiar hypergeometric function. Moreover, if p is an integer, then
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> (@Wnp(Bap 1,
Fyla, B;7:2)= EOEG%%WZ

and therefore

-1

(3.1 Fla, i 12 2= SaPila fir: 02
with
(3.2) wEe27t2/p, pzl, 2:
We define F, ,(2)=Fy(a, B; B:z2); hence

127
(3.3 Fo p(2)=— X (1—w*z"/?)=

D k=0
where p and w are as in (3.3). In particular,
(3.4) Fa.l(z):(l—z>_a ’
3.5) Fu @)= (=D +(1+/0).

We also note that F ,(z2)=(1—z)"?, independently of p.
The well-known integral representation

= T
e B3 1A= re—p)

when applied to (3.1) and (3.3) induces the generalization

S:(l—tz)-“tﬂ-l(l——t)f*ﬂ-ldt or>p

(3.6) Fyla, B;71: 2):Tz—ﬁ%_—'ggsf‘a,p(tl’z)tﬁ“(l——t)V"ﬁ“dt

for y>p and p=1, 2, ---.
Another related function that we shall consider is

G, p(R)=2Fp(a+p; 1; 14+p:2), zed.
This function can be also extended to the case when a=0. In fact,
Go. p(2)=2Fp(p, 1; 14+p: 2)=—log(1—z), =z<d,
independently of p. Of course,
@7 Ga p@=pBla, p){Fa(2)—1}, z€4,

where
Bla, p)=I(a)(p)/I(a+p).
Evidently,
lim Go, ()= G, (2)=—log (1-2).
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Moreover, if p is an integer,

Ga.p(Z) (p) { 2(1 wtz!P)-a— } (w=e2"4/?) .

In particular,
1
Goi(2)=—{(1—2)*—1}
a
and

Ga,o(2)= {(I—=V2)*+ (1++2)"*—2} .

a(ad -l-l)

We now turn to the entire functions

_I're) o I'atnp)'(B+np) 2"

B8 Bala 557 01 D= sy 2 Tarrnp)lo+np) T+np) ’

3.9 Ea; B:2)=E)a, r; ¥, B:2)
and
(3.10) E.,2=E)1;a:z).

Again, when p is an integer, we have

Ep(a’ 18; 7 5 : Z):_;_ 1)2;:2F2(a/1 ﬁ; T; 5 . C!)kz”p):
(3.11) 1 -1
Eya; 18: 2)=— 2 Fia; B: w*z1P)
p k=0
and
1 »-
Ea.p<3>—; ZQ F(l; a:w*z?)  (w=e?"V/P),

where ,F, and ,F; are the familiar confluent hypergeometric functions.

(3.12) E‘LI,(Z)—%:D=o wkz1/P (w=e*™'?, p=1,2, ).

In particular

Eii()=¢*,  E.s(z)=coshvz.

The well-known integral representation

Fila; Brz)=- LS __,,S et (1—=nf-1dt - (B>a),

I (f—a)

when applied to (3.11) and (3.12), induces the generalizations

Thus
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I'p)

(3.13) Eya; B: Z>:T(¢T)I_“T‘é-_—a-)

S:El,paz’z)ta-l(l—t)ﬁ-a-ldt (B>a)
and
Ea,p(z)z(a—1)S:E1,p(tpz)(1—t)“‘2dt (@>1)

for p=1, 2, ---. In particular,

@314  Eya; 8: z)=-[,(T§(,—‘%§:-&TS:cosh (VR (L—B-e1dt (B>a),
Ezyp(g)zﬁ- Z’Z;::w'k[e‘”kz”p—l:l (w=e®*"'?, p=1,2, ),
and so
E: (2)=ze’—1), E, ((z)=sinh vz/vz
and

Eas@=(a—D)| cosh(tva1—0*dt  (@>D).
Finally, let feH(4,) be given by
f(z)=§)0anz", zed,
and let »<[0, 11. The “r-th fractional derivative” of f is
f<r>(z)§§o e, e,

where [1—r] stands for the integer value of 1—r (i.e. 1if »=0and 0 if 0<r<1).
Clearly, f<>€H(d,), and f<>=f and f<>=f’. We shall also write f* for f<'/?>,
that is

o

FHR=fA (=S nita,m,  zed, .

n-1

We now give concrete examples for functions holomorphic in the unit disk
and entire functions.

§4. Generalized Hardy Spaces.

The function ¢(z)=F,(a, 8;7:2) generates a reproducing kernel space
HLp:a, B; 7] of all functions f< H(4),

fl2)= i;oanz", zed,

normed by
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T p— I'oI'(p) & I'+np)I'(1+np)
Hrw =T () a2 Datnp)[(B+np)

The reproducing kernel of this space is

K(z, O)=Fya, B;r:20); 2z (4.

[anl?.

In particular, when B=y, the reproducing kernel is K(z, C)zFa,p(zZ). The cor-
responding reproducing space of the latter is denoted by H.p i.€ Hap=
4[p:a, B; Bl, and the corresponding norm by |||l ,. The integral representa-
tion (3.6) shows that any #[p: «, B; 7], where p is an integer and 7>f, is a
weighted direct sum of spaces 4, , defined on disks 4,,={zC: |z|<1/t},
0<t<1. The spaces H[p: a, B;r] may be regarded as generalizations of Hardy
speces (see also [3, 4] and [9]); in particular, 4, , will be called the “(a, p)-
Hardy space”. The norm of 4, , can be realized as

4.1 1£12, ,=1£(0)] 2+%SA [ FH(2)| 21— z|?)*-1d o(2)

where f* is the previously defined half-fractional derivative of f and do(z)=dxdy
is the area Lebesgue measure of C. In particular, when a=1, we have

@2 = @ 2 e, a1,

3 1715 = 5., 1/@) 1?1 del,

where in the last integral, f stands for the nontangential boundary values of
the holomorphic function f in 4. Thus, 4, ,=4(,, (for any p) is the Hardy-
Szegb space with the Szegd kernel (1—z8)™!, 4, is the Bergman-space with
the kernel (1—z8)-%, and %, ., a>1, is the Bergman-space with the kernel
(1—2z8)-=. These spaces are well-known and their norms are realized as genuine
integrals. Formulae (4.2)-(4.3) show that same is true for all %, , with a=1
and p>0. In particular, as the reproducing kernel Fa,p(z(z) of Y, ,, for integer
b, admits a closed form expression through (3.3), new and concrete representa-
tions are obtained. For example, a use of (3.5) and (4.2) shows the following
interesting integral representation: Let a>1, then for any f, holomorphic in 4
and such that

[ @120 12 o)< oo,

it holds that

a—1
4

f© =" f@U—VED - +1+VED) Y 2] 1| 2])**do(2)

for all (4.
Of course, when Theorem 1 is applied to these spaces it induces sharp norm
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inequalities of exponential type. In order to be more concrete, however, we shall
also consider the reproducing kernel space 9, ., generated by the function ¢(z)
=¢Ga, p(2). In veiw of (3.7) and (4.1), this is a space of functions f in H(J),
f(0)=0 and with the norm

.4 V0= ey 120
and hence
2 1 1 2 -1
45) 1 Vee.5= 25 B 37 7 )a T @1A= 121970,

This space can be also extended to include the case of a«=0. Indeed, for a=0
we have the Dirichlet norm

4.6) ufnfﬂq,o,p:qingdl F@IHdoz)

independently of p. For this reason, the spaces 9g,«,, Will be called generalized
“(q, a, p)-Darichlet spaces”. When p=1, we shall write simply 9, ., instead of
Dy o,n and we note that 9D, =9, , for any p. The reproducing kernel of
Dy a,p 18

kg a p(z, O=qpBla, p){Fa »(z0)—1}.

In particular, the reproducing kernel of 9, , is

ke oz, O=ga {120 *—1}, a>0
or
kq.o(z, O)=—q log (1—20) .

We also note that the norm of 9, .., for a=1 can be also realized, in view of
(4.4)-(45), as a multiple of the integrals (4.2)-(4.3).

We now consider the reproducing kernel space &, ., generated by
exp{9Ga. p(2)}. Again, we write &, for &4 The reproducing kernel of
Eq. a.p 18 exp{ky a.p(z, O}, and we note that &,, coincides with the previously
defined Hardy space 4, , whose reproducing kernel is (1—z£)~%.  According to
Theorem 1, if f€D, 4., then expf is in &g 4, and

% lexp 1%, o ,Sexp I f15, .,

with equality if and only if f=¢G,,,(-{) for some {=4.
A specially interesting case of this result is when p=1. In this case

XD lgCar@ = 1 paly: @z

where for any a=0, pnlg: a)>0 for all ¢>0 and m=0. The coefficients p,(g)
=pn(g: @) are polynomials of degree m in ¢, satisfying
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p@=1,  Ppuril@=m+gpng)+agpn(g
and thus
Pip=q,  pA=¢*+(a+1)yq,
and in general

pata: 0=pa@=3 TV L0 (e |(0), mz1.

Therefore pn(g) is a monic ploynomial with p,(0)=0 for m=1. Moreover,
pa(g: @) is, for m=1, a polynomial of degree m—1 in « and

Pulg: 0)=(@n -
It follows that the norm of &,, may be given by

>

Z e bl

Il

lgl2, .

where
g(z)= ﬂi}obmz"‘ , zed.

With these more concrete norms, (4.7) gives the following result: If f€9, .,
then exp f€&, ., and

lexp flig,, ,<exp [ fl%,,,

with equality if and only if f=Fkg (-, {) for some {=4. We note that in view
of (44)-(4.6), the norm of 9,. is (a/q)"? times the Hardy-space norm |:|,,1
when a>0 and (1/¢)!? times the Dirichlet norm when a=0. The special case
of this result when a=0 appears also in Burbea [4] with a somewhat similar
proof. The more special case of a=0 but ¢=1 was proved earliear by Saitoh
[9], by using different methods.

§5. Generalized Fischer Spaces.

The function ¢(z2)=E,(a, B; 7, 0: pz) generates a reproducing kernel space
Flp:a, B;7, 0: ] of all functions feH(C),
(.1) Fl)= :goa,,z", zeC,

normed by

LA L@IP) & T+up)[(6+np) T'A+np)
Fiw BT 0= PATG) w20 Tatnp)[(B+np) g

The reproducing kernel of this space is

Kz, O=Ey(a, B; 71, 0: pzl); 2z L=C.

laal?.
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These spaces may be regarded as generalizations of Fischer spaces (see also [2],
[3], [7] and [10]). We shall also consider particular cases of these spaces,
namely Fy(a; B: W=F[p:a, 77, B pd, Tpla: W=F (1t p) and_in(a; ,B:;f)
=9[p:a, 1; a+l, B: p] with the reproducing kernels E,(a; B: pzl), Eq p(¢20)
and Ey(a, 1; a+1, B: pzl), respectively. The integral representation (3.13) shows
that any 9,(a; B:p), where p is an integer and f>a, is a weighted direct
sum of spaces F,(1:sp), 0<s<1, with the weight p-ls®/?-3(1—s¥/?)#-2-1 The
reproducing kernel of F,(1: sy) is, of course, E,,ﬁ(,uszf) which may be evaluated
by (3.12).
The norm of F,(a: p) can be realized as

5.2) A1 o= 7#;%50 (2|2 o] </ gD g g 2y

In fact, we shall verify directly that (5.2) induces a reproducing kernel space
F »(a: p) of entire functions with the reproducing kernel E,, ,(¢z{). Let 0<r<co
and define 4,={z=C: |z|<r}. Consider

M= ] 1 F@ el

P F( ) )4
Then
”f”gfp(a:y):’l'i_'ril Mf(r)

and for f€9 (a: ) given by (5.1),

M=y B |0, )
with

1 (ur)1lp
)= Py

It follows that (i) 0<7,(r)<1, (ii) 7.(r) is a continuously increasing function of
r and (iii) lim7y,(»)=1. From these properties it follows (an application of B.

e—ppa+np—1dp .

Levi’s theorem) that

5.9 171 pcosm= T}

Moreover, by Cauchy-Schwarz inequality

o= o= S 10N E )

and thus by (3.8)-(3.10) and (5.3)
|f(2>’ é {Ea, p(,u ‘ 2|2>} 1l2|}f|lffp(a-;z) .

This shows that F,(a: p) is a Hilbert space with a reproducing kernel K(-, -).
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Now the sequence

n=0, 1, -,

_ F(a) n 1/2 »
¢n(2)—{T<a+np) 14 } z",

is clearly orthonormal in F,(a: p) and by (5.3) it is also complete. Therefore
K(z, = 3 ¢u(@n@=E (120

and our assertions follow.

The norm-integral (5.2) induces many interesting concrete integral representa-
tions for entire functions, some of which are by now classical. For example,
the space F(1: p) is the ordinary Fischer space [7] with the reproducing kernel
El,l(/,zzf)—z“ef"C and hence the spaces F,(a: p) constitute concrete extensions. In
particular, new representation formulae are obtained with &(a: p) and Ea,l(/,zzi)
=,F(1; a: pz), with F,2: p) and E,, (pzd)=[pzl] (e#*—1), with F,(a: p) and
Eao(pzd)=2""(\F\(1; a: vV pel)+,Fu(1l; a: —Y pzd)}, with Fo(1; ) and Ey,o(p2l)
=cosh vV pzl, with F42: p) and E, o(uzl)=sinh v pzl/v pz€, and so on, in view
of (3.13)-(3.14).

The norm of the related Fischer space & ,(a; 8: 1) admits also an integral
realization. In fact, the norm is related to the norm of F,(a: p) in (5.2) via

(5.3) 1115 pcass o= (BN f I pegor. o+ (L B/ F 1 cpupo

and hence we may define F,(co; B: p) as Fp(B: ), and Fp(a; a: =T (a+1: p).
Notice that the right hand side of (5.3) is non-negative even if f>a. This can
also be shown directly by observing that

2 2 = I'(B+
Hf“ﬂ"p(ﬂ+l:,u):”f”gp(ﬁ.‘u)“l_il—v(“ﬁj;—l) P ‘B;ln*n*pvrﬂ n

’2
and thus

TP 1
with equality if and only if f is a constant.

The reproducing kernel E,(a, 1; a+1, 53; pzi) of G,(a; B: ) is also closely
connected with that of F,(a: p). In fact, writing F,(a: p) for Fy(a; 1:p) we
see that the reproducing kernel of & ,(«: p) becomes E (a; a+1: pzl). In parti-
cular, when p is an integer it follows from (3.11) that

_ -1 =
Epla; at+l: ﬂZQ:%:Zl Fula; at1: of(pzd)V?)  (w=e*""'7).
On the other hand, applying Kummer’s relation

Fila; b: 2)=e" Filb—a; b: —2z), b>a>0,
yields
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- 1 = -
Epa; atl: pzl)= %2 et EDIPE L (—awh(ud)VP)

In particular ) i )
Ea; at1: pal)=e"* L 4 (—pzl) .

These relationships, in view of (5.2) and (5.3), also give new concrete integral
representation formulae,

We now consider the space F°[p:«, 8;7, 0:p] consisting of all fe
F(p:a, B;7, 0: p] with f(0)=0. This is a closed subspace of F[p:a, 8;7,0: p]
and, therefore, it is a Hilbert space with the reproducing kernel k(z, )=
Eya, B;71, 0: yzf)—l. Let €[p:a, B;7, 0: p] be the Hilbert space generated
by

K(z, O)=exp{k(z, O} =e exp{Ey(e, B;7, 0: p20)}.

Theorem 1 then shows that if feF[p:a, 8;7, 0: ], then expf 1s m
Elp:a, Biv, 0: p] and

“exP f“f,[pﬂ,ﬂ;f,&./z]ée)(p “f”?f[p.a,ﬁ;rﬁ.,u]

with equality if and only if f is of the form f(2)=E,(a, 8;7, 0: pzl)—1 for
some {<C.

A particularly interesting case occurs for ¢,=9°1;1,1;1,1: ] and &,
=¢[1:1,1; 1, 1: p]. Inthis case the reproducing kernels of ¢, and &, are k(z, {)
=e#*—1 and K(z, {)=e ' exp{e”*}, respectively. The norm of F,, in view of
(5.2), is

i # 2,-p1212
=20 1f@irertdat).
The norm of &, on the other hand is determined from the expansion

etexple’} = f‘;, En_ o

=0 n!
where
o m"
sn:e—lmz_o m' ) nzoy 11 Ty

are the Stirling numbers of the second kind; s,=1, s,=1, s,=2, s,=5, s,=15,
$s5=52, s,=203 and in general

5= 3 T (B (M ren) D).

m=1 m! m=1\ R

We also note that s, is the number of different partitions of the set {1, 2, ---, n}
and it satisfies the recursion relation

Sn+1= ké:o(Z)sk .
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It follows that

ke O=ctexpler = 3 Shualr; 2z CeC,
and
2 R n! |bnl?
lglt, =2,
where

g@)= S baz",  zeC.
=
We have therefore shown the following result: Let f&&,, then expfe&, and

lexp fliz,<exp | f]2

with equality if and only if f is of the form f(z)=e ! exp{e**} for some {&C.
Acknowledgement : The author is grateful to Professor S. Saitoh for valuable
comments on an earlier draft of this paper.
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