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THE VALUE-DISTRIBUTION OF RANDOM
ENTIRE FUNCTIONS

BY TAKAFUMI MURAI

1. It is well-known that, for a given entire function f(z), δ(a, / ) = 0 (a^C)
holds except possibly for a countable set, where " δ " denotes the deficiency and
C the complex plane. We cannot generally remove the above exceptional set.
The purpose of this paper is to show that the totality of entire functions f(z)
with <5*(/)=sup δ(a, / ) > 0 is thin in a sense.

An open interval i2=(—l/2, 1/2) is naturally a probability space. A Rade-
macher series ε=(ε*)!Γ=i in Ω is defined by ε^(ω)=sign(sin2*πω) (ωefl). For a
sequence (αέ)Γ=i (^O)CC with limsupl ak\

1/k=0, a random entire function is
defined by

o

(1) Λ ( * ) = ί
A random entire function fε(z) is a probability space of entire functions. We
write simply δ(a, ω)—δ{a,fω), δ*(ω)=δ*(fω). In this paper, we shall shov/ the
following

THEOREM. δ*(ω)=0 almost surely (a.s.).

2. We denote by " Pr " the probability. Put

) 1 ' 8T0(r)-log+Λ(r), ΛW=( J |fl*l V*)1

, α, ω) = l/2π\2πlog+l/\fω(reu)-a\dt (βeC, r>0),
Jo

(2)

where log+x=max{log x, 0} (x>0). Note that δ(a, ω)=liminf m(r, a, ω)/T{r, fω)

(αe(7,ωei2). If %{k akΦθ} <oo, then /ε(z) is a probability space of poly-
nomials and we see easily d*(ω)=0 for all ω^Ω. The proof in the case where

Received March 20, 1981

313



314 TAKAFUMI MURAI

%{k;akΦθ}=oo is essential. For the sake of simplicity, we only give the

proof in the case where akΦθ for all k. We use the following proposition,

which is an improvement of Lemma 4 in [5].

P R O P O S I T I O N . Suppose that there exist a set ΩQczΩ with Pr(Ω0) = l and

mappings δ(- m, q, p) (p = l, ••• , q\ q—l, 2, ••• ra=l, 2, •••) from Ωo to an in-

terval [0, 1] such that :

( 3 ) If ω^Ω0 and ωf satisfy εk(cϋf) = εk((o) except for a. finite number of k's,

then

( 4 ) δ*

( 5 ) Σ δ(ω' m, q, /)) = ! for all ω<^Ω0, where Γ(ω, m, p)={ω'<^Ω0;

ε*(α/) = ε*(ω) for all k with kφ(p — l)m+l, (/> — l ) m + 2 , ••• , pm) .

( 6 ) δ(ω; m, q, p) = δ(ω' m, q, p) if εk(ω) = εk(ωf) for all k^(p-l)m+l.

Then δ*(ω)=0 a. s..

Proof. F o r a s e q u e n c e ( ε n , e n + i , •••), ε Λ = ± l , w e p u t Ω(εn, εn+1, •••)=

{ω^Ω0; εk(ω) = εk (k^n)}. Let m, q^l and ( α g m + i , aqm+2f •-•), ak = ±l, be a

sequence such t h a t Ω(aqm+1, aqm+2, -)ΦΦ. T h e n , by (3), %Ω(aqn+1, - )=2qm.

N o w w e s h o w t h a t t h e r e e x i s t s a n m-tuple (βcq-^m+1, ••• , βqm), βk — ±^-, s u c h

t h a t δ*(ω)^2-m ( α > e f l ( i 9 ( β _ 1 ) r o + 1 , ••• , i 8 g m , aqm+1, aqm+2, •••)).

T o see this , choose a r b i t r a r i l y &>o

eΌ(tf?m+i, . . . ) . By (5), w e h a v e

Σ δ(ω; m, q, q)^l.
ωεf(ωo,m,g)

Since #Γ(ω 0 , m, ^ ) = 2 m , t h e r e ex i s t s ω'o such t h a t δ ( ω ί ; m, ̂ , ^ ) ^ 2 ~ m . P u t £ * =

ε*(ωί) {k—{q—l)m+l, ••• , ^m). T h e n ^ * ( ω ) ^ ^ ( ω ; m, #, q) = δ(ωΌ; m, q, q)^2~m

(ω^Ω(βCq-Ώm+u ••• , /35TO, α β T O + 1 , •••)). T h u s t h e required m-tuple (βcq-Dm+i> ~-, βqm)

is obtained.

T h e above fact signifies t h a t d * ( ω ) ^ 2 ~ m (ω^Ω(εCq-2)m+i, •••, ε?m; <xqm+i, '"))

holds if (ε C β _ 1 ) T O + 1 , ••• , εqm) = (βtq-Ώm+1, ••• , ^9βTO), a n d hence it holds for t h e a t

least 2 m n u m b e r of 2m-tuples in the 2 2 m n u m b e r of 2m-tuples (εCq-2^m+i, •••,

ε β m ) , ε Λ = ± l .

F o r every (rc?-Dm+i, ••• , rqm)Φ(βcq-Ώm+i, ••• , Am), r * = ± l > w e can choose

an m-tuple (σ ( g -2) m + i , ••• , σ(q-1}m), σ Λ = ± l , such t h a t ^ * ( ω ) ^ 2 " T O ( ω e β ( σ ( β _ 2 ) m + i ,

••• , tfccz-Dm, Γcί-Dm+i, " , Γgm, α ςm+i, •••)). T h e s e facts signify t h a t d * ( ω ) ^ 2 ~ m

( ω e β ( e ( a _ 2 ) m + i , •-, εβ T O, α g m + i , •••)) holds for t h e a t least 2 m + ( 2 m - l ) =

2 2 m - ( 2 m - l ) 2 n u m b e r of 2m-tuples in the 2 2 m n u m b e r of 2m-tuρles ( ε ( β - 2 ) T O + 1 ,

••• , εqm), ε j f e=±l .

Repeat ing this discussion, w e see t h a t δ*(ω)^2~m (ω^Ω(εu ••• , εqm, aqm+1, •••))

holds for the at least 2qm—(2m — l)q n u m b e r of #m-tuples in t h e 2qm n u m b e r of

(εlt ••• , εqm), εk — ±l.
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S i n c e Pr(Ω0)=l a n d {aqm+1, aqm+2> •••) i s a r b i t r a r y a s l o n g a s Ω ( a q m + 1 , •••)
ΦΦ, we have Pr(δ*(ω)^2-m)^l-{(2m-l)/2m}q. Since q^l is arbitrary, we

\have d*(ω)^2"m a.s.. Since Pr{ f\ {^*(ω)^2"m})=l, we have d*(ω)=0 a. s..

Q.E.D.

3. By the above proposition, it is sufficient to show the existence of such
a set and such mappings. To define these, we need the following two lemmas,
which are analogous to Lemma 3, β in [5]. Since these proofs are analogous,
we omit the proofs.

LEMMA 1. There exists a constant Co such that, for any sequence (pn)n=i>
pn>0, Pn->°° (W->OO),

(7) \imsupT(pn,fa,)/To(pn)>Co a.s..
71-»oo

LEMMA 2. Put

(8)

I T,(r)=log+A(r) (αo=0, 1=0, 1, •••).

Then, for a given K>1, there exists a sequence (r r e)"= 1 = (rn(Λ'))™=i; rn>0,
(n^co), such that:

(9)

(10) T i(rB+-^- γ)^2Γ ί(rn) (/=0, - , K).
V 1 IV n) 7

Now we put:

(11) Ωo= Γ\ Γ\ {ω^Ω; limsup T{rn(mq), fJ/T0(rn(mq))>C0} .
771 = 1 5 = 1 7Z->oo

(12) δ(ω; m, q, p)= liminf T(rn(mq), l//L ( p-1 ) m + 1 ))/T(rw(m^), f ω ) ,

where (rn(mq))°^=1 is the sequence in Lemma 2 with K—mq and

Δ ω m Q - {n T{rn{mq), fω)/T0(rn(mq))>C0} (α>eβ 0 ).

Thus Ωo, δ(- ) m, q, p) (p = l, ••• , q; q^l; m ^ l ) are defined.

4. We show that the above Ωo, δ(- w, ̂ , ί ) satisfy the conditions in
Lemma 1. We see easily Prψ^ — l and (3). For given m, #Ξ>1, we must prove
that δp(-) = δ(' m, q, p) (p = l, ~ , q) satisfy (4), (5) and (β). So we write
simply rn — rn(mq) ( n ^ l ) . We see easily (6). To prove (4) and (5), we need
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the following two lemmas. Lemma 3 is proved analogously as in THEOREM 2.1
in [1] and Lemma 4 is analogous to Lemma 8 in [5], and hence we omit the
proofs.

LEMMA 3. Let g{z) be an entire function (Φa polynomial) and {Pj(z)}?=1

multually distinct polynomials of degree v. Then

(13) Σ T{r} l/gj)^T(r, g^+»)+ Σ Σ T(χ, gj*/g^+Oilogr),
J = l .7 = 1 μ = l

where gj(z) = g(z) + Pj(z) 0 = 1, ••• , n).

LEMMA 4. Let ω^Ω0. Then, for any a^C and any I, l<l^qm+l, we have
T{rny fίl)/(fίι-1)-a))=o(T0(rn)) (n->oo).

First we prove (4). Let ω^Ω0. For every G G C , we have

(14) m(rn, a,ω) = T(r

/ f fn / ( ( p - l ) m + l) 1
ηnί J ω J ω Jjo # J-

~~ V n' Ύ —n fi '" ~f ((p^ϊ)m)"~ ' Ύ~ί{p-i)Ίn + l)
N J ω a J ω J ω J ω

= T(rn, l//ω

( ( p-1 ) m

according to Lemma 4. Hence δ(a, ω)^δv(ω). Since this inequality holds for
all a^C, we have (4).

Next we prove (5). Let α>e£?0. In the same manner as in (14), we have

(15) T{rn, fym+1>) = T(rn, /J+o(T,(r B )) (n-oo).

By Lemma 3, 4 and (15), we have

(16) Σ T(rn, l//^-»»+»)
ω' eΓ(ω, m, p)

^T(rn, f<pm+»)+o(Tΰ(rn))=T(rn, fJ+o(T0(rn)) (n-oo).

Note that lim T(rn, fω)/T{rn, fω,) = l (ω'sΓ(ω, m, p)) and that there exists n ^ l
n-»oo

such that Δ ω m g π [ ^ , +oo)=Δω.mqr\Zn, +00) for all ω'^Γ(ω, m, p). Divide every
term in (16) by T(rn, / J . Letting n-^00 (neΔ ω m ς ) , we have (5). This completes
the proof.
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